
ARIJMHTIKH ANALUSH & PERIBALLONTA ULOPOIHSHS

LUMMENES ASKHSEIS

I. DÐnontai oi timèc f(1) = 2, f ′(1) = 4, f ′′(1) = 6, f(2) = 8, f ′(2) = 2, f ′′(2) = 4.

(a) Na breÐte to polu¸numo parembol c sth morf  Newton.

Ap�nthsh. O pÐnakac d.d. gr�fetai:
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To polu¸numo parembol c gr�fetai sth morf  Newton:

p6(x) = [1]f + [1, 1]f(x− 1) + [1, 1, 1]f(x− 1)(x− 1) + [1, 1, 1, 2](x− 1)3

+[1, 1, 1, 2, 2]f(x− 1)3(x− 2) + [1, 1, 1, 2, 2, 2]f(x− 1)3(x− 2)(x− 2)

p6(x) = 2 + 4(x− 1) + 3(x− 1)2 − 1(x− 1)3 − 3(x− 1)3(x− 2) + 11(x− 1)3(x− 2)2

(b) Na breÐte mÐa prosèggish thc tim c f ′(1.5).

Ap�nthsh. H f ′(x) proseggÐzetai apì to polu¸numo p′6(x). 'Ara,

f ′(x) ' p′6(x)

f ′(x) ' 4 + 6(x− 1)− 3(x− 1)2 − 9(x− 1)2(x− 2)− 3(x− 1)3 + 33(x− 1)2(x− 2)2 + 22(x− 1)3(x− 2)

kai gia x = 1.5 èqoume

f ′(1.5) ' 4 + 6(0.5)− 3(0.5)2 − 9(0.5)2(−0.5)− 3(0.5)3 + 33(0.5)2(−0.5)2 + 22(0.5)3(−0.5)

II. 'Estw ìti proseggÐzetai h f me to polu¸numo p8 sto [1, 3] qrhsimopoi¸ntac tic timèc f(1), f ′(1), f ′′(1), f (3)(1),
f(3), f ′(3), f ′′(3) kai f (3)(3).

(a) An gnwrÐzoume ìti f(x) = 3x8+10x5−1000, poio eÐnai to fr�gma E gia to mègisto sf�lma thc prosèggishc;
D¸ste arijmì.

Ap�nthsh. To mègisto sf�lma thc prosèggishc E dÐnetai, kat� ta gnwst�, apì

E = ||f − p8||∞ ≤ ||f (8)||∞
8!

||(x− 1)4(x− 3)4||∞

'Eqoume f(x) = 3x8 + 10x5 − 1000, �ra f (8)(x) = 3 · 8!. EpÐshc, gnwrÐzoume ìti to �kro thc sun�rthshc
g(x) = (x− a)(x− b), x ∈ [a, b], brÐsketai sto mèso tou diast matoc, dhlad  gia x = a+b

2
. 'Ara, to sf�lma

isoÔtai me

E = ||f − p8||∞ ≤ ||3 · 8!||∞
8!

||(2− 1)4(2− 3)4||∞ = 3

(b) An gnwrÐzoume ìti f(x) = 6x7 + 100x4 − 3x + 5, poio eÐnai to fr�gma B gia to mègisto sf�lma thc
prosèggishc; GiatÐ;

Ap�nthsh. H f eÐnai polu¸numo bajmoÔ 7. 'Ara to sf�lma prosèggis c se 8 shmeÐa ja eÐnai 0, afoÔ den
gÐnetai 2 polu¸numa bajmoÔ 7 na eÐnai diaforetik� kai na sumfwnoÔn se 8 shmeÐa.



III. DÐnetai o parak�tw kanìnac:
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(a) To sf�lma tou kanìna eÐnai O(b− a)m, ìpou m = . . . . . .. Aitiolog ste.

Ap�nthsh. Ja eÐnai m = 5 diìti qrhsimopoioÔme 4 timèc thc �gnwsthc f kai epeÐdh proseggÐzoume to
olokl rwma thc f h t�xh sf�lmatoc aux�nei kat� 1.

(b) QwrÐzoume to di�sthma b− a se N Ðsa diast mata m kouc ∆x = b−a
N

kai èstw ìti mac dÐnontai oi timèc kai
oi aparaÐthtec par�gwgoi thc f stouc kìmbouc xi, ìpou i = 0, 1, . . . , N (x0 = a kai xN = b). D¸ste to
sÔnjeto kanìna.

Ap�nthsh. QwrÐzoume to di�sthma b− a se N Ðsa diast mata m kouc ∆x = b−a
N

, �ra:
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Efarmìzoume ton kanìna se k�je èna apì ta epimèrouc oloklhr¸mata, k�noume tic aparaÐthtec apaloifèc
kai paÐrnoume to sÔnjeto kanìna:
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(g) To sf�lma tou sÔnjetou kanìna eÐnai O(∆x)k, ìpou k = . . . . . .. Aitiolog ste.

Ap�nthsh. Gia k�je epimèrouc olokl rwma èqoume sf�lma O(∆x)5 (sÔmfwna me to er¸thma a). Sunolik�
èqoume N epimèrouc oloklhr¸mata, �ra to sf�lma eÐnai N ·O(∆x)5 = b−a

∆x
O(∆x)5 = O(∆x)4. 'Ara k = 4.

IV. 'Estw to parak�tw prìblhma sunoriak¸n tim¸n:

u′′(x) + 3u′(x)− 2u(x) = f(x), x ∈ [0, 1]

u(0) = 2, u(1) = −1

Ja proseggÐsoume thn �gnwsth u me th mèjodo twn Peperasmènwn Diafor¸n. Gia thn prosèggish thc u′(x)
qrhsimopoi ste thn kentrik  diafor�. QwrÐzoume to di�sthma [0, 1] se N (N = 16) upodiast mata m kouc
h = 1

N
, orÐzontac ta N + 1 shmeÐa xi = ih, i = 0, 1, . . . N . D¸ste tic exis¸seic sthn telik  touc morf  pou

antistoiqoÔn sta xi gia i = 1 kai i = 10.
Ap�nthsh. Antikajist¸ntac tic parag¸gouc me tic proseggÐseic touc, h exÐswsh sto tuqaÐo shmeÐo xj gr�-

fetai:
Uj−1 − 2Uj + Uj+1

h2
+ 3

Uj+1 − Uj−1

2h
− 2Uj = f(xj),

ìpou Uj h prosèggish thc �gnwsthc tim c u(xj). K�nontac aplèc algebrikèc pr�xeic paÐrnoume

(2− 3h)Uj−1 − 4(1 + h2)Uj + (2 + 3h)Uj+1 = 2h2f(xj),

Sto shmeÐo x1, h exÐswsh gr�fetai

(2− 3h)U0 − 4(1 + h2)U1 + (2 + 3h)U2 = 2h2f(x1)

'Omwc, U0 = u(0) = 2 (sunoriak  tim ) kai h telik  morf  thc exÐswshc eÐnai

−4(1 + h2)U1 + (2 + 3h)U2 = 2h2f(x1)− 2(2− 3h)

Sto shmeÐo x10, h telik  morf  thc exÐswshc eÐnai

(2− 3h)U9 − 4(1 + h2)U10 + (2 + 3h)U11 = 2h2f(x9)
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