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I. DÐnetai o parak�tw pÐnakac d.d.
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(a) Pìsec kai poiec timèc èqoun dojeÐ gia thn �gnwsth f (p.q. f(x1) = 3, f(x2) = 5);

LUSH Gia thn �gnwsth f èqoun dojeÐ 6 timèc: f(x1) = 1, f ′(x1) = 10 · 1!, f(x2) = 4, f(x3) = 5,
f ′(x3) = 7 · 1! kai f ′′(x3) = 12 · 2! = 24.

(b) To mègisto sf�lma prosèggishc thc f apì to polu¸numo parembol c p pou prokÔptei apì ton pÐnaka d.d.,
ikanopoieÐ thn anisìthta

||f − p||∞ ≤ c||f (k)||∞hm

ìpou c stajer� kai h = b− a to mikrìtero di�sthma pou perièqei ta shmeÐa x1, x2, x3. D¸ste tic timèc twn
k kai m.

LUSH 'Eqoume 6 timèc, �ra to polu¸numo parembol c ja eÐnai 5ou bajmoÔ. To sf�lma eÐnai mÐa t�xh
megalÔtero apì to bajmì tou poluwnÔmou, sunep¸c k = 6 kai m = 6.

(g) An qrhsimopoi soume to p tou erwt matoc (b) gia thn prosèggish thc f ′′, tìte

||f ′′ − p′′||∞ ≤ c||f (k)||∞hm

D¸ste tic timèc twn k kai m.

LUSH H f ′′ proseggÐzetai apì to p′′ pou eÐnai polu¸numo bajmoÔ 3. 'Ara, m = 4 kai emplèketai h 4
par�gwgoc thc f ′′, dhlad  h èkth par�gwgoc thc f , �ra k = 6.

(d) An qrhsimopoi soume to p tou erwt matoc (b) gia thn prosèggish tou
R b

a
f(x)dx, tìte

||
Z b

a

f(x)dx−
Z b

a

p(x)dx||∞ ≤ c||f (k)||∞hm

D¸ste tic timèc twn k kai m.

LUSH AntÐstoiqa me to parap�nw er¸thma, ja isqÔei k = 6 kai m = 7.

(e) Poio polu¸numo paremb�llei thn f sta shmeÐa x1, x2, x3, x3 ; Poia h prosèggish thc f (3)(x) se aut  thn
perÐptwsh;

LUSH To polu¸numo pou paremb�lei thn f sta shmeÐa x1, x2, x3, x3 dÐnetai �mesa apì ton parak�tw
pÐnaka d.d.
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pou ex�getai �mesa apì ton arqikì pÐnaka d.d. TO polu¸numo ja eÐnai to p(x) = 1 + 3(x − x1) − 1(x −
x1)(x− x2) + 2(x− x1)(x− x2)(x− x3). To p eÐnai polu¸numo bajmoÔ 3, �ra h prosèggish thc f (3)(x) se
aut  thn perÐptwsh ja isoÔtai me thn d.d. t�xhc 3 epÐ 3!, f (3)(x) ' 2 · 3! = 12.

II. DÐnetai o parak�tw kanìnac:
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(a) To sf�lma tou kanìna eÐnai O(b− a)m, ìpou m = . . . . . .. Aitiolog ste.

LUSH Ja eÐnai m = 5 diìti qrhsimopoioÔme 4 timèc thc �gnwsthc f kai epeÐdh proseggÐzoume to olok-
l rwma thc f (sÔmfwna kai me to er¸thma 1dc) h t�xh sf�lmatoc aux�nei kat� 1.

(b) QwrÐzoume to di�sthma b− a se N Ðsa diast mata m kouc ∆x = b−a
N

kai èstw ìti mac dÐnontai oi timèc kai
oi aparaÐthtec par�gwgoi thc f stouc kìmbouc xi, ìpou i = 0, 1, . . . , N (x0 = a kai xN = b). D¸ste to
sÔnjeto kanìna.

(a) To sf�lma tou kanìna eÐnai O(b− a)m, ìpou m = . . . . . .. Aitiolog ste.

LUSH QwrÐzoume to di�sthma b− a se N Ðsa diast mata, �ra:
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Efarmìzoume ton kanìna se k�je èna apì ta epimèrouc oloklhr¸mata, k�noume tic aparaÐthtec apaloifèc
kai paÐrnoume to sÔnjeto kanìna:
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(g) To sf�lma tou sÔnjetou kanìna eÐnai O(∆x)k, ìpou k = . . . . . .. Aitiolog ste.

LUSH Gia k�je epimèrouc olokl rwma èqoume sf�lma O(∆x)5 (sÔmfwna me to er¸thma a). Sunolik�
èqoume N epimèrouc oloklhr¸mata, �ra to sf�lma eÐnai NO(∆x)5 = b−a

∆x
O(∆x)5 = O(∆x)4. 'Ara k = 4.

III. 'Estw to parak�tw prìblhma sunoriak¸n tim¸n:

u′′(x) + 3u′(x)− 2u(x) = f(x), x ∈ [0, 1]

u(0) = 2, u(1) = −1

Ja proseggÐsoume thn �gnwsth u me th mèjodo twn Peperasmènwn Diafor¸n. Gia thn prosèggish thc u′(x)
qrhsimopoi ste thn kentrik  diafor�. QwrÐzoume to di�sthma [0, 1] se N (N = 16) upodiast mata m kouc
h = 1

N
, orÐzontac ta N + 1 shmeÐa xi = ih, i = 0, 1, . . . N . D¸ste tic exis¸seic sthn telik  touc morf  pou

antistoiqoÔn sta xi gia i = 1 kai i = 10.
LUSH Antikajist¸ntac tic parag¸gouc me tic proseggÐseic touc, h exÐswsh sto tuqaÐo shmeÐo xj gr�fetai:

Uj−1 − Uj + Uj+1

h2
+ 3

Uj+1 − Uj−1

2h
− 2Uj = f(xj),

ìpou Uj h prosèggish thc �gnwsthc tim c u(xj). K�nontac aplèc algebrikèc pr�xeic paÐrnoume

(2− 3h)Uj−1 − 2(1 + h2)Uj + (2 + 3h)Uj+1 = 2h2f(xj),

Sto shmeÐo x1, h exÐswsh gr�fetai

(2− 3h)U0 − 2(1 + h2)U1 + (2 + 3h)U2 = 2h2f(x1)

'Omwc, U0 = u(0) = 2 (sunoriak  tim ) kai h telik  morf  thc exÐswshc eÐnai

−2(1 + h2)U1 + (2 + 3h)U2 = 2h2f(x1)− 2(2− 3h)

Sto shmeÐo x10, h telik  morf  thc exÐswshc eÐnai

(2− 3h)U9 − 2(1 + h2)U10 + (2 + 3h)U11 = 2h2f(x9)

IV. 'Estw to parak�tw prìblhma sunoriak¸n tim¸n:

u′′(x) + 5u(x) = f(x), x ∈ [0, 1]

u(0) = 1, u′(1) = −1

Ja proseggÐsoume thn �gnwsth u qrhsimopoi¸ntac tmhmatik� kubik� polu¸numa.

1. 'Estw N = 64. Poia h di�stash n (arijmìc agn¸stwn) tou probl matoc;

LUSH 'Eqoume 2 agn¸stouc (tim  kai par�gwgo) gia k�je èna apì touc N − 1 esswterikoÔc kìmbouc kai
ènan �gnwsto gia k�je �kro tou diast matoc. Sunolik� o arijmìc twn agn¸stwn eÐnai n = 2(N − 1) + 2 =
2N .
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2. D¸ste tic timèc twn α, β, γ, δ ston 2×4 pÐnaka K pou ja prokÔyei apì tic dÔo exis¸seic sta shmeÐa Gauss
sto tuqaÐo di�sthma [xi, xi+1], sunart sei twn φ, ψ (kai twn kat�llhlwn parag¸gwn touc), tou σ kai tou
h.

LUSH Apì thn exÐswsh prokÔptei ìti α = φ′′(σ) + 5h2φ(σ), β = ψ′′(σ) + 5h2ψ(σ), γ = φ′′(1 − σ) +
5h2φ(1− σ), δ = ψ′′(1− σ) + 5h2ψ(1− σ).

3. D¸ste tic timèc (sunart sei twn α, β, γ, δ, f , h, σ) twn stoiqeÐwn A(2, 1), A(20, 21), A(30, 40), A(128, 127),
b(1), b(127) tou telikoÔ sust matoc Ax = b. \ LUSH Afairìntac tic sunoriakèc sunj kec (af netai
san �skhsh) prokÔptei ìti A(2, 1) = δ, A(20, 21) = −β, A(30, 40) = 0, A(128, 127) = β, b(1) = h2f(a +
hσ)− αu(0), b(127) = h2f(a+ (N − 1)h+ hσ) + δhu′(1) = h2f(b− h(1− σ)) + δhu′(1).

4. 'Estw t¸ra ìti all�zoun oi sunoriakèc sunj kec kai dÐnontai oi timèc u′(0) = 4 kai u(1) = 2. D¸ste tic
timèc (sunart sei twn α, β, γ, δ, f , h, σ) twn stoiqeÐwn A(1, 1), A(19, 19), A(40, 44), A(127, 128), b(2),
b(128) tou telikoÔ sust matoc .

LUSH Afairìntac tic nèec sunoriakèc sunj kec (af netai san �skhsh) prokÔptei ìti A(1, 1) = α,
A(19, 19) = β, A(40, 44) = 0, A(127, 128) = −δ, b(2) = h2f(a + h(1 − σ) − δhu′(0), b(128) = h2f(a +
(N − 1)h+ h(1− σ)− αu(1) = h2f(b− hσ)− αu(1).

V.

(a) Poiec timèc thc f  /kai parag¸gwn thc ja emfanÐzontai ston tÔpo gia th d.d. [x− h, x, x, x+ h]f ;

LUSH H d.d. [x− h, x, x, x+ h]f , me mia pr¸th mati�, prokÔptei apì timèc thc f se 4 shmeÐa, ta x− h, x,
x, x+h, dhlad  tic timèc f(x−h), f(x), f ′(x), f(x+h). An, ìmwc, fti�xoume ton pÐnaka d.d. ja doÔme ìti
telik� emfanÐzontai mìno 3 timèc, oi f(x− h), f ′(x) kai f(x+ h).

(b) BreÐte ton tÔpo thc d.d. tou erwt matoc (a).

LUSH Fti�qnoume ton pÐnaka d.d. kai met� apì aplèc algebrikèc pr�xeic prokÔptei ìti

[x− h, x, x, x+ h]f =
f(x+ h)− 2f ′(x)− f(x− h)

2h3

(g) Qrhsimopoi¸ntac to apotèlesma tou erwt matoc (b), d¸ste thn prosèggish sthn f (3)(x).

LUSH To polu¸numo pou prokÔptei apì ton pÐnaka d.d. tou erwt matoc (b) eÐnai bajmoÔ 3, opìte, kat�
ta gnwst�, h prosèggish sthn f (3)(x) ja isoÔtai me

f (3)(x) = 3![x− h, x, x, x+ h]f = 3
f(x+ h)− 2f ′(x)− f(x− h)

h3

(d) To mègisto sf�lma sthn prosèggish thc parag¸gou tou erwt matoc (g) anamènetai na eÐnai O(hk), ìpou
k = . . . . . ..

LUSH To sf�lma anamènetai na eÐnai O(h1), dhlad  k = 1, sÔmfwna me tic antÐstoiqec apant seic thc
�skhshc (I).

VI.

(a) Poia eÐnai h akoloujÐa Newton-Raphson gia thn prosèggish thc tetragwnik c rÐzac enìc jetikoÔ arijmoÔ
a;

LUSH Bl. par�deigma biblÐou.

(b) BreÐte me thn parap�nw mèjodo mia prosèggish thc
√

7 me akrÐbeia 5 shmantik¸n yhfÐwn. Na grafoÔn ìlec
oi endi�mesec proseggÐseic kai na dikaiologhjeÐ to apotèlesma.

LUSH a = 7, diadoqikìc upologismìc twn xk me èlegqo p�nw sthn akrÐbeia.

(g) Poia eÐnai h t�xh sÔgklishc thc parap�nw mejìdou; Kai poia h majhmatik  thc shmasÐa sthn perÐptwsh
aut ;

LUSH Tetragwnik . H akoloujÐa |en|
|en+1|2

sugklÐnei se èna arijmì.

VII.

(a) BreÐte to deÐkth kat�stashc tou mhtr¸ou A = [1 1 0; 0 2 0; 0 1 3] (na gÐnei qr sh thc nìrmac 1). (endi�mesec
pr�xeic sto prìqeiro)

LUSH EÔresh tou antistrìfou kai met� k(A) = ||A||||A−1|| = 3, 2988

(b) BreÐte me th mèjodo Gauss mia lÔsh gia to sÔsthma Ax = [1 −5 1]T , douleÔontac me a.k.u. 4 shmantik¸n
yhfÐwn kai stroggÔleush.

LUSH TrigwnopoÐhsh, eÔresh tou U , pÐsw antikat�stash.

(g) Jewr¸ntac mìnon sf�lmata stroggÔleushc kat� touc upologismoÔc, breÐte fr�gmata gia to apìluto s-
f�lma thc lÔshc tou parap�nw sust matoc.

LUSH Apl  efarmog  thc dipl c anisìthtac tou k(A). EÔresh residual.
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(d) Exet�ste an o pÐnakac A eÐnai jetik� orismènoc, qwrÐc na gÐnei qr sh tou qarakthristikoÔ poluwnÔmou.

LUSH Efarmog  Jewr matoc kÔklwn Gerchgorin, apì ìpou prokÔptei λ > 0, �ra o A eÐnai jetik�
orismènoc.

VIII.

(a) JewroÔme sust mata thc morf c Ax = b, ìpou A = [1 6 0 0; 3 2 −2 0; 0 9 3 4; 0 0 7 1] kai b tuqaÐo
di�nusma. Na protajeÐ, na diatupwjeÐ tupik� kai na upologisjeÐ h plèon apodotik  di�spash gia to mhtr¸o
A.

LUSH O A eÐnai tainiakìc, �ra efarmìzoume thn antÐstoiqh di�spash. Telik  diatÔpwsh A = LU , me
upologismèna L kai U .

(b) 'Estw B ènac k�tw trigwnikìc pÐnakac n × n, me B(i, i) = 1/(1 + i), i = 1, 2, . . . n. Na exet�sete an h
epanalhptik  mèjodoc xk = Bxk−1 + c, (c ∈ Rn), sugklÐnei   ìqi.

LUSH O B eÐnai trigwnikìc pÐnakac. 'Ara oi idiotimèc tou eÐnai ta diag¸nia stoiqeÐa, dhlad  λi = 1/(1+ i),
i = 1, . . . , n. 'Omwc, 1/(1 + i) < 1 afoÔ i ≥ 1, opìte h epanalhptik  mèjodoc xk = Bxk−1 + c, (c ∈ Rn),
sugklÐnei.
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