
GRAMMIKH ALGEBRA: UpodeÐxeic kai Apant seic Exetastik c IounÐou 2004

To �jroisma twn bajm¸n twn parak�tw erwt sewn uperbaÐnei to 100 giatÐ sumperilamb�-
nontai ta erwt mata kai oi antÐstoiqec apant seic gia ìlec tic ekdoqèc twn jem�twn ektìc apì
tic erwt seic pou dièferan mìnon wc proc ta stoiqeÐa twn mhtr¸wn   twn dianusm�twn (opìte
parousi�zetai h lÔsh miac mìnon ekdoq c.) K�je upoer¸thma thc er¸thshc I bajmologeÐtai
me 2.

I. (30 b.) Na apant sete stic parak�tw erwt seic. Pollèc apì autèc eÐnai tÔpou {Swstì/L�joc} kai
shmei¸nontai me ton sumbolismì {S/L}. D¸ste tic apant seic sac sto q¸ro pou parèqetai. E�n up�rqei h
èndeixh {S.P.}(SelÐda ProqeÐrou) sumplhr¸ste ekeÐ ton arijmì selÐdac sto Prìqeirì sac ìpou ja anafère-
tai me leptomèreia h lÔsh.Ta jèmata prèpei na aitiologhjoÔn pl rwc. Ta bajmwt� megèjh kai to eswterikì
ginìmeno eÐnai pragmatikoÐ arijmoÐ ektìc an anafèretai diaforetik�.

1. 'Estw to sÔsthma Ax = b ìpou A ∈ Rn×n. Gr�yte xan� to Ðdio sÔsthma me to dexÐ mèloc na eÐnai to
b>.

Ap�nthsh. Ax = b ⇒ x>A> = b>

2. {S/L} 'Ena mhtr¸o pou eÐnai summetrikì kai ermitianì perièqei mìnon pragmatik� stoiqeÐa.

Ap�nthsh. Swstì: αij = ᾱji giatÐ ermitianì, αij = αji lìgw summetrÐac, opìte αji = ᾱji. All�
an ènac migadikìc eÐnai Ðsoc me to suzug  tou tìte eÐnai kai pragmatikìc, opìte ìla ta stoiqeÐa eÐnai
pragmatik�.

3. {S/L} An ta dianÔsmata v1, v2, v3 tou Rn eÐnai grammik¸c anex�rthta tìte kai ta w1 = v1 + v2,
w2 = v1 + v3, w3 = v2 + v3 eÐnai grammik¸c anex�rthta.

Ap�nthsh. Swstì: GiatÐ an p�roume ènan grammikì sunduasmì twn wj ja èqoume

αw1 + βw2 + γw3 = α(v1 + v2) + β(v1 + v3) + γ(v2 + v3)
= (α + β)v1 + (α + γ)v2 + (β + γ)v3.

Gia na eÐnai to parap�nw 0 ja prèpei na isqÔei ìti

0 = α + β = α + γ = β + γ

opìte α = βγ = 0.

4. Poia sunj kh prèpei na ikanopoieÐ o bajmwtìc γ ètsi ¸ste to sÔnolo twn shmeÐwn [x, y] pou ikanopoioÔn
thn exÐswsh 3x + y = γ na an koun se dianusmatikì upìqwro tou R2?

Ap�nthsh. An ta shmeÐa aut� apoteloÔn upoq¸ro, èstw V , ja prèpei k�je grammikìc touc sunduasmìc
na ikanopoieÐ ton Ðdio periorismì. EpÐshc ja prèpei na an kei sto q¸ro kai to mhdenikì shmeÐo [0, 0].
All� 3× 0+0 = 0 epomènwc ja prèpei γ = 0. Sthn perÐptwsh aut  k�je zeÔgoc shmeÐwn u1 = [x1, y1],
u2 = [x2, y2]

αu1 + βu2 = α[x1, y1] + β[x2, y2] = [αx1 + βx2, αy1 + βy2]

kai ja prèpei 3(αx1 + βx2) + αy1 + βy2 = 0 all�

α(3x1 + y1) + β(3x2 + y2) = 0

epomènwc αu1 + βu2 ∈ V efìson γ = 0. Gia na eÐnai upoq¸roc ja prèpei k�je shmeÐo pou par�getai
apì grammikì sunduasmì twn stoiqeÐwn
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5. {S/L} Oi q¸roi V = {[a b c]> : a + b + c = 0} kai W = {[a b c]> : a ≥ 0} eÐnai upoq¸roi tou R3.

Ap�nthsh. a) Swstì: Kat�rq n to stoiqeÐo [0, 0, 0] ∈ V . 'Estw v, w ∈ V . Tìte µv + νw = [µβ1 +
νω1, µβ2 + νω2, µβ3 + νω3] opìte

µβ1 + νω1 + µβ2 + νω2 + µβ3 + νω3 = µ(β1 + β2 + β3) + ν(ω1 + ω2 + ω3) = 0.

b) L�joc: To stoiqeÐo [0, 0, 0] ∈ W kai an v, w ∈ W . Tìte µv+νw = [µβ1 +νω1, µβ2 +νω2, µβ3 +νω3]
kai ek kataskeu c β1, ω1 ≥ 0. An epilèxoume µ = 0, ν = −1 tìte to di�nusma [−ω1,−ω2,−ω3] /∈ W.
Epomènwc den eÐnai upìqwroc.

6. Na deÐxete pwc an gia èna pragmatikì mhtr¸o A ∈ Rn×n isqÔei ìti x>Ax > 0 gia k�je di�nusma x ∈ Rn

tìte ìla ta stoiqeÐa sth diag¸nio tou A ja eÐnai jetik�.

Ap�nthsh. Epilègoume me th seir� x = e1, ..., en ìpou ej to j di�nusma thc tupik c b�shc opìte
prokÔptei ìti e>j Aej = αjj > 0 gia k�je j.

7. {S/L} An to mhtr¸o A2 den eÐnai antistrèyimo tìte to Ðdio isqÔei kai gia to A.
Ap�nthsh: SWSTO

Ap�nthsh. Swstì: An A2 den eÐnai antistrèyimo tìte up�rqei x ∈ Rn t.¸. A2x = 0 epomènwc
A(Ax) = 0 opìte eÐte Ax = 0 eÐte Ay = 0 ìpou Ax = y. Kai stic duo peript¸seic sunep�getai ìti
to A eÐnai idiìmorfo. 'Enac �lloc trìpoc apìdeixhc eÐnai mèsw idiotim¸n: Oi idiotimèc tou A2 eÐnai to
tetr�gwno twn idiotim¸n tou A. An to A den eÐnai omalì tìte toul�qiston mia idiotim  tou ja eÐnai 0
epomènwc to Ðdio ja isqÔei kai gia thn tetragwnik  thc rÐza, kaj¸c

√
0 = 0. Epomènwc kai to A ja

eÐnai idiìmorfo.

8. {S/L} An ìla ta stoiqeÐa sth diag¸nio enìc �nw trigwnikoÔ mhtr¸ou eÐnai mh mhdenik� tìte to mhtr¸o
eÐnai antistrèyimo.

Ap�nthsh. Swstì: Treic trìpoi apìdeixhc: a) H orÐzousa trigwnikoÔ eÐnai to ginìmeno twn diag¸niwn
stoiqeÐwn opìte an kanèna den eÐnai 0 to ginìmeno eÐnai mh mhdenikì �ra kai h orÐzousa eÐnai mh mhdenik 
epomènwc to mhtr¸o eÐnai antistrèyimo. b) Kataskeuastik�: O mìnoc trìpoc na apotÔqei o algìrijmoc
pÐsw antikat�stashc eÐnai na qreiasteÐ diaÐresh me to 0. Oi diairèseic ìlec eÐnai me ta diag¸nia stoiqeÐa
tou A epomènwc an den eÐnai 0 den èqoume apotuqÐa gia kanèna dexÐ mèloc kai epomènwc oÔte gia ta
e1, ..., en, epomènwc to mhtr¸o eÐnai omalì. g) Oi idiotimèc k�je trigwnikoÔ mhtr¸ou eÐnai sth diag¸niì
tou. An ìlec eÐnai mh mhdenikèc to mhtr¸o ja eÐnai omalì.

9. {S/L} An λj eÐnai oi idiotimèc tou A me λj 6= 0 kai up�rqei o A−1 tìte oi idiotimèc tou A−1 eÐnai 1
λj
.

Ap�nthsh. Swstì (Strang sel. 301).

10. {S/L} An λj eÐnai oi idiotimèc tou A me λj 6= 0 kai up�rqei o A−1 tìte oi idiotimèc tou A−1 eÐnai − 1
λj
.

Ap�nthsh. L�joc: Gia k�je λj gia to opoÐo isqÔei Axj = λjxj isqÔei epÐshc ìti A−1xj = λ−1
j xj .

Kaj¸c to A èqei akrib¸c n idiotimèc, ja eÐnai autèc kai ìqi oi −1/λj .

11. {S/L} An to summetrikì pragmatikì mhtr¸o A èqei mia idiotim  λ kai antÐstoiqo idiodi�nusma u tètoio
¸ste ‖u‖ = 1 tìte to mhtr¸o A + λuu> ja èqei mia idiotim  0 me antÐstoiqo idiodi�nusma u.

Ap�nthsh. LAJOS. AfoÔ Au = λu, (A + λuu>)u = Au + λuu>u = λu + λu = 0 ⇔ λ = 0 epomènwc
den isqÔei genik� ektìc an h idiotim  eÐnai 0.

{S/L} An to summetrikì pragmatikì mhtr¸o A èqei mia idiotim  λ kai antÐstoiqo idiodi�nusma u tètoio
¸ste ‖u‖ = 1 tìte to mhtr¸o A− λuu> ja èqei mia idiotim  0 me antÐstoiqo idiodi�nusma u.

Ap�nthsh. SWSTO: AfoÔ Au = λu, (A− λuu>)u = Au− λuu>u = λu− λu = 0.
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12. DeÐxte ìti o pÐnakac strof c A =
(

cos(t) − sin(t)
sin(t) cos(t)

)
eÐnai orjomonadiaÐoc. P¸c mporeÐte na pro-

blèyete �mesa ton antÐstrofo tou A qwrÐc na ton upologÐste;

Ap�nthsh. ArkeÐ na deÐxete ìti A>A = I (k�nte tic pr�xeic). Epomènwc A−1 = A>.

13. ProsdiorÐste tic kanonikèc exis¸seic me th mèjodo twn elaqÐstwn tetrag¸nwn gia th lÔsh tou sust -
matoc:

2x + 3y = 1
3x + 2y = 4
5x + y = 7

Ap�nthsh. Oi kanonikèc exis¸seic eÐnai oi A>Ax = A>b, dhlad (
2 3 5
3 2 1

)  2 3
3 2
5 1

 (
x
y

)
=

(
2 3 5
3 2 1

)  1
4
7


epomènwc (

38 17
17 14

) (
x
y

)
=

(
49
18

)
Shmei¸noume ìti efìson to parap�nw A>A tuqaÐnei kai eÐnai omalì, h lÔsh tou probl matoc elaqÐstwn
tetrag¸nwn arg minx∈R2 ‖b−Ax‖ eÐnai x = (A>A)−1A>b, dhlad  (an k�noume tic pr�xeic)

x = [380/243,−149/243]>.

14. {S/L} An A eÐnai orjomonadiaÐo mhtr¸o kai x ∈ Rn, tìte ‖Ax‖ = ‖x‖.

Ap�nthsh. Apì ton orismì kai to ìti to A eÐnai orjomonadiaÐo, ‖Ax‖ = (x>A>Ax)1/2 = (x>x)1/2 =
‖x‖.

15. {S/L} DÔo ìmoioi pÐnakec A kai B = M−1AM èqoun Ðdiec idiotimèc kai èna idiodi�nusma x tou A
antistoiqeÐ se èna idiodi�nusma M−1x tou B.

Ap�nthsh. SWSTO (bl. Strang sel. 356).

16. 'Estw idiìmorfoc pÐnakac A ∈ Rn×n. Pìsh anamènete na eÐnai h t�xh tou se sqèsh me to n (mikrìterh,
megalÔterh, Ðsh); 'Eqei o A mhdenoq¸ro mh mhdenik c di�stashc;

Ap�nthsh. Mikrìterh tou n. AfoÔ to mhtr¸o eÐnai idiìmorfo, oi grammèc ja eÐnai grammik� exarthmènec,
epomènwc h di�stash tou q¸rou gramm¸n ja eÐnai mikrìterh tou n, èstw r. Aut  eÐnai kai h t�xh tou
mhtr¸ou. Epomènwc, ìpwc problèpei h jewrÐa (bl. p.q. Strang sel. 160) to �jroisma thc di�stashc
tou q¸rou gramm¸n r kai tou mhdenoq¸rou, èstw s ja eÐnai n, epomènwc r + s = n, r < n ⇒ s ≥ 1.

17. {S/L} Gia k�je mhtr¸o A isqÔei oti up�rqei antistrèyimo mhtr¸o X Ðdiac di�stashc tètoio ¸ste to
X−1AX eÐnai diag¸nio.

Ap�nthsh. L�joc: To mhtr¸o X perièqei ta idiodianÔsmata tou A. An up�rqoun ligìtera apì n
grammik� anex�rthta idiodianÔsmata, to X den mporeÐ na eÐnai antistrèyimo. Gia par�deigma to A =
[1, 1; 0, 1] èqei mìnon èna grammik� anex�rthto idiodianusma (o idioq¸roc eÐnai di�stashc 1) epomènwc h
diaspash X−1AX den up�rqei.
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18. {S/L} An dÔo mh mhdenik� dianÔsmata tou Rn eÐnai k�jeta metaxÔ touc tìte eÐnai grammik¸c anex�rthta.

Ap�nthsh. SWSTO. An u ⊥ v kai l�boume αu + βv = 0 ⇒ αv>u + βv>v = 0 Epomènwc β = 0. Me
ton Ðdio trìpo deÐqnoume ìti α = 0 epomènwc h mình perÐptwsh na isqÔei αu + βv = 0 eÐnai na èqoume
α = β = 0 epomènwc ta dianÔsmata eÐnai grammik� anex�rthta.

IIa. (10 b.)

1. Na epalhjeÔsete ton tÔpo Sherman-Morrison: An u, v ∈ Rn kai to A+uv> eÐnai antistrèyimo, na k�nete
ìlec tic aparaÐthtec pr�xeic gia na epalhjeÔsete ìti (A+uv>)−1 = A−1−A−1u(1+v>A−1u)−1v>A−1.

Ap�nthsh. Gia suntomÐa jètoume φ = (1 + v>A−1u)−1.

(A + uv>)(A−1 −A−1uφv>A−1) = (A + uv>)A−1(I − uφv>A−1)
= (I + uv>A−1)(I − uφv>A−1) = I + uv>A−1 − (I + uv>A−1)uφv>A−1

= I + uv>A−1 − φuv>A−1 − φuv>A−1uv>A−1

= I + uv>A−1 − φu(1 + v>A−1u)v>A−1

= I + uv>A−1 − uv>A−1 = I.

2. Na upologÐsete to antÐstrofo tou mhtr¸ou A + uu> ìpou

A =

 2 0 0
0 3 0
0 0 4

 , u = [1, 2, 1]>.

Ap�nthsh. H idèa eÐnai na qrhsimopo sete ton tÔpo Sherman-Morrison (ìpwc ègine kai sto frontist rio)
gia na apofÔgete ton �meso (kai kopiastikì) upologismì tou antistrìfou. H eukolÐa tou tÔpou sunÐstatai
sto ìti antÐjeta apì to A + uu> pou eÐnai èna puknì mhtr¸o kai �ra kopiastikì kai akribì na antistrafeÐ
apeujeÐac, h antistrof  tou A eÐnai tetrimmènh, en¸ to 1 + u>A−1u eÐnai bajmwtìc. Epomènwc

(1 + u>A−1u)−1 = (1 + [1, 2, 1][1/2, 2/3, 1/4]>)−1 = 12/37

kai

A−1 −A−1u(1 + v>A−1u)−1u>A−1 =

 1/2 0 0
0 1/3 0
0 0 1/4

− 12/37

 1/2
2/3
1/4

 [1, 2, 1]

 1/2 0 0
0 1/3 0
0 0 1/4


=

 31/74 −4/37 −3/74
−4/37 7/37 −2/37
−3/74 −2/37 17/74


IIb. (10 b.) DÐdontai ta mhtr¸a

A =

 1 2 3
2 4 6
1 3 0

 , B =

 1 2
0 2
2 3

 ,

kai oi parak�tw temaqismoÐ touc. Gia k�je perÐptwsh a) na elègxete an mporeÐ na gÐnei o pollaplasiasmìc
qrhsimopoi¸ntac to sugkekrimèno temaqismì kai b) an gÐnetai, na upologÐsete to apotèlesma deÐqnontac ìla
ta endi�mesa apotelèsmata (twn pr�xewn metaxÔ upomhtr¸wn).

1. Gia ton A =

 1 2 3
2 4 6
1 3 0

 , kai ton B wc èqei (qwrÐc temaqismì).
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2. Gia touc A =

 1 2 3
2 4 6
1 3 0

 kai B =

 1 2
0 2
2 3

 .

3. Gia touc A =

 1 2 3
2 4 6
1 3 0

 kai B =

 1 2
0 2
2 3

 .

Ap�nthsh. 1) Sthn perÐptwsh aut  den gÐnetai o pollaplasiasmìc giatÐ to A eÐnai 2 × 2 mplok mhtr¸o
en¸ to B eÐnai 1× 1.

2) Sthn perÐptwsh aut  to A eÐnai 2 × 2 mplok mhtr¸o kai to B eÐnai 2 × 1. EpÐshc oi diast�seic eÐnai
sÔmmorfec: A11 ∈ R2×1, A21 ∈ R1×1, B1 ∈ R1×2 kai A12 ∈ R2×2, A22 ∈ R1×2, B2 ∈ R2×2. Epomènwc to
apotèlesma ja grafteÐ wc 2× 1 mplok mhtr¸o:

C =
(

C1

C2

)
=

(
A11B1 + A12B2

A21B1 + A22B2

)
Ta endi�mesa apotelèsmata eÐnai

C1 =
(

1
2

) (
1 2

)
+

(
2 3
4 6

) (
0 2
2 3

)
=

(
1 2
2 4

)
+

(
6 13
12 26

)
=

(
7 15
14 30

)
,

C2 = 1
(

1 2
)

+
(

3 0
) (

0 2
2 3

)
=

(
1 8

)
3) Sthn perÐptwsh aut  to A eÐnai 2 × 2 mplok mhtr¸o kai to B eÐnai 2 × 1. EpÐshc oi diast�seic eÐnai

sÔmmorfec: A11 ∈ R2×2, A21 ∈ R1×2, B1 ∈ R2×2 kai A12 ∈ R2×1, A22 ∈ R1×1, B2 ∈ R1×2. Epomènwc to
apotèlesma ja grafteÐ wc 2 × 1 mplok mhtr¸o, ìpwc prin (all� oi pr�xeic aforoÔn mhtr¸a diaforetik c
di�stashc apì prin):

C =
(

C1

C2

)
=

(
A11B1 + A12B2

A21B1 + A22B2

)
ìpou

C1 =
(

1 2
2 4

) (
1 2
0 2

)
+

(
3
6

) (
2 3

)

C2 =
(

1 3
) (

1 2
0 2

)
kaj¸c to stoiqeÐo A22 = 0. Ta upìloipa apotelèsmata eÐnai ìpwc kai prohgoumènwc.

IIIa. (10 b.)

1. Gia to parak�tw mhtr¸o na upologÐsete touc ìrouc twn mhtr¸wn P,L,U pou prokÔptoun apì thn
paragontopoÐhsh A = PLU .

A =

 1 2 3
2 3 6
1 3 0

 .

2. Me b�sh ta parap�nw na upologÐsete thn orÐzousa tou A.
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Ap�nthsh. SumbolÐzoume tic st lec tou mhtr¸ou me a1, a2 kai a3. An pollaplasi�soume apì ta arister�
me to stoiqei¸dec mhtr¸o L1 = I − u1e

>
1 ìpou u1 = [0, 2, 1]> èqoume

L1A = [L1a1, L1a2, L1a3] =

 1 2 3
0 −1 0
0 1 3


An t¸ra pollaplasi�soume to parap�nw mhtr¸o me to mhtr¸o L2 = I − u2e

>
2 ìpou u2 = [0, 0,−1]> èqoume

U = L2L1A =

 1 2 3
0 −1 0
0 0 −3


en¸

L = [e1 + u1, e2 + u2, e3] =

 1 0 0
2 1 0
1 −1 1


Epeid  den qrei�sthke enallag  gramm¸n, P = I.

2) Sthn perÐptwsh aut  h orÐzousa eÐnai to ginìmeno twn diag¸niwn stoiqeÐwn tou U , dhl. 3.
IIIb. (10 b.)

1. Gia to parak�tw mhtr¸o, A, na upologÐsete k�tw trigwnikì mhtr¸o L me mon�dec sth diag¸nio kai �nw
trigwnikì mhtr¸o U tètoio ¸ste A = LU .

A =

 1 2 3
2 3 6
3 6 0

 .

Ap�nthsh. SumbolÐzoume tic st lec tou mhtr¸ou me a1, a2 kai a3. An pollaplasi�soume apì ta
arister� me to stoiqei¸dec mhtr¸o L1 = I − u1e

>
1 ìpou u1 = [0, 2, 3]> èqoume

L1A = [L1a1, L1a2, L1a3] =

 1 2 3
0 −1 0
0 0 −9


opìte stamat�me kaj¸c eÐnai �nw trigwnikì kai to jètoume Ðso me U (Shm. Autìc o prìwroc termatismìc
sumbaÐnei polÔ sp�nia.)

L = [e1 + u1, e2, e3] =

 1 0 0
2 1 0
3 0 1



2. Na qrhsimopoi sete ta parap�nw gia na upologÐsete thn orÐzousa tou A.

Ap�nthsh. IsqÔei ìti det(A) = det(LU) = det(L)det(U) = det(U) = 9.

3. Na qrhsimopoi sete to apotèlesma tou mèrouc 1 thc �skhshc gia na upologÐsete diag¸nio mhtr¸o D
kai k�tw trigwnikì mhtr¸o L me mon�dec sth diag¸nio tètoia ¸ste A = LDL>.

Ap�nthsh. 'Eqoume ìti A = LU kai an jèsoume D = diag(U) tìte faÐnetai ìti A = LDD−1U opìte
an jèsoume D−1U = Û faÐnetai ìti

Û =

 1 0 0
0 −1 0
0 0 −1/9

  1 2 3
0 −1 0
0 0 −9

 =

 1 2 3
0 1 0
0 0 1


opìte profan¸c Û = L> �ra A = LDL>.
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IV. (9 b.)

1. 'Estw z1, z2 mia orjog¸nia b�sh tou R2. An gia tuqaÐo di�nusma v tou R2 oi suntelestèc sth b�sh
aut  eÐnai α1, α2 diatup¸ste to pujagìreio je¸rhma.

Ap�nthsh. EÐnai

‖v‖2 =< v, v >=< α1z1 + α2z2, α1z1 + α2z2 >

kai apì thn orjogwniìthta prokÔptei

‖v‖2 = |α1|2‖z1‖2 + |α2|2‖z2‖2.

2. Me thn upìjesh ìti ìlec oi pr�xeic mporoÔn na pern�ne mèsa sta apeiroajroÐsmata breÐte tÔpo gia
to ‖v‖2, ìpou to v = α1z1 + · · · + αnzn + · · · an kei se grammikì q¸ro �peirhc di�stashc pou èqei
san orjog¸nia b�sh ta z1, · · · , zn, · · ·. (Bo jeia : to zhtoÔmeno apoteleÐ genÐkeush tou pujagoreÐou
jewr matoc gia d > 2 diast�seic). Me poia epiplèon upìjesh isqÔei ìti ‖v‖2 = α2

1 + · · ·+ α2
n + · · · ;

Ap�nthsh. Me parìmoio trìpo prokÔptei ‖v‖2 =
∑∞

j=1 |αj |2‖zj‖2. An epiplèon h b�sh eÐnai orjokano-

nik  tìte ‖v‖2 =
∑∞

j=1 |αj |2.

3. 'Estw h b�sh pou apoteleÐtai apì ta dianÔsmata z1 = [1 2]> , z2 = [−2 1]> kai èna di�nusma v =
5z1 + 3z2. Gr�yte to v wc proc th b�sh pou èqei dianÔsmata ta ẑ1 = [1 3]> kai ẑ2 = [−3 1]>.

Ap�nthsh. Ex upojèsewc v = 5z1 + 3z2 =
(
−1
13

)
. Wc proc th nèa b�sh v = κẑ1 + λẑ2. AnazhtoÔme

ta κ kai λ. Epeid  ta dianÔsmata thc nèac b�shc eÐnai orjog¸nia, èpetai ìti

< ẑ1, v >= κ‖ẑ1‖2 = κ10 ⇒ 38 = κ10 ⇒ κ =
19
5

.

OmoÐwc gia to λ:

< ẑ2, v >= λ‖ẑ2‖2 = λ10 ⇒ 16 = λ10 ⇒ λ =
8
5
.

Va. (10 b.) DÐdontai ta dianÔsmata

a1 = [1, 1, 1]>, a2 = [0, 1, 1]>, a3 = [0, 0, 1]>.

Na qrhsimopoi sete th diadikasÐa Gram-Schmidt gia na ta orjokanikopoi sete kai na gr�yete ta apotelè-
smata wc nèa dianÔsmata u1, u2 kai u3.

Ap�nthsh. H diadikasÐa exart�tai apì th seir� pou ja epilèxoume gia thn orjokanonikopoÐhsh: Me th
seir� pou èqoun dojeÐ ta dianÔsmata prokÔptei to parak�tw:

1.

p1 = a1/‖a1‖2 = [1, 1, 1]>/
√

3.

2.

p̂2 = a2 − (p1p
>
1 )a2 = a2 − p1(p>1 a2)

= [0, 1, 1]> − 2
3
[1, 1, 1]> =

1
3
[−2, 1, 1].

EpÐshc ‖p2‖2 =
√

6
3 . Kanonikopoi¸ntac p2 = p̂2/‖p̂2‖2 = 1√

6
[−2, 1, 1]>.
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3. Tèloc

p̃3 = a3 − (p1p1)>a3 − (p2p2)>a3

= [0, 0, 1]> − 1√
3
[1, 1, 1]>(p>1 a3)− p2(p>2 a3)

= [0, 0, 1]> − 1
3
[1, 1, 1]> − 1

6
[−2, 1, 1]>

=
1
2
[0,−1, 1]>.

Epomènwc p2 = p̃2/‖p2‖ =
√

2
4 [0,−1, 1]>.

MporoÔme epÐshc na OK me th seir� a2, a3, a1   me th seir� a3, a1, a2   a1, a3, a2   a2, a1, a3   a3, a2, a1.
H pio apl  (sthn arijmhtik  kai morf  twn apotelesm�twn) diadikasÐa eÐnai h teleutaÐa sthn opoÐa èqoume:

p1 = a3/‖a3‖2 = [0, 0, 1]>/
√

1 = [0, 0, 1]>,

p̃2 = a2 − (p1p
>
1 )a2 = [0, 1, 1]> − [0, 0, 1]> = [0, 1, 0]>,

⇒ p2 = [0, 1, 0]>,

p̃3 = a1 − (p1p1)>a1 − (p2p2)>a1

= [1, 0, 0]> = p3.

Vb. (10 b.) JewreÐste to q¸ro twn poluwnÔmwn bajmoÔ 2, pou orÐzontai sto [−1, 1]. Qrhsimopoi¸ntac ta
z1(x) = 1, z2(x) = x kai z3(x) = x2 kai to eswterikì ginìmeno < p, q > =

∫ 1

−1
p(x)q(x)dx na kataskeu�sete

mia orjokanonik  b�sh poluwnÔmwn b1, b2, b3 me th mèjodo Gram-Schmidt. (Bo jeia: aplopoieÐste th
diadikasÐa parathr¸ntac ìti z1⊥z2 kai z2⊥z3).

Ap�nthsh. Kat' arq n epalhjeÔoume �mesa
∫ 1

−1
z1(x)z2(x)dx =

∫ 1

−1
xdx = 0 kai

∫ 1

−1
z2(x)z3(x)dx =∫ 1

−1
x3dx = 0 �ra z1⊥z2 kai z2⊥z3. Apì th diadikasÐa GS èqoume ìti:

b1(x) = z1(x)/
√

< z1, z1 >

all� < z1, z1 >=
∫ 1

−1
1dx = 2 epomènwc b1(x) = 1/

√
2. EpÐshc lìgw tou ìti z1⊥z2

z2(x)− < b1, z2 > b1(x) = x ⇒ b2(x) = x/(
∫ 1

−1

x2dx)1/2 =

√
3
2
x.

Tèloc

z3(x)− < b1, z3 > b1(x)− < b2, z3 > b2 = z3(x)− 1
2

∫ 1

−1

x2dx− < b2, z3 > b2.

ParathreÐste t¸ra ìti to b2 eÐnai èna pollapl�sio tou z2 epomènwc apì thn upìjesh z2⊥z3 ja isqÔei ìti
b2 ⊥ z3 epomènwc o teleutaÐoc ìroc tou teleutaÐou mèlouc ja eÐnai 0. Epomènwc

b̂3(x) = z3(x)− 1
2

∫ 1

−1

x2dx = x2 − 1/3, < b̂3, b̂3 >=
∫ 1

−1

(x2 − 1/3)2dx = 8/45.

Epomènwc b3(x) = b̂3√
<b̂3,b̂3>

= 3
√

10
4 (x2 − 1

3 ).

VI. (21 b.)

8



1. 'Estw o pÐnakac A =
(

1 3
3 1

)
. ProsdiorÐste tic idiotimèc tou kai touc antÐstoiqouc q¸rouc idiodianu-

sm�twn. Sth sunèqeia, prosdiorÐste touc pÐnakec S kai Λ thc diagwniopoÐhshc Λ = S−1AS (Bo jeia:
Orjokanonikopoi ste ta idiodianÔsmata).

Ap�nthsh. Oi idiotimèc brÐskontai qrhsimopoi¸ntac to qarakthristikì polu¸numo tou A− λI:

det(A− λI) = 0 → (1− λ)2 − 9 = 0 → λ1 = −2, λ2 = 4.

O Λ eÐnai o diag¸nioc pÐnakac pou èqei sth diag¸nio tic idiotimèc. Gia k�je idiotim  lÔnoume to Axi = λixi

kai brÐskoume ta idiodianÔsmata xi. O S eÐnai o pÐnakac pou èqei gia st lec tou ta idiodianÔsmata aut�.
MporoÔme na orjokanonikopoi soume ta idiodianÔsmata opìte o S−1 prokÔptei paÐrnontac apl� ton
S> kai mporoÔme eÔkola na epalhjeÔsoume ìti Λ = S−1AS. Eidikìtera:

(A + 2I)x1 = 0 ⇒
(

3 3
3 3

) (
ξ11

ξ21

)
=

(
0
0

)
kai prokÔptei �mesa ìti to idiodi�nusma x1 ja eÐnai par�llhlo me to [1,−1]>. Kanonikopoi¸ntac
prokÔptei ìti x1 = 1√

2
[1,−1]>. OmoÐwc to idiodi�nusma x2 ikanopoieÐ to sÔsthma (A − 4I)x2 = 0

epomènwc

(A− 4I)x2 = 0 ⇒
(
−3 3
3 −3

) (
ξ12

ξ22

)
=

(
0
0

)
opìte x2 = 1√

2
[1, 1]>. Epomènwc

S =
1√
2

(
1 1
−1 1

)
Tèloc, epeid  o pÐnakac A eÐnai summetrikìc, o S eÐnai orjog¸nioc epomènwc S−1 = S> (den qrei�zontai
pr�xeic gia ton upologismì tou!).

2. Na upologÐsete �mesa ton antÐstrofo A−1 qrhsimopoi¸ntac to je¸rhma Cayley-Hamilton.
Ap�nthsh. To qarakthristikì polu¸numo eÐnai det(A − λI) = (1 − λ)2 − 9 = λ2 − 2λ − 8. Apì to
je¸rhma, isqÔei ìti A2 − 2A − 8I = 0 epomènwc pollaplasi�zontac me to antÐstrofo (pou up�rqei)

èqoume A− 2I = 8A−1 �ra A−1 =
(
−1/8 3/8
3/8 −1/8

)
.

3. 'Estw oti gia k�poio mhtr¸o A gnwrÐzoume th di�spash se idi�zousec timèc (svd) A = UΣV > ìpou

U =

 6/10 −8/10 0
8/10 6/10 0

0 0 1

 ,Σ =

 3 0 0
0 1 0
0 0 1/2

 , V =

 8/10 6/10 0
6/10 −8/10 0

0 0 1

 .

Qrhsimopoi¸ntac thn parap�nw di�spash, na upologÐsete to antÐstrofo B−1.

Ap�nthsh. Apì ton orismì ta mhtr¸a U, V eÐnai orjog¸nia epomènwc A−1 = (UΣV >)−1 = V Σ−1U>

epomènwc (an k�noume tic pr�xeic, m�lista mporoÔme na kerdÐsoume qrhsimopoi¸ntac th dom  twn U, V )

A−1 =

 −8/25 43/75 0
19/25 −8/25 0

0 0 1

 .

VII. (10 b.) 'Estw V grammikìc q¸roc efodiasmènoc me eswterikì ginìmeno kai Q ènac grammikìc upoq¸roc
tou V pou èqei di�stash n < ∞. 'Estw ‖.‖ to EukleÐdeio mètro pou orÐzetai apì to dojèn eswterikì ginìmeno.
UpenjumÐzoume ìti h orjog¸nia probol  tou v ∈ V ston Q eÐnai èna stoiqeÐo Pv tou Q gia to opoÐo isqÔei:

< v − Pv, q >= 0 ∀q ∈ Q (1)

dhlad  h diafor� v − Pv eÐnai k�jeth se k�je stoiqeÐo tou Q.
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1. ApodeÐxte ìti to Pv eÐnai orjog¸nia probol  tou v ston Q ⇔ to v−Pv eÐnai k�jeto se k�je stoiqeÐo
qj , j = 1, · · · , n miac opoiasd pote b�shc tou Q.

Ap�nthsh. 'Estw mia tuqaÐa b�sh tou Q me stoiqeÐa qj , j = 1, . . . , n. Epeid  to Pv eÐnai stoiqeÐo tou Q
ja gr�fetai wc grammikìc sunduasmìc twn dianusm�twn thc b�shc aut c dhlad  Pv = α1q1+. . .+αnqn.
'Omwc to v − Pv eÐnai k�jeto sto Pv afoÔ to Pv eÐnai orjog¸nia probol  tou v ston Q. 'Ara,
< v − Pv, Pv >= 0 opìte < v − Pv, α1q1 + . . . + αnqn >= 0 kai apì tic idiìthtec tou eswterikoÔ
ginomènou prokÔptei ìti to v − Pv eÐnai k�jeto se k�je stoiqeÐo qj , j = 1, . . . , n miac opoiasd pote
b�shc tou Q.

2. 'Estw q1, · · · , qn mia orjog¸nia b�sh tou Q (qj⊥qk, j 6= k). Tìte, sunart sei twn v, qj (j = 1, · · · , n)
kai me qr sh eswterik¸n ginomènwn kai tou ‖.‖ breÐte tÔpo gia to Pv ¸ste autì na eÐnai h orjog¸nia
probol  tou v ston Q. (Bo jeia: jewreÐste to Pv wc grammikì sunduasmì thc b�shc twn qj kai breÐte
touc suntelestèc qrhsimopoi¸ntac thn orjogwniìthta).

Ap�nthsh. 'Eqoume Pv = α1q1 + . . . + αnqn. Pol/ntac me q1 kai lìgw thc kajetìthtac lamb�nou-
me < Pv, q1 >= α1‖q1‖2 opìte α1 = <Pv,q1>

‖q1‖2 . Me parìmoio trìpo brÐskoume kai touc upìloipouc

suntelestèc.

3. Epilègontac mia orjog¸nia b�sh tou Q, o prohgoÔmenoc tÔpoc dÐnei mia orjog¸nia probol  Pv ∈ Q,
�ra tètoia probol  up�rqei. ApodeÐxte ìti eÐnai kai monadik .

Ap�nthsh. 'Estw t¸ra ìti up�rqei kai deÔterh probol  (Pv)′. Ja eÐnai (Pv)′ = α
′

1q1 + ffl + α
′

nqn.
Afair¸ntac apì thn antÐstoiqh sqèsh pou dÐnei to Pv èqoume:

Pv − (Pv)
′
= (α1 − α

′

1)q1 + . . . + (αn − α
′

1)qn.

Pollaplasi�zontac me q1 èqoume

(α1 − α
′

1) =
< Pv − (Pv)

′
, q1 >

‖q1‖2
= 0 ⇒ α1 = α

′

1.

Parìmoia prokÔptoun kai ta αj = α
′

j , j = 2, ..., n opìte oi dÔo probolèc sumpÐptoun.

4. ApodeÐxte ìti isqÔei   den isqÔei to: < v, Pv > = ‖Pv‖2 (Bo jeia: gr�yte to v san (v − Pv) + Pv).

Ap�nthsh. Gr�fontac to v = (v − Pv) + Pv èqoume:

< v, Pv >=< (v − Pv) + Pv, Pv >=< (v − Pv), Pv > + < Pv, Pv >= ‖Pv‖2

afoÔ (v − Pv) ⊥ Pv.

5. ApodeÐxte ìti: ‖v − Pv‖2 + ‖Pv‖2 = ‖v‖2. Poio gnwstì je¸rhma ekfr�zei h sqèsh aut ?

Ap�nthsh. 'Eqoume diadoqik�:

‖v − Pv‖2 + ‖Pv‖2 = < v − Pv, v − Pv > +‖Pv‖2

= < v, v > + < Pv, Pv > −2 < v, Pv > +‖Pv‖2 = (apì to 4) ‖v‖2

pou eÐnai to Pujagìreio je¸rhma.
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