Avoeg emigypévav Ogpatov tpoooov I'A (2008)

X. AAegbTTOUANOG

ZUVTOHEG anavTnoEIG

Ofpa 1

1.a) e2'Ae3 = s,

b) o A €ival GUPPETPIKAC, Enopévwg: ATA-AAT=0

O) Ae = (1+1/2+1/3, Yo+1/3+1/4, 1/3+1/4+1/5)"
d) e'A=(ATe) =(Ae)’

e) e'Ae

2. O A &ival yIVOUEVO avTIOTPEYIHWV INTPOWV KAl GUVENKG aVTIOTPEWILOC.

Mpdayuati, o NpwToC, £0TW B, NPokUNTEl ano PETABEON TWV Ypaup®V 1 Kal 3 evog diaywviou
MNTPWOU, apa avTioTpéWipog. O unoAoinol duo, éoTw C kal D sival TpIywVIKoi: €ival unTpwo
analoIpn Kal £vag diaywviog avTioTolXd. apa avTioTPEWIHOL.

@a &ivar Aoinodv

A=(BCD) '= D'!C'B*'=
[100;0%0;001/3]*[110;010;-101]*[001;0-1/20;10] =
[100:0%0;-1/301/3]*[001;0-1/20;100] =

[001;0-1/40; 1/30-1/3]

3. Eivai A=B+C (1) ka1 A=B"- C" => A=(B-C)" dnA. A'=B-C (2). And To oloTnua Twv (1), (2)
unoloyifoupe eUkoAa Ta A=1/2(AT+A), C=1/2(A-A")

4(a), (B): Ta yivopueva sival €ykupa oav YIVOPEVA 2 UnTpwwV dIaTACEWV mxn Kal NXm Kal
nxm kai mxn, avriotoixa. EEaAou, eneidr) (ATA) =AT(AT) T=ATA ka1 (AAT)=(A") TAT “AAT o0
NPOKUNTOV UNTPWO Eival GUHHETPIKO.

(y): O1 6por £xouv PEYEBN MXm Kal NXn Kal Npopavme NpENsl va GUPPWVOUV yia TNV nNpdén
NG NpdoBeong: m=n.

() Oa eivar A*=(P'SP) (P'SP) (P"'SP) = P'S(PP)S(PP)SP = P'SS S SP = P''S’ P

5 MapatnpoUpe 6TI aTAAN 2 = 2 x athAn 1 kal otnAn 3 = 3/2 x atnAn 1 (avTioToixa yia Tig
YPAUHEG: Ypappn 2= 2 X ypauun 1, ypappn 3= 3 x ypappn 1). Zuvenwg To A ypageTai:
A=xy" =[123]"[1 % 1/3]

Ta&n eival apiBUoc Twv odnywv Mou NPOKUMNTOUV KATA TNV andAoipr). ZUWMINTEl — KaTd Ta
YVWOTA — YE TN O1A0TACn TOU XWPOU YPAUM®Y Kal OTNAWV.

O A cival Ta&ng 1, apoU gukoAa and Tov A npokunTel pe anahoipr o U=R=[1 2 3 ; 0,s]. EE
aMou, 6Aa Ta unTpa TagNg 1 gival TN HopPRg Xy'.

Znpeiwon: H popen autn Tou A gival €101k nepinTwon d1Aonacng evog UNTPWOoU TAENG r o€
MNTpWa Tagne 1:

T T T
A= Xi¥1 ' + Xa¥a + ...+ XnYn



He xieR™ |, yieRY, Ta x €ival oI GTHAEG 03NYDV TOU A €V TA Yy TIC UN MNOEVIKES YPAUUEC
NG avaypévng pop®nc R: x =[1 2 3] " kar y = [1 Y2 1/3]" oTnv nepinTwon pag. Aivoupe pia
oUvTopun anodei€n Tou anoTeAéopaToc auTtou:

AnddeiEn: Anod Tov petaoynuationd A=ER npokunTel o1 yia k=1,...r(=apiBuog odnywv):
k-oTrAn 0dnyoU Tou A = ¢ = E! * k-otfAn Tou R = E! * [e, O] = Ry

Enopévwe ol NpwTeG r 0TAAEG Tou R NePIEXOUV TIG OTNAEC 0dNywVv Tou A, £0Tw HNAOK C.
SUMQWVA TOPA UE TN YVWOTH «KNAOK» HOP®R TOou YIVOUEVOU, av F €ival ol ypappéS odnywv
Tou R (r npwTEC Ypaupec), Ba eivar:

A=E'R= [C D] [F O]'=C*F=D*0=C*F= oTAAeC 0dnymv Tou A * ypappéc odnywv Tou R.
Epappolovrag Twpa Tn yVwoTr £ppact) YIVOUEVoOU (OTHAEC X YPAUUEC):

A=E'R=CF= ciF,' + GF," + ... + ¢.F, "

6. BA. BIBAio. H yewpeTpIkn epunveia kaTd ypaupéc Baoiletal otn Bewpnon kabe eEiocwong
EeXWPIOTA WC €VOG «EMMESOU» TO OMoio opilouv ol CUVTETAYHEVEC TG Miag euBsiag otnv
nepiNTWOoN pac. H Toun Twv «emnedwvs» GUVIOTA TN YPAPIKN EPUNVEIA, N onoia OpwWE NPENE
va vyivel...
H yewpueTpikr epunveia kata otnAec BacileTal otn Bswpnon oTnAwv, dnA. oTn dIavVUCUATIKA
e€iowaon:

X1*[3,1]" +X2[1 -1]'=[2 -17’

AnA. oTO NPoodIopIONO TwWV KATAMNAAwV ouvTedsoTwv X1, X2, (AUon) npokeieEvou va
napayxbei To yvwoTtd didvuopa Tou B’ okéloug (nolog y.o. Twv OTNA®V OivEl TO YVWOTO
didvuopa). Kal €dw anarteital ypa@nua...

7. (a) An. Eivar dim(N(A)=n-rank(A) = n-0 =n, apou dim({0})=0.

(B) An. [n4] 'EoTw &vag y.o. Twv Avi gival 0:

[Avl, Av2,..., Avn, Avn]x= x1Av1+x2Av2+...+xnAvn = 0 nou ypageTal kai A[vl,v2,...vn]x=0.
(1). Engidfy A avmioTpewidoc n (1) Ba 1oxlel povov av [vi,v2,..vn]x=0 (2). Eneidr Ta
v1,v2,..vn = v.a., n (2) 8a £xel oav povadikr) Auon Tnv x=0, kal apa Ta Avi ival y.a.
EvaMakTikn anavrnon 1: O nivakag Twv Avi gival [Avl Av2 .... Axn]= A[v1l v2 ... vn] Kal @G
YIVOUEVO QVTIOTPEWINWV MIVAKwV (Ta y.d. vi opilouv WG yvwoTov avTIoTpEWIYo nivaka) Ba
gival avTIoTPEWIHOC. SUVENWG Ta Avi €ival y.a. Eneidr pahioTa eival oto nAndog n = dimR" Ba
opilouv pia Baon Tou dimR".

EvaAAakTikn andvrnon 2: ‘EOTw OTI €ival y. €€apTnuéva. ZUveENwG undapxel v.o. [Avl ..
Avn]x=0 yia kanoio x<>0. H icoduUvapa: A[vl, .., vn]x=0. AMNG enedn o eivar A
avTioTpEWINOG Ba eival x=0, dTono. Suvenwg Ta Avi gival y.a.

8. Mpo@avwg 0Aa Ta xi gival un pundevikd. Oa eivar <xi, xj> = 0 yia i<>j.

AapBavoupe éva y.o. Twv Xi ioo pe 0: clx1+ ...+cnxn=0.

MoAhanAaaoialovTag apioTepd Ye £va Tuxaio Xj, naipvoupe yia j=1,...,k,:

cl<xj, x1>+...+¢j<xj, xj>+...+ck<xk, xk>=0, an’ 6nou npokunTel: cj<xj,xj>=0 kal eneidn
<xj,xj><>0, cj=0. Suvenwc OAa Ta ¢cj=0 kal anopevwce Ta xi ival avegaprnTa.

EvaAMakTikn SiaTinwon:

‘EoTw &vac ypappikog ouvduaopdg [x1 x2 ... xk]lc=0, ceR*L. MoAanAacialoupe eni éva
Tuxaio (xj)'eR™®, j=1,..k:

(xk)'[x1 x2 ... xk]le=(xk)* 0 = 0 =>

[(x)X1 ... (X)) ... (xj)Xk]c = [0 ...]|xj||*..0]c=0 => cj||xj||>=> cj=0. Enopévwg yia 0Aa Ta
j €ival ¢j=0 kai apa x1,...,xn y.a.

9. ApoU v, z, w Baon kai y =av+Bz+yz 1o ouoTnua [v, z, w][a,B,y] €xel pia kai povadikr)
Aon kal ouvenwg Ta a,B kai y €ival yovadikd. MpokUunTouv akpiBwg and Tnv enilucn auTtou
TOU OUOTANATOG,.

10. Q¢ yvwoTOV To PUNTPWO L gvog v. . w¢ npog Wia Bdaon el,...en opileTai:



L=[LvlLv2..Lvn] =[373-4; 3318 8; 30 -3 15]

Kal n eikova Tou v Ba ival

Lv=L*v =L(lel-1e2+2e3)=1 Lel - 1 Le2 + 2 Le3 = apiB. anoTéAeopa.

11. Eivai w=Pv=alul+a2u2+...4+anun, dnAadr Ta ai npokUNTOUV Gav AUoN TOU GUOTHUATOC:
[ulu2..un][al, a2, ..an]" =w

Ma Tnv npoPoAr 1oxlel P> = P 1 kai P" = P, ondte PP u= Pu =w (nepaitépw epapuoyn
npoBoAnC aTo u dev PeTaBAMel Tnv NpoBoAn Pu).

@épa 3

Aivetal To ynTpwo A=[1221;2301;121c], 6nou c npayyarikr oTadepa.

1 . BpeiTe Tn pop®r avayueévwv ypappwv R (ouvapTrosl Tou c) kal Tnv Ta&n r Tou A. >Ta
£noWeva pwTAPaTa va PacioBeiTe anapaitnTa otn Hopdn R.

2. EkppaoTe Ye oagriveld To R gav YIVOPEVO OTOIXEIWOWV UNTPOWV €Mi To A, Kal dWOTE Ta
MNTPWA auTd.

3. Bpeite (a) To xwpo aTnAwv Tou A (B) pia Baon Tou Kal (Y) pia BACT TOU XWPOU YPAUHOV.
4. Ano@aveeiTe yia TNV ENIAUCIMOTNTA TOU CUCTAKMATOC AX=Db yIa TIG JIAPOPEC TINEC TWV C Kal
b.

5. BpeiTe pia Baon Tou Pndevoxwpou Tou A

6. Aidetar {c=0/c=1/c=3/c=0.5} kai b=(1, 2, -1)". BpeiTe TOpa Pe CUGTUATIKO TPOMO
Kal e Baon Ta napandvw Tn yevikr AUon Tou Ax=Db.

(2)

(3) An. E&etaloupe av Ta {ul, vi, v2}, {u2, vi, v2} cival y.a. epapudlovrag anahoipn
(Tpiywvonoinan) oTta pntpwa [ul, vi, v2] kai [u2, v1, v2] avTioToixa. Bpiokoupe og KGBe
nepinTwan OTI éva cUvoAo ano Ta Napanavw €ival y.a. Ve To Ao oxl.

Ofpa 3

1.A=> ... U=[1221;0-1-4-1;00-1c-1]

=>R=[100-6c+5; 01 04c-3;001 1-c]kal enoyevwg r=3 (To c dev ennpealel Tnv TA&n).
2. IoxUsi: R=EA. Bdaosl Tou TpoOnou unoAoyiopoU Tou R, To E Bivetal and To YIVOUEVO
OTOIXEIWOWY UNTPLWV:

E=D2*D3*E12*E13*E23*E31*E21

onou Eij pntpwo analoipric (agaipeon noA/ciou ypauunc j and ypauun i) kai Di unTpwo
dlaipeonc ypappng i 81a Tou odnyou TNG, yia va dnuioupynBouv Povades. SUYKeEKPIKEVA €ival

E21=[100;-210;001]
E31=[100;010;-101]
E23=[100;01-4;001]



E13=[102;010;001]

E12=(120;010;001]

D3=[100;010;00-1]

D2=[100;0-10;001]

3. (a) Npopavac C(A) = R>. (B) Mia Baon Tou C(A) anoTeholv ol 3 NPATEC OTAAES Tou A nou
avTioToiXoUv OTIG OTAAEC odnywv (opoiwg kal of 3 oTAAEC odnywv Tou A) . (y) O1 Tpeig
YPAUMEG Tou A anoTeAoUv pia Baon Tou X.Y. (OMOIwE Kal ol avT. Ypauueg Tou R)

4. ApoU r=3=m<n=4 yia kGBe ¢, To oUoTnUa £xel aneipec AUCEICG, yia kGBe ¢ kai b.

5. Eivar dim(N(A))=4-3=1. Apa To povadiko diavuopa s TnG Baong (s1dikr Auon) BpiokeTal
B€Tovtac x4=1 oto Rx=0. YnevBupileTal 0TI To anoTéAeopa PpiokeTal an’ eubeiac, AOyw Tng
€I0IKNG HOPPNC Tou R (povadeg oTtn «dlaywvio» kal 0 oTIC oTAAEC Twv odnywv): O BEoeIg
odnywv oTo diavuoua piag eidikng AUoNG cupnAnpwvovTal anod Ta avTiBeTa OToIXEid TG
oTAANG TNG €AelBepnc WeTaBAnTic (Tng 4™ oTnANG oTnv nepinTwon pac). Mpdayuat, av
Bswpriooude TNV eAelBepn OTNAN X Kal B€ooupe x=1 kal x=0 yia TIC unoAoinec n-r-1
eAelBepeC PeETABANTEC, NAipVOUNE

i-ypappn Tou R * x = R[i,:] * x = 1*x+R(i,k) = 0, | xi=-R(i,4)

s=[-R(:;,4) ; 1] = (6¢-5, 3-4c, c-1,1)".

6. MNa Tnv eniuon Tou Ax=b, unoloyilouye oTo nNpokUNToV cuoTnua Rx=d yia dobtv ¢ To
dlavuopa d=Eb, ekTeEAWVTAC TOUC iBIOUC HETAOXNUATIOPOUC PE auToUG nou nrnpape 1o R.

'ETo1, yia ¢c=0 naipvoupe:

R=[1 0 O 5;0 1 0 -3;0 0 1 1]

Kai

b=(1, 2, -1)"-> (1, 0, -2) -> (5, 8, -2) -> (16, 8, -2) -> d=(13, -8, 2)".

Bpiokoupe Twpa Tn pepikn Alon Tou Rx=d, B£TovTag x4=0:

x_e1dIkn = [d ; 0] (Aoyw Tng e18IKAG HopPRG Tou R) = (13, -8, 2, 0)'

H €1d1kfy AUon Tou UNdEVOXWPOU :

X_€®Ikr = A(-5, 3, -1, 1)7, pe AeR

SUVENKC

X_NAApNc= Xx_pepIkA + x_edikA = (13, -8, 2, 0)" + A(-5, 3, -1, 1)7, pe AeR

Oépa 2

@épa 3



1. Oa mpénet 10 b vo avikel 6To YOPO oTHAGV ToL B. Metatpénovpe 10 dtevpupévo
nivoka [Alb] og KAMpoK®TO, 0’ 0oV KataAyovpe o€ 600 e£l6DGEIS oG Tpog bl,
b2, b3, b4 (motec?). Avtég amoteAoVV TIG GLVONKEG,.

2. Eivor r=Ac-b. Xpnowomoteital to gukieidto pétpo (vopua) lirll. To c=(cl,c2) (ot0
mopdadetypa) gtvor  (ntoduevn TpocEyyion, ONAadN To VLG~ «AVCT» TOL
ehayrotomotet to lirll. To llrll eAayiotomoteitan ota onpeio mov undeviCovv Tig
pepucéc mapaydyovc: {dlirl*/acl = 0, {alirl*/dc2 = 0}. To chopa owtd cvpmintet
pe 0 ATAc=A"D.

3. To cbotnua oV Tapardve Kav. eElo@csmv tovtiletar pe 10 ATAc=A"b
(moMCovpe v (advvatn) Ax=b eni A”...). Enopévoc:

B=ATA=
3 3
3 6
kot d=ATb =
9
13

Avvovtag to Be=d, Bpiokovpue

¢ =[1.6667, 1.3333]



