ITPAMMIKH AATEBPA: Ynodeigeig xaw Anavifioeig EEetactixrc Iouviov 2004

To ddpoicpa TV PrIk®dy TwY TAEAAATK EpWTHACEWY LRepPaivelt To 100 yiati cupnepthouBa-
VOVTOL TA EPWTHRATR X0l OL AVTICTOLYEG AMAVTAOELS YIAd OA€S TIS €kdoxés Twr Jepdtwr extodg and
TIC EPWTNOELS TOL SLEPEPAY UOVOY G TEOG TAL GTOLYEL TWY UNTEW®Y 1 TWY SLULVUCUATGDY (ombte
napoucidleton N AooT pag povov exdoyrc.) Kdde vrnospdtnua tne spdtnong I Paduwoloyeiton
we 2.

I. (30 B.) No anavtfoete otic mopoxdte cpwthoec. ITohhéc and autéc elvon tOmov «Xwotd/Addocy xat
oNUEdVOVTAL PE TOV GUUBOANOUS «X/Ay. A®OTE TI¢ AMAVTACE CUC OTO YWpo Tou Topéyetal. Edv undpyet n
évdeln «X.ILy (Xeaida Ipoyeipou) cupminpwote exel Tov aprdud oeidoc oto Hpdyepd cug drou Yo avapépe-
Tan Ye Aemtopépeta 1) Abom. Ta Géuata npénel va auttohoyndolv mAfipwe. To Baduwtd peyédn xat To ecwtepnd
YWOUEVO elval Tporypotixol aptduol exTtog oV avapEPETOL BLopOPETIXG.

1. 'Eoww 10 obotnua Az = b émov A € R™*". T'pdte Eavd to (Blo cbotnua pe to de&l péhoc va elvar to
bT
Andvinon. Ar=b=a2T AT =bT O

2. «X/A» "Evo untp®o mou elvar GUUUETEXG Xou EpUITLOVG TEPLEYEL LOVOV TRaYHaTIXd, GTOLYEL.
Andvinon. Twotd: oy = Oy YTl EPUITIONVG, i = j; ANOYW oUMPETplac, OMOTE oy = &ji. ANG
av évag uryadxog elvar (oog ye to ouluyr Tou TéTE Elvon xou TEAYHATIXOS, omdTE Gha T oTolyela efval
mpoypatixd. O

3. «<X/A» Av ta Swvbopota v, v, v3 Tou R™ elvar ypouuxods aveZdptnta téte xou o wi = U1 + Vg,
Wa = V1 + U3, W3 = V2 + U3 EVOL YROUULXDC aveEdoTnTa.

AndvTnon. Ywoto: Tt av ndpouye évay ypapuixd cuvduacud twv w; Ya EYouye

awi + fws +ywz = a(vy +v2) + B(v1 +v3) + v(v2 + v3)
= (a+B)v+ (a+7y)va + (B +7)vs.

I va efvan to mapamdve 0 Yo npénet va oy det 6t
O=atf=at+ty=0F+7y
onote a« = By =0. O

4. TTowo cuvinm tpénel va ixavorotel o Baduwtdc v €tot doTe 10 oUVoho twy onuelwy [z, y] Tou txavorolody
™y e&iowon 3z + y = 7y vaL avAxouy oe Blavuouatind utdywpo tou R

AndvTnon. Av o onuela autd artoteloly unoykeo, £otw V, Ya npénel xdve Ypauutxog Toug ouvBuacUdg
va eavorotel tov (Blo Teplopioud. Emione Yo mpénet va avixel oto ywpo xor 1o undevixéd onueio [0,0].
AN 3 x 040 = 0 enopévac Yo npéner v = 0. Etny nepintwon avth xde Ledyoc onueiowy ur = [z1,v1],
ug = [2,Ys]

auy + fug = afri, y1] + Blre, y2] = [axy + Bra, oy + Byo]
xat Yo mpénel 3(axy + fra) + ayr + By2 = 0 ahhd
oz(3x1 + yl) + 5(31‘2 + yz) =0

enopévee auy + fug € V epédoov v = 0. T va elvor unoyweog Yo mpéner xade ornuelo mou mapdyetal
and yeouutxd cuvduaoud Twy otolyelwy O



10.

11.

/A Ovydpor V={[a b T :a+b+c=0} xao W={[a b ] :a >0} evou utoyopo. tou R3.

AndvTnon. o) Zwotd: Katdpyrhv 1o otoyelo [0,0,0] € V. Eotw v,w € V. Téte pv + vw = [ufr +
vwi, s + vwa, pfs + vws] omdte

pB1 + vwi + pfe + vwy 4+ pfBz + vws = p(B1 + B2 + B3) + v(wi +we +ws) = 0.

B) Addoc: To otoyeio [0,0,0] € W xar av v,w € W. Téte pv+vw = [pfy +vws, uf2 +vws, ufs + vws]
xat ex xatooxevic fr,wr > 0. Av emhéZouye p = 0,v = —1 téte 10 ddvuoua [—wy, —wa, —w3] ¢ W.
Enopévag dev elvan undywpog. O

Na delfete Twe av yio éva Tpary ottt untpwo A € R™™ ioyler 6t o' Az > 0 yio xdde didvuopa © € R™
té1Ee Oha T oToLyElor ot Blarydvio Tou A Va elvon YeTind.

ndvtnon. Emiéyo m osed T = eq,...,e, OTOU €; To § Odvuoua Tng TUTXic Bdonc omdT
And Eméyouue ue elpd ) ey €p OTIOU € OLdvu UTULX a oTE
TPoxOTTEL OTL ejTAej = aj; > 0y xde j. O

«E/A» Av 7o pntpio A? Bev eivor avtioteédiuo téTE To (Blo oy el xa Yl To A.

Andévtnon: YQXTO

ArdvTnon. Twoté: Av A% Bev elvar avtiotpédiio tétE LTdpyer z € R™ 1.0, A%z = 0 enopévoc
A(Az) = 0 ondte eite Az = 0 eite Ay = 0 6mov Az = y. Ko otic duo nepintddoeic ouvendyetal 6t
0 A elvor Wibpoppo. Evac dhhoc tpémoc anddeline eivor péow otumy: O wiotéc tou A? elvar to
TETPAYWVO TwV BloTdY Tou A. Av 10 A Bev eivar opakd toTE ToLUNdYIoTOV Yol oty Tou Yo elvan 0
emopévec To (Blo Yo toy Vel xou Yo Ty TeETpayovxd e pila, xadde VO = 0. Emopévec xou 10 A Yo
elvan WOLépoppo. 0O

«X /Ay Av 6ha T oTotyela 6T BLarydVIO EVOC Ve TELYWVIXOU UNTEMOL Vol un undevixd TdTe 1o UnTeo
elvon avtioteédiyuo.

Andvtnon. Xwotéd: Teec tponor anddelng: a) H opllovoa tprywvinol elvat 10 YIVOUEVO TV By VWY
otouyelwv ondte av xavéva dev elvon 0 To Yvouevo elvar un undevixd dpo xat 1 optlovoa elvor un undevixn
EMOUEVWCS TO UNTeo elvar avtiotpéduwo. B) Kataoxevaotxd: O uévoc tpoénoc va anotiyet o ahyptduoc
nlow avuxatdotaong etvan va yeetaotel dtalpeon ue o 0. O donpéoelg dAeg elvon Ye tar Starydvia otouyela
Tou A enopévewe av dev etvan 0 Bev €youpe amotuyla yior xovéva Bell UENOC ol EMOUEVWE OUTE YLl Tol
€1, ...; €n, EMOUEVWS TO UNTEGO elvor ogord. v) Ou iblotipée xdde Tprywvixod untemou elvol ot Slorydvio
Tou. Av 6heg elvon un undevixéc 1o untewo Va elvar opard. O
’ ’ ’ —1 ’ N z —1 A 1

«X/Ay Av \j elvar o WBotpée tov A pe Aj # 0 xou undpyer o A~ téte o1 WBotée tou AT elvan X
Andvinon. Lwoté (Strang oeh. 301). O

«Z/A» Av \j elvon ov Wrotipéc Tou A ue Aj # 0 xan undpyer o A1 t6te o ioTpéc Tou AT ebvou ,)\%_
ArdvTnon. Addoc: T x&de A v 10 omolo woyler Az; = \jx; wylel enlone 6 A~ e, = /\j_lxj.
Kadde to A €xer axpiBode n wiotyéc, Yo elvon autég xow oyt ow —1/A;. 0O

«X /Ay Av 10 ouupeTpxd TpaypaTind untewo A €yet o 1ot A xou avtioTtoyo Wodldvuoua u TéToto
wote |lul| = 1 téte To unTedo A + Auu’ Yo éxer wa otpr 0 pe aviiotoyo Wiodidvuopa u.

Ardvnon. AAOOX. Agol Au = Au, (A -+ uu' )u = Au+ duu'u = u+ =0 \ =0 enopévac
Oev oy leL Yevuxd extéc av 7 wotwh etvan 0. O

«X /Ay Av 10 ouupeTpxd TpaypaTixd untewo A €yet o 1ot A xou avtioTtoyo Wodidvucpa u TéToto
wote |lul| = 1 téte To unTedo A — Auu ' Ya éxer wa ot 0 pe avtiotolyo Wiodidvuopa u.

AndvTnon. LOXTO: Agob Au = Au, (A —Auu")u = Au—duu'u=Iu—Au=0. O



12.

13.

14.

15.

16.

17.

cos(t) —sin(¢)
sin(t)  cos(t)
Brédete dueoa tov avtiotpopo tou A ywelc va tov unoloyloTe;

Aei€te 61 o nivaxog otpogric A = ( ) elvar opYopovadiaioc. Iloe ynopeite vo mpo-

Andvtnon. Apxel va Sellete o1l ATA=T (xdvte Tic mpdewc). Enouévwc A 1=AT. 0O

ITpoodiopiote Tic xovovixés eEloMoELC Pe TN UEV0B0 Twv ehay(oTwY TETPAYOVWY Yot T AOGT) TOU GUCTH-
HoTOG:

20 +3y = 1
3x+2y = 4
Se+y = T

Ardvnon. O xavovixée efiodoec elvoan ov AT Az = ATb, dnhadh

<235) 2 (m)_(235> b
3 2 1 s y 3 2 1 -
38 17 x\ [ 49
17 14 y )\ 18

Ynuewdvoupe 6L egbooy To Tapardve AT A Tuyaiver xon elvon ogakd, 1 Aon tou TpoBAiuatog erayloTev

TETPAYOVWY arg mingege ||b — Az|| eivor @ = (AT A)~LATD, dnhadr (av xdvouue Tic TpdEeLc)

x = [380/243, —149/243]".

EMOUEVKC

|

«X/A» Av A ebvar opdopovadiaio puntpwo xa z € R™, téte ||Az|| = ||z|.
Andvenon. Ané tov opioud xot o 61t o A eivan opopovaduaio, ||Az|| = (xTAT Ax)V/? = (zTx)V/? =
]l O

«X/A» Alo ébpotor mivaxec A xow B = M 1AM éyouv (diec Wrotée xar éva doddvuopa © Tou A
aviotolyel ot éva Wodidvuopa M1z tou B.

Andvtnon. TQETO (BA. Strang oeh. 356). O

‘Eotw Wépopgpoc nivaxac A € R™*™. [ldon avapévete va elvar 1 18N Tou o€ oyéon pe 0 n (Uxpdtepn,
peyolUtepn, (on); Exet o A undevoydpeo un undevixrc Sidotaong;

AndvTnon. Mixpdtepn tou n. A@od to untpo eivon LoLopop@o, ot Ypouuéc Yo elvon Ypouuixd eEapTnuéved,
ETOUEVOC 1) DLAOTAON TOL YWEOL Ypouu®y Vo elvol UixpdTtepn Tou N, é0tw . Auth elvan xou 1 TéEN Tou
untedov. Enouévwe, dnwe npofiéner n Yewplo (BA. m.y. Strang oeh. 160) to d¥poiopa tne didotaong
TOU YOPOU YROUUWY T XL TOU UNBEVOYWEoU, €0Tw s Vo elvon 1, enopéveg r+s=n,r <n=s>1. 0O

«X/A» T xdde untpwo A woylel ot undpyel aviioteéduuo unteoo X Blag Sidotaong €100 Wote 10
X TAX eivar draydovio.

Andvenon. Addoc: To untpcdo X mepiéyer o idodaviopata ou A, Av undpyouv Aiydtepa and n
Yoopuxd aveEdptnta dodaviopata, to X dev pmopel va elvon avtioteéduo. T'a mopdderypo 10 A =
[1,1;0,1] éxer pbvov éva ypopuxd aveZdptnto odtavuoua (o Wioywpog elvon dtdotaone 1) enouévene 1
daomaon X 1AX dev undpyer. O



18. «X/A» Av 800 un undevixd Sraviopata tou R™ elvon xddeta petadld toug téTe elvan yoauuuixde aveldptna.

AndvTnon. TQXTO. Av u L v xot AMBoupe au+ fv =0 = av'u+ Bv'v = 0 Enogévec 3 = 0. Me
Tov {Blo Tpomo Belyvouue 6Tt av = 0 enopéveg 1 uévn mepintwon va woylel au + Fv = 0 eivon vo €youye
o = =0 enopévee o dravOopata eivon yoouuxd ave&dptnto. O

ITIa. (10B.)
1. No enahndedoete tov tOno Sherman-Morrison: Av u,v € R™ xou 10 A+uv " givon avtiotpédiuo, vo xdvete
bhec Tic amapaitntec Tpdleic yio va enakndetoete 6t (A+uv )Tl = AT — A"y (140 T A7)~ to T AL

AndvTnon. T cuvtopia Yétoupe ¢ = (1 + v A~ tu) L.

(A+u ) (A=A ugn"A™Y = (A4+uww A YT —ugv' A™Y)

(I +uw AN —ugpv A =T +uw A7 — (T +uv" A ugo " A7
= T+w A ' —guww A7 —puv T A" luw T ATE

T+uww A7 — pu(l +ovTA )" 471

T+uw' A —w' A7 =1,

|

2. No vnohoyioete 10 avtioTpopo Tou untpwou A + uu' émou
2 00
A= 0 3 0 |,u=[1,2,1]".
0 0 4

Andvrnon. H Wéa elvar va ypnowonofioete tov t0no Sherman-Morrison (énwe éytve xat 670 ppovTiotipto)
YL VO ATOPUYETE TOV eSO (xou xomaoTixd) LToAoYoUd Tou avtiotpdpov. H euxolio Tou tOnou cuvictotot
oto 6t aviideta and o A+ uu' Tou elvor éva TUXV PNTEMO XL dpal XOTHAOTIXG X0l aXE36 VoL AVTIOTEOPE
aneudetoc, N avtiotpogr Tou A elvon TeTpLpévn, eved o 1+ u' A7 u elvon Bodpwtdc. Enopévewc

(I+u"A )™ = (14[1,2,1][1/2,2/3,1/4] ) "' = 12/37

xa
/2 0 0 1/2 /2 0 0
AT AT (A o AT ) T T AT = 0 1/3 0 |-—12/37( 2/3 |[,2,1]| O 1/3 0
0 0 1/4 1/4 0 0 1/4
31/74 —4/37 -3/74
= —4/37  7/37  —2/37
—3/74 —2/37 17/74
0

IIb. (10 B.) Aidovtou to Untpda

1 2 3 12
A= 2 4 6 |,B=|0 2|,
1 30 2 3

%ol ot TopaxdTw tepaytopol Touc. Ta xdle mepintwon o) va ehéyZete av unopel va yivel o toAarhaotacude
YPTOWOTIOLOVTOG TO CUYXEXPWEVO TEUalopo xat B) av yivetat, va utohoyicete 1o anotéleoua delyvovtag oha
To EVOLAPESH ATOTENECUATA (TWY TPAEEWY LETAED UTOUNTEOWY).

1. Ta tov A =

[y I R
W= DN

3
6 |, %o tov B wq éyer (ywplc teyayiopd).
0



2. T touc A = 214 6 |xuu B= 0 2
113 0 2 3
1 23 1 2
3. T touc A = 2 416 |xu B= 0 2
1 3]0 2 3

Andvtnon. 1) Lnv nepintwon auth dev yivetar o tolamhaotaopos vt 1o A elvon 2 X 2 umhox untpeoo
eve 1o B ebvar 1 x 1.

2) Yy mepintwon auth 10 A elvon 2 X 2 unhox untedo xat 1o B elvan 2 x 1. Enfong ot Swotdoeic elvar
oOgpoppec: A € R?X Ay € RV By € RY2 xou Ajp € R?%2 Agy € RY*2 By € R**2. Enopévec 10
anotéAeopa Yo Ypaptel wg 2 X 1 umhox untewo:

- Ci\ _ A11B1 + A12Bs
Cs A21B1 + A2 Bs

To evbidueca anoteAéopata lvat

o= ()23 (02)
¢ I

Co=1(1 2)+(3 0)((2) §>:(1 8 )

3) Yy mepintwon auth 1o A eivon 2 X 2 umhox unredo xat 1o B elvan 2 x 1. Ernlong ot Swwotdoeic elvat
obupopgec: Ajp € R2%2, A5 € R'¥2, B; € R?*2 xou Ao € R?X1 Ayy € RYX1 B, € RIX2, Enopévee To
anotéreopa o youptel we 2 X 1 umhox untewo, 6nwe npty (aAhd ot TpdEelc a@opoly UnTema dlagopeTinig

didoTaone and mpw):
c—( G o[ AuBi+ Anb,
Cs A21B1 + A2z By

6ToL

Co= (1 3)((1) ;)

xad¢ t0 atoyelo Azy = 0. Toa undlowna anoteréoyata elvon OTWS ol TEONYOUUEVKDS. O

Ila. (10 B.)

1. Tha o mopaxdtw unteno va unoloyicete Toug dpoug twv untewwy P, L,U mou mpoximtouv amd tny
nopayovtonoinon A = PLU.

b
I
— N =
W W N
O O W

2. Me Bdon to napandve va utohoyicete tny opilovca tou A.



Andvtnon. XupBoArilouye T OTARES TOU UNTEOOU PE a1, G2 XAl a3. AV TOAMATAACLECOVUE and Ta oPloTERD
pe To oTotyetddec untpto L1 = I —uje] émov uy = [0,2,1]7 éyoupe

1 2 3
LlA = [Llal,LlaQ,Lla;;] = 0 -1 0
0O 1 3

1 2 3
U=LL1A=| 0 -1 0
0o 0 =3
EVE
1 0 O
L:[el +U1,62+U2,63]: 2 1 0
1 -1 1

Enedn Sev ypetdotnne evalloyn yeouuwy, P = 1.
2) Xy nepintwon auth 1 opilovoa elvar 10 YvdUevo Twv Slarydviny otoyelwy tou U, dni. 3. D
IIIb. (10B.)

1. T to mopoaxdtw unteoo, A, va unoloyioete xdtw TELYwVixd unTewo L ye Yovadec otn Blay@dvio xot dve
TeLywvixo unteo U tétow wote A= LU.

A—

W DN =
S W N
S O W

AndvTnon. ZuyBoMloupe Tic GTHAEC TOU UNTROOU UE a1,a2 ot az. Av TOMATAACIACOUUE and To

UPLOTERSL YE TO OTOLYEWdES UnTewo L1 = I —uje{ émou ug = [0,2,3]" éyoupe

1 2 3
LA = [Lyay, Liag, Lias] = 0 -1 0
0 0 -9

OTOTE GTOHATAPE XADWC efvat dve TpLywvixd xou To Yétouye (oo ye U (Eny. Autédc 0 pbdwpog TEPUATIONOS
ouuBaiver TOAD omdvia.)

1 0 O
L:[el +’U,1,62763}: 2 10
3 0 1

|

2. No ypnowwonotioete ta Tapandve Yo Vo utoloyloete Ty optlovoa tou A.
Andvinon. Ioyler 6t det(A) = det(LU) = det(L)det(U) = det(U) =9. O

3. Na ypnowonotioeTe t0 anotéAecpa Tou Ygpoug 1 tng doxnong yia va utoloyioete dlayovio untpwo D
xo 4T TEIYWVIXS untedo L ue povédec otn daydvio tétolr dote A = LDLT.
ArdvTnon. ‘Eyoupe 61t A = LU xou av 9écoupe D = diag(U) téte gaivetor 611 A = LDD~U onére
av Véoovue DU = U gobvetar 6T

. 10 0 1 2 3 1 2 3
U= 0 -1 0 0 -1 0 = 010
0 0 -1/9 0 0 -9 0 01

OTIOTE TPOPAVEG U=1L"T dpa A = LDLT. O



IV. (98)

1.

'Eotw 21, 22 wa opdoyodvia Bdon tou R2. Av yia tuyado didvuoua v tou R? ou cuvtekeotée otn Bdon
auth elvon o, g SatundoTe To TUdaYdpElo VepnUA.

AndvTnon. Efva

I? =< v,v >=< a121 + gz, 121 + a2y >

v
xa and Y 0pUoYWVLOTNTO TPOXUTTEL
lol* = loa [l 1% + ez ][l 22 1.
|

Me tnv undleon 6Tt Gheg oL mpdEelc punopolv vo mepvdve wéoa oo anepoadpoicuata Beeite tino yia
0 [[v]|2, 60U T0 Vv = 121+ F QpZp + - AVAXEL O YPOIXG YOO ETEPTC DLUoTAOTC TOU EXEL
oav opoydvia BAon To 21, -+, 2, - - (BoRdew 1o {nroduevo anotelel yevixeuon touv nudayopeiov
Yewphuatoc yia d > 2 daotdoec). Me nota emmiéov unddeon woyle 6t [[vf|? = af + -+ a2 + -+
Andvenon. Me napbduolo tpémo tpoxintet ||v]|? = E;il lovj|2)|25]1%. Av emmiéov 7 Bdom efvon opdoxavo-
voc) t6te [[o]|? = 3072, |ayf?. O

'Eotw 7 Bdon mou anotekefton and to dtavdopata 21 = [1 2|7 | 20 = [=2 1]T xou éva didvuopa v =
521 + 322. Tpdidte 10 v ¢ mpoc T Bdon mou éyer daviopata o 21 = [1 3]7 xou 2o = [-3 1].

AndvTnon. EE vnodécewe v = 521 + 320 = < ! ) . Q¢ mpog ™ véa Bdon v = k21 + AZa. Avalntolue

13
Ta £ xou A Enedr ta Siaviopata tne véog Bdong elvar oploymvia, énetan ot

. .12 19
< Z1,v>=k[|4]°=k10=38=k10=> Kk = 5

Opolwe yo 0 A
5 X 12 8
< Zo,v>=A|2]*=A10=16=A10= X = 5

|

Va. (10 B.) Aidovton o Stovbopata

ar = [1717 1}T7a2 = [03 1,1]Taa3 = [0703 1]T

Na yenowonotfoete 1 dadixacio Gram-Schmidt yio var ta opYoxavixonotioete xou var YpdPete o AmOTEAE-
opaTa ¢ VEX dtavOoUATA U, Uy XOL Us3.

AndvTnon. H ddwaocia efaptdtor and ) oepd tou Yo emhéZovpe yia Ty opYoxavovixornoinon: Me 1
oelpd Tou €xouy dolel Tar BlavOoAT TPOXVTTEL TO THPAUXYTW:

1.

pr=ar/llasl2 = [1,1,1]7/V3.

T
1

—~

P2 = az — (plp]—)ag =az2 —P1 a2)

2
= [07171]T_§[17171}T:

p
[—2,1,1].

Wl =

Enione |p2|l2 = @. Kavovixonowdvtag pa = pa/||p2lle = %[—2, LT,



3. Téloc

ps = as— (plpl)TCLS - (p2p2)Ta3

— 0,017 - %[1, 1,1] (o7 as) — pa(p] as)

1 1
= [0707 1]T - g[]-v]-v]-]—r - 6[_27171]—'—
1 T
= 20,-1,1]".
2[07 ) ]

Eropévec pa = pa/|p2|l = %[0, ~1,1]T.

MrnopoUue enione va OK pe tn oed ag,as, a1 f e T oglpd as, ai, a2 Y a1, as,az N az, a1, as 1 as, ag,a;.
H mo amhf (otny aprduntinh xo poper twv anoteleoudtov) dtadxacio eivon 1 tekevtala otny onola €youye:

p1 = as/|lasll2 = 0,0,1]7/v1=10,0,1]T,

po = az— (pip] Jaz = [0,1,1]7 —[0,0,1]" =[0,1,0]",
= D2 = [07 13 O]Tv
ps = a1 — (pip1) " ar — (pap2) Tay

[13 Oa O]T = P3-

|

Vb. (10 B.) Oewpeiote 10 Y@po twv ToAwVOU®Y Baduol 2, tou opillovtat oto [—1,1]. Xenowonowdvtag o
21(x) = 1, 29(x) = @ %o 2z3(7) = 2% %01 10 E0WTEPIXG YWOUEVO < P, q > = f_llp(x)q(x)da: VO XU TUOXEVACETE
pa opoxavovixt) Bdon mtohvwviuwy by, be, by pe ™ pédodo Gram-Schmidt. (BoRdeww: amionoeiote
dradixacia mapatnedvTag Ot 21 Lzs xou 2ol zg).

Ardvenon. Kot apyfv enaindeboupe dpeca f_ll 21(x)z2(z)de = f_lla:d;v = 0 xou f_ll zo(x)z3(x)de =

f_ll x3dr = 0 dpa 21 Lzo xon 20 L25. Ané ) duadixacio GS éyoupe 6t

bi(x) = z1(x) /< 21,21 >

AN < 21,21 >= fil ldz = 2 enopévec by (z) = 1/V2. Eniong Myw tou 61 21 L2y

1
3
zo(x)— < b1, 22 > bi(z) = x = ba(x) = m/(/ z2dx)V? = 2%
—1
Téhoc

1

1
23(1‘)— < b1,2:3 > bl(l‘)— < b2,Z3 > by = Z3(.73) — 5/ .1“2d.13— < b2,Z3 > bo.
—1

Hopatneelote Topa 6Tt T0 by elvar €va TOAATALGCIO TOU 23 EMOUEVGDC antd Ty undideon zolzs Yo woylel 6Tt
by L z3 emopévwe o televtaioc bpog tou teeutalou péhoug Yo elvan 0. Enopévwc

. 1 /1 o 1
bg(x):z;;(:c)fi/ 2ide = 2% —1/3, < bs,bs >:/ (z% —1/3)%dx = 8/45.
1 -1

Enopévwe bs(z) = \/<Z§’ — = 3@@2 —3). O
VI. (21 B)



1

3 1
opdrwv. Yt ouvéyeta, tpoodioplote Toug Tivaxec S xon A Tng drarywwvionoinone A = STTAS (Bodew:
Optoxavovixomoiote T dodaviopata).

1. '"Eotw o nivaxoag A = ( ) Ipoodlopiote Tic WBLOTES TOU %ol TOUC AVTIOTOLYOUS YWEOUS LBLOdLUVL-

AndvTnon. Ou botée Bploxovtal YpnotloToldVTIS TO YopaXTNELoTXd TOMGYLUO Tou A — Al:
det(A—=A)=0—(1-X)?*=-9=0— )1 = -2, =4.

O A glvon 0 Sarydviog mivaxag mou €yel ot Bty dvio Tic tototipéc. [a xdde oty Advouue 10 Az = Az
xa Beloxoupe ta dodaviopata ;. O S eivon o mivaxog mou €yet yio OTHAES TOU Tal BLOBLVOGUATA AUTAL.
Mrnopolpe va opdoxavovixorotficouye o Wodaviopata ondte o S~ mpoxdnter talpvoviac amhd tov
ST xau umopolue edxola vo enahndevoouue 6t A = STLAS. Edwdrepas

v =0= (3 3)(8)=(0)

xoL TpoxUTTEL dueca 6Tl To Wiodidvuoua z1 VYo elvor Tapdinho pe to [1,—1]T. Kavovixomodvrtoc
TpoxONTEL 6Tl Ty = %[1, —1]T. Opolwc o doddvuoua T2 avoroel o ovotnua (A — 41)xy = 0

-3 3 0
(A—4I)x2:0:>< 5 _3><2§):(0>
ondte T = %[1, 1]7. Enopévec
1 1 1
=541

Téhoc, enewdr| o mivoxac A elvon oupuetexde, o S elvon opdoydvioc etopévwe S~ = ST (dev yperdlovrar
TpdZelc Yot Tov uTohoyopd toul). O

EMOUEVKC

2. No unohoyioete dpeca tov aviiotpogo A~ yenowonowvrac to Yedpruo Cayley-Hamilton.
AndvTnon. To yopaxtnpotind mohudvupo ebvar det(A — M) = (1 —X)2 =9 = A2 -2\ — 8. Ané 10
Yedpnua, woyler 6t A% — 24 — 81 = 0 enopévec Tolamhacidloviac pe To avtiotpogo (Tou uTdpyEL)

. 1y - -1/8 3/8
— 1 1_
éyouvue A — 21 = 8A™" dpa A ( 3/8 1/8 ) 0

3. 'BEot oty xdmowo pntpwo A yvwplloupe 1 didonaocn oe widlovoec tée (SVD) A =UXV T énov

6/10 —8/10 0 3.0 0 8/10 6/10 0
v=| 810 6/10 0 |,2=[0 1 0 |,v=| 6/10 —8/10 0
0 0o 1 00 1/2 0 0 1

Xpnoonotdviag Ty Topandve didonao, vo unoloyloete to avtiotpopo BTL.
Ardvnon. Ané tov opouéd o pntpwa U, V elvar opdoyovia emopévec A~ = (USV )t = V-1’
EMOUEVS (0V XEVOUUE TIC TPAEELS, HEMOTO UTopolUE VoL xepdioouye ypnoldonotdvtas ) Soun v U, V)
—8/25 43/75 0
At =1 19/25 -8/25 0
0 0 1

VII. (10 B.) 'Ectw V ypauix6s xOpoc eQodLaoUéVos HE ECOTERIXS YIVOUEVO xal () EVag YPaUUXIS UToY®POS
oL V ou €yet Sidotaon n < co. ‘Eotw ||.|| 1o Ewdeldelo pétpo mou opiletor and to dodév ecwteptnd yivouevo.
Treviuuiloupe 6Tt 1 opdoywdvia mpofokr tou v € V otov Q eivon éva ototyeio Pv tou @ yio T0 omolo oy Vet

<v—Pv,g>=0 Vg € Q (1)

Onhadr 1 drapopd v — P elvar xdidetn o xdlde otoyelo tou Q.



. Anodel&te 6Tt o Pu eivan oploydvia tpoBoly) Tou v otov @ < 10 v — P elvan xddeto oe xdde ototyeio
g5, j = 1,---,n pwog onowcdrinote Bdong Tou Q.

AndvTnon. 'Eotw wa tuyala Bdon tou Q ye otoyela gj,5 = 1,...,n. Enewdr| 1o Pv eivar ototyeio tou @
VoL YRAPETAL WG YPAUUIXOG CUVSUNOHOS TwV SLAVUOUAT®Y TN Bdong authc dnhadh Pv = aiqi+. . .+angn.
Ouwe 10 v — Pu elvar xddeto oto Pv agol 10 Pu elvon opdoydvia mpoBory tou v otov Q. ‘Apa,
< v—Pv,Pv >=0onéte < v — Pv,aq1q1 + ... + apgy >= 0 xou and g WLOTNTEC TOU ECWLTERPLXOU
yivopévou mpoxUnTel 6Tt T0 v — Pv elvar xddeto o xdde otoyelo ¢;,7 = 1,...,n wag onolcdrote
Bdone touv Q. O

. 'Bow q1,- -, ¢ wa opdoydvia Bdon tov Q (gjLgk,j # k). Toéte, ouvapticel v v, g; (j =1,---,n)
X0l UE YPNON ECWTEPIXMY YOUEVKDY ot Tou ||| Beelte t0mo yio to Py dote autd va elvar  opdoydvia
1poBolt| Tou v 6Tov Q. (Borflewr: Jewpelote t0 Pv we ypoppuixd cuvduacud tne Bdone twy g; xau Beelte
TOUG CUVTEAECTES YPNOWOTOOYTUS THY 0p Yoy WwWLdTNTA).

Andvtnon. ‘Eyoupe Pv = aiqi + ... + angn. IIoh/viag ye g1 xou Aéyw tne xodetdtnrog Aapdvou-

pe < Puv,q1 >= aqllq1||?* omdte oy = %. Me mopéuoto tpémo Peloxoupe xat Toug UTOAOLTOUS
ouvteleotéc. O

. Emiéyovtac wa opdoyidwia Bdon tou @, o mponyoluevog tumog diver plaor optoywvia tpofBory Pv € @,
dpo tétola TpofBolry undpyel. Anodelfte 6Tl elvarn xou HOVABIXH.
Andvenon. ‘Eotw téhpa 6t undpyer xau dettepn mpoBord (Pv). Ou eivor (Pv)' = ajq + Al 4 al,g,.
Agapdvtac and v avtictoym oyxéon mou diver To Pv €youye:

Pv—(Pv) = (01 —a))q1 + - .. + (@ — @) )n.
IMoMamhaotdlovtoag Ye g1 €YOUPE

/ < Pv—(Pv),q >

(1 —ay) = PAE =0=>0a; =0;.

7 ’ / . 4 X Z ’
Hapopora tpoxnTouy xo o aj = a;,j = 2,...,n onoTe ot 500 Tpofokes oupmnintouv. [

. Anobdel€te 6t woylel # dev woyleL To: < v, Pv > = ||Pv||? (BoRdew: ypddte o v cav (v — Pv) + Pv).
Andvtnon. Tedgovag 10 v = (v — Pv) + Pv éyouye:

< v, Pv>=< (v — Pv) + Pv, Pv >=< (v — Pv), Pv > + < Pv, Pv >= || Pv||?
agol (v — Pv) L Pv. O

. AnobdelEte 6t ||v — Po||? + || Pv|]? = ||v]|?. Tow yvwoté dewpnua exppdle. 1 oyéon auth;

Andvnon. 'Eyouue drodoyixd:

lo = PulP> + [Po]> = <v—Pv,v—Pv>+|Po?

= <v,v>+ < Pv,Pv>-2<v,Pv>+|Pv|? = (ané 70 4) |v|?

nou gbvar to Hudayodpeto Yedpnua. O
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