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I. Na apant sete sÔntoma stic parak�tw erwt seic.

1. 'Estw C = AB, ìpou A ∈ Rm1×n1 , B ∈ Rm2×n2 .

(a) Pìte orÐzetai h parap�nw pr�xh?
(b) Poièc eÐnai oi diast�seic tou apotelèsmatoc?
(g) D¸ste ta m1, n1,m2, n2 ¸ste h parap�nw pr�xh na antistoiqeÐ se (i) èna eswterikì ginìmeno

kai (ii) ginìmeno mhtr¸ou-dianÔsmatoc. Poiìc eÐnai o arijmìc twn pr�xewn se k�je perÐptwsh?
(Upìdeixh: Se k�je perÐptwsh k�poia apì ta mi, ni eÐnai Ðsa me 1 kai k�poia prèpei na eÐnai
Ðsa.)

Ap�nthsh.

(a) Prèpei to pl joc twn sthl¸n tou A na eÐnai Ðdio me to pl joc gramm¸n tou B, �ra n1 = m2.
(b) Ja èqoume C ∈ Rm1×n2 .
(g) i) m1 = 1, n1 = m2 > 1, n2 = 1. To pl joc twn pr�xewn ja eÐnai 2n1 − 1. ii) m1 > 1, n1 =

m2, n2 = 1. (Oi anisìthtec exsafalÐzoun ìti den prìkeitai gia ekfulismènec pr�xeic, p.q. antÐ
gia mhtr¸o na èqoume di�nusma kai antÐ gia di�nusma bajmwtì). To pl joc twn pr�xewn ja
eÐnai m1(2n1 − 1).

2. 'Estw grammikì sÔsthma Ax = b, A ∈ Rn×n, b ∈ Rn, pou èqei mÐa monadik  lÔsh x. Sumplhr¸ste
ta parak�tw:

(a) H lÔsh eÐnai to koinì shmeÐo (  shmeÐo tom c) n epipèdwn. (Shm. ennooÔntai uperepÐpeda ston
Rn.)

(b) To dexiì mèloc eÐnai sto q¸ro twn sthl¸n tou A.

3. DÐnontai:

A =




5 −2 4 0
1 −3 2 9
5 4 0 −1


 , B =

(
3 −2 0 1
5 2 0 −9

)
, C =




0
2
1
−4


 , D =

(
2 −3

)

Poièc apì tic parak�tw pr�xeic orÐzontai? D¸ste to apotèlesma.

DC,DC2:3, AB,A:,1:2B, BA>, AB>, BCD

Ap�nthsh.

DC Den eÐnai ègkurh giatÐ to pl joc gramm¸n tou D (2) eÐnai diaforetikì tou pl jouc sthl¸n tou
C (4).

DC2:3 EÐnai ègkurh giatÐ to pl joc sthl¸n tou D (2) eÐnai Ðdio me to pl joc gramm¸n tou C2:3.
AB Den eÐnai ègkurh giatÐ to pl joc gramm¸n tou B (2) eÐnai diaforetikì apì to pl joc sthl¸n

tou A (4).
A:,1:2B To upomhtr¸o A:,1:2 èqei 2 st lec, ìsec kai oi grammèc tou B, epomènwc h pr�xh eÐnai

ègkurh.
BA> EÐnai ègkurh giatÐ to pl joc gramm¸n tou A> eÐnai Ðso me to pl joc sthl¸n tou B (4).
AB> EÐnai ègkurh giatÐ to pl joc gramm¸n tou B> eÐnai Ðso me to pl joc sthl¸n tou A (4).

Enallaktik�, akoloujeÐ apì thn prohgoÔmenh er¸thsh kaj¸c AB> = (BA>)>.



BCD Epilègoume na exet�soume thn egkurìthta twn pr�xewn apì ta dexi� proc ta arister� (e-
nallaktik� ja mporoÔsame na elègxoume apì arister� proc ta dexi�). To ginìmeno CD eÐnai
ègkuro kai eÐnai èna mhtr¸o 4 × 2. To ginìmeno B(CD) eÐnai epÐshc ègkuro kaj¸c to pl joc
twn sthl¸n tou B eÐnai 4, Ðso me to pl joc twn gramm¸n tou CD. Epomènwc h pr�xh eÐnai
ègkurh.

4. Swstì   L�joc: IsqÔei (AB)−1 = A−1B−1.
Ap�nthsh. Genik� l�joc. IsqÔei mìnon k�tw apì eidikèc peript¸seic, p.q. A kai B diag¸nia  
A = B   èna apì ta A, B eÐnai tautotikì.

5. 'Estw V èna uposÔnolo enìc grammikoÔ q¸rou X. Gia na eÐnai o V grammikìc upoq¸roc tou X,
poia apì ta parak�tw ja prèpei na isqÔoun (toul�qiston);

(a) Na perièqei to 0.
(b) Na eÐnai kleistì wc proc to �jroisma (dhl. gia k�je v1, v2 ∈ V na isqÔei v1 + v2 ∈ V ).
(g) Na eÐnai kleistì wc proc to ginìmeno me bajmwtì (dhl. gia k�je v1 ∈ V kai a ∈ R na isqÔei

av1 ∈ V ).

Ap�nthsh. 'Ola ta parap�nw ja prèpei na isqÔoun, sÔmfwna me ton orismì tou grammikoÔ q¸rou.

6. 'Enac grammikìc q¸roc par�getai apì ta stoiqeÐa v1, . . . , vn. Ti mporeÐte na peÐte gia th di�stas 
tou; E�n ta v1, . . . , vn eÐnai metaxÔ touc orjog¸nia, ti mporeÐte na peÐte gia th di�stash tou q¸rou;
Ap�nthsh. H di�stash tou q¸rou ja eÐnai to polÔ Ðsh me n, diìti k�je stoiqeÐo tou q¸rou gr�fetai
san grammikìc sunduasmìc twn n stoiqeÐwn. Sthn perÐptwsh pou eÐnai metaxÔ touc orjog¸nia, tìte
eÐnai kai grammik¸c anex�rthta (h apìdeixh af netai san �skhsh), opìte h di�stash tou q¸rou eÐnai
Ðsh me n.

7. DÐnetai stoiqeÐo v 6= 0 enìc grammikoÔ q¸rou. Perigr�yte apì poia stoiqeÐa apoteleÐtai o grammikìc
upoq¸roc pou par�getai apì to v.
Ap�nthsh. O q¸roc apoteleÐtai apì ìla ta stoiqeÐa λv, ìpou λ ∈ R. Se aut� perilamb�netai kai
to 0 (me λ = 0). Me �llh diatÔpwsh, o grammikìc upoq¸roc eÐnai h eujeÐa pou en¸nei to 0 kai to
stoiqeÐo v.

8. 'Estw to sÔsthma Ax = b.

(a) An o A èqei di�stash 4×4, ti mporeÐte na peÐte gia thn Ôparxh lÔshc   lÔsewn tou sust matoc.
(b) An o A èqei di�stash 4×6, ti mporeÐte na peÐte gia thn Ôparxh lÔshc   lÔsewn tou sust matoc.
(g) An o A èqei di�stash 6×4, ti mporeÐte na peÐte gia thn Ôparxh lÔshc   lÔsewn tou sust matoc.

Ap�nthsh. Katarq n gia na up�rqei lÔsh (  lÔseic) prèpei to b na an kei sto q¸ro twn eikìnwn
tou A, dhl. sto q¸ro pou par�getai apì ta dianÔsmata st lec tou A.

(a) An h t�xh tou A eÐnai Ðsh me 4 tìte to sÔsthma èqei monadik  lÔsh. An h t�xh tou eÐnai
mikrìterh, tìte èqei �peirec lÔseic afoÔ ja up�rqoun aujaÐretec metablhtèc.

(b) An o A èqei di�stash 4×6, tìte èqoume perissìterouc agn¸stouc apì exis¸seic kai to sÔsthma
èqei �peirec lÔseic afoÔ ja up�rqoun toul�qiston 2 (6− 4) aujaÐretec metablhtèc.

(g) An o A èqei di�stash 6× 4, tìte èqoume perissìterec exis¸seic apì agn¸stouc. Se aut  thn
perÐptwsh up�rqoun lÔseic mìno an to b an kei sto q¸ro twn eikìnwn tou A, dhlad  �an eÐmaste
tuqeroÐ� kai afoÔ lujoÔn oi 4 exis¸seic, oi �llec 2 ikanopoioÔntai.

9. DÐnetai ‖v‖ = 2, ‖w‖ = 3 (ìpou ‖·‖ to eukleÐdio mètro) se q¸ro efodiasmèno me eswterikì ginìmeno.
BreÐte èna �nw fr�gma gia to | < v, w > |.
Ap�nthsh. Qrhsimopoi¸ntac thn anisìthta Cauchy èqoume

| < v,w > | ≤ ‖v‖‖w‖ = 2 · 3 = 6
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10. 'Estw v ∈ X, ìpou X grammikìc q¸roc, kai èstw w h probol  tou v se ènan upoq¸ro S.

(a) Poio di�nusma eÐnai k�jeto sto w;

(b) Poia eÐnai h bèltisth prosèggish tou v apì stoiqeÐo tou upoq¸rou S;

Ap�nthsh.

(a) To di�nusma pou eÐnai k�jeto sto w eÐnai to v − w.
(b) H bèltisth prosèggish tou v apì stoiqeÐo tou upoq¸rou S eÐnai profan¸c h probol  tou ston

S, �ra to stoiqeÐo w.

II. DÐnetai:

A =




2 4 −1
5 2 9
−3 1 4


 .

Jèloume na efarmìsoume diadoqik� ta parak�tw (se k�je b ma jewroÔme ta stoiqeÐa tou mhtr¸ou-
apotelèsmatoc pou den anafèrontai, Ðdia me ta antÐstoiqa stoiqeÐa tou mhtr¸ou-orÐsmatoc).

(a) Tetraplasiasmìc thc 3hc st lhc tou A.

(b) Prìsjesh thc gramm c 1 sth gramm  3 tou apotelèsmatoc tou (a).

(g) Enallag  twn sthl¸n 1 kai 2 tou apotelèsmatoc tou (b).

(d) Diagraf  thc 1hc gramm c tou apotelèsmatoc tou (g).

Na ekfrastoÔn ta parap�nw wc ginìmeno R2R1AC1C2 kai na dojeÐ to apotèlesma.
Ap�nthsh. MporeÐte na epalhjeÔsete ìti oi metasqhmatismoÐ (b) kai (d) antistoiqoÔn se pollapla-

siasmoÔc me ta parak�tw mhtr¸a (apì ta arister� kai sth seir� pou orÐzetai parap�nw),

R1 :=




1 0 0
0 1 0
1 0 1


 , R2 :=

(
0 1 0
0 0 1

)
,

kai omoÐwc oi metasqhmatismoÐ (a) kai (g):

C1 :=




1 0 0
0 1 0
0 0 4


 , C2 :=




0 1 0
1 0 0
0 0 1


 ,

opìte

R2R1AC1C2 =
(

2 5 36
5 −1 12

)

III.

(a) DÐnontai A ∈ Rn×n, u, v ∈ Rn. EpalhjeÔste ton tÔpo:

(A + uv>)−1 = A−1 −A−1 uv>

1 + v>A−1u
A−1

Ap�nthsh. Oi parak�tw isodÔnamec sqèseic prokÔptoun qrhsimopoi¸ntac aplèc idiìthtec apì to
logismì mhtr¸wn:

(A + uv>)−1 = A−1 −A−1 uv>

1 + v>A−1u
A−1 ⇔

I = (A + uv>)A−1 − (A + uv>)A−1u
1

1 + v>A−1u
v>A−1
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Epomènwc arkeÐ na deÐxoume ìti to dexiì mèloc, èstw ìti to onom�zoume B, eÐnai Ðso me to tautotikì
mhtr¸o. 'Eqoume ìti

B =
I + uv>A−1 + Iv>A−1u + uv>A−1v>A−1u− uv>A−1 − uv>A−1uv>A−1

1 + v>A−1u

kai aplopoi¸ntac (jumhjeÐte ìti to v>A−1u eÐnai bajmwtìc):

B =
I + Iv>A−1u

1 + v>A−1u
= I.

(b) DÐnetai:

A =




2 4 1 3
−3 2 −1 5

1 0 −3 −2
0 2 2 1


 .

ProsdiorÐste ta u, v ¸ste:

B = A + uv> =




3 3 1 5
−2 1 −1 7

2 −1 −3 0
1 1 2 3


 .

(Upìdeixh: Prosèxte gia k�je st lh tou mhtr¸ou B th sqèsh thc me thn antÐstoiqh st lh tou A.)

Ap�nthsh. Apì ta parap�nw mhtr¸a prokÔptei ìti

B −A =




1 −1 0 2
1 −1 0 2
1 −1 0 2
1 −1 0 2


 .

To parap�nw eÐnai mhtr¸o 1hc t�xhc kaj¸c, p.q. k�je st lh eÐnai pollapl�sio thc st lhc [1, 1, 1, 1]>.
Eidikìtera, isqÔei ìti

B −A = uv>

ìpou

u = [1, 1, 1, 1]>, v = [1,−1, 0, 2]>.

IV.

(a) Na brejeÐ h bèltisth prosèggish tou v = [1 2 3 4] apì ta stoiqeÐa tou epipèdou pou par�getai apì
ta dianÔsmata [1 0 0 0] kai [0 1 0 0].

(b) Sto q¸ro twn poluwnÔmwn bajmoÔ mèqri 2, breÐte èna polu¸numo pou na eÐnai orjog¸nio sto polu¸-
numo p(x) = x2 sto [−1, 1].

Ap�nthsh.

(a) AfoÔ h bèltisth prosèggish, èstw w, an kei sto epÐpedo twn z1 = [1 0 0 0] kai z2 = [0 1 0 0],
isqÔei ìti w = a1z1 + a2z2 kai qrei�zetai na broÔme ta a1, a2.

Trìpoc 1 ApaitoÔme kajetìthta, opìte ja isqÔei ìti v−w ⊥ z1 kai v−w ⊥ z2. PaÐrnoume dÔo exis¸seic,
lÔnoume kai brÐskoume ta a1, a2.

Trìpoc 2 ApaitoÔme to mètro ||v − w||2 na eÐnai el�qisto. 'Eqoume ||v − w||2 =< v − w, v − w >= . . . =
Q(a1, a2). Gia na elaqistopoÐhsoume thn sun�rthsh Q apaitoÔme ∂Q

∂a1
= 0 kai ∂Q

∂a2
= 0. LÔnoume

to sÔsthma twn dÔo exis¸sewn kai brÐskoume ta a1, a2.
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(b) Zht�me polu¸numo q(x) = α+βx+ γx2 tètoio ¸ste < p, q >= 0 sto [−1, 1]. 'Eqoume < p, q >= 0 ⇒∫ 1

−1
x2(α + βx + γx2)dx = 0. DÐnoume aujaÐreta tim  se dÔo apì touc treic �gnwstouc suntelestèc

α, β kai γ kai upologÐzoume ton trÐto.

V. DÐnetai o pÐnakac A

A =




2 3 1 5 −1 7
2 4 3 6 3 10
4 6 5 12 −1 12
4 6 2 10 −2 14




Mèt� thn ektèlesh twn aparaÐthtwn grammopr�xewn, gia na broÔme thn t�xh tou A, katal goume ston
pÐnaka U

U =




2 3 1 5 −1 7
0 1 2 1 4 3
0 0 3 2 1 −2
0 0 0 0 0 0




(a) Poia h t�xh tou A; Poia h di�stash tou mhdenoq¸rou tou A;

(b) 'Estw to sÔsthma Ax = 0 me ton Ðdio pÐnaka A kai x = [x1 x2 . . . x6]T . Poiec apì tic metablhtèc
x1, . . . , x6 ja eÐnai aujaÐretec;

Ap�nthsh.

(a) H t�xh tou A eÐnai 3 (arijmìc mh mhdenik¸n odhg¸n stoiqeÐwn). H di�stash tou mhdenoq¸rou tou A
eÐnai 6− 3 = 3.

(b) Oi aujaÐretec metablhtèc ja eÐnai 3, oi x4, x5, x6, efìson stic st lec 1, 2 kai 3 èqoume mh mhdenikoÔc
odhgoÔc kai mporoÔme na lÔsoume wc proc x1, x2, x3 sunart sei twn x4, x5 kai x6.
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