I'PAMMIKH AATEBPA
AYYEIY OEMATON HPOOAOY Anpidiov 2006

I. No anavtricete cbvtopd OTIC TORAXAT® EPWTHOELC.
1. 'Botw C = AB, 6nov A € R"™*™ B ¢ R™M2*n"2,

(o) II6te opiletan 1 napandve TEdEN;
(B) Iotc eivan oL BacTdoEC TOU ANOTENECUATOC;

(v) Adote ta my, ny, Ma, No OGSTE 1 TUPOTAVE TEAEN vo avtioTowyel ot (1) éva ecwTEpXG YIVOUEVO
xau (ii) ywépevo untpwou-draviopatoc. Iowde elvor o aprude 1wy tpdéewy ot xdde tepintwon;
(Ynéden: e wdde nepintwon xdmoto and o m;, n,; elvor (oo pe 1 xon xdmota mpémel vo elvart
{oa.)

Anrdvinon.
(o) Tpémel To mAidoc twv ooy tou A va elvar (Bto pe to TAlog ypouudy tou B, dea ny = ma.

(B) Oa éyoupe C € RmM*72,

(v) 1) mi =1,n1 = ma > 1,np = 1. To miAdoc tov mpdewy Yo elvar 2ny — 1. i) my > 1,ny =
ma, ng = 1. (Ov aviobtnteg e€oagaiilouv 6Tt dev mpdxetton yio exPLAOUEVES TPdEeLS, T.y. avti
YL UTRWO var éxouue Bidvuoua xar avtl v Sidvuope Baduwts). To nhidoc twv tpdiewy Yu
glvow mq(2nq — 1).

|

2. 'Eow ypauuxd cbotnuo Az = b, A € R"*" b € R”, mou éyet yio povodixh Aoon z. Xuunhnedote
TOL TOLEAXALTG:

(o) H Aom eivar 10 xowvd onueto (1 onueio topns) n emnédwy. (Enu. evvoolvtar unepenineda 6Toy
R™.)

(B) To 8e&id péhog elvon oo Ypo Twv oTRAGY Tou A.

3. Alvovtou:

o

4 0
3 =2 0 1 2
2 0 ,B_(5 20 9>,0_ D=(2 -3)

I
B

Mo and g tapaxndto mpdleg opilovtal; AMCTE TO ANOTENETHA.

DC,DCy.3,AB, A.1.0B, BAT ,AB" , BCD

Anrdvinon.

DC' Agev eivar €yxupr yiotl to mAloc ypouuody touv D (2) etvar Stapopetind tov TARoue GTRAGY Tou
C (4).

DC5.3 Efvan éyxupn ywti to mAdoc otnhdv tou D (2) elvar 8o pe 1o nifidoc ypouuoy tou Coas.

AB Aegv elvar éyxupn vt 1o thiidoc ypaupodv tou B (2) elval Stapopetind and to thiloc otnhdy
Tou A (4).

A 1:0B To umountpwo A. 1.2 €xel 2 othheg, doeC XL oL Ypouués Tou B, emouévwg 1 mpdln eivon
€yxupn.

BAT Eivau éyxupn ytl 1o mhfdoc ypouudy tou AT eivon (5o pe 1o thdoc oGy tou B (4).

ABT Eivar éyxvpn vt to mhidoc yeouuoy tou BT ebvar (oo ye 1o mhidoc otmhev tou A (4).
Evodhaxtind, axohowdet and tnv mporyoluevn epdtnon xadde ABT = (BAT)T.



BCD Eméyouye vo eZeTd00UUE TNV £YXUpOTHT Twy Tpdeny and to delld mpoc ta aptotepd (e-
voloxtixd o unopoloape va edéyEouue and aplotepd npoc To 8edtd). To ywouevo CD eivon
€yxupo xau elvat éva untpdo 4 x 2. To ywépevo B(CD) elvar eniong éyxupo xadde 1o midog
TV oAV tou B elvan 4, (oo ye to tAdog twy ypouu®y tou CD. Emopévwe 1 npdn sivon
£yxuen.

|

. T0oté f Addoc: Ioyler (AB)~! = A=1B~L.
Andvinon. Devixd Addoc. loyler uévov xdtw and eldixée nepimtwoeg, ny. A xow B Swydvia 1

A= B % éva and ta A, B elvar tavtotind. O

. Eotww V éva unoclhvoho evog yeauutxol yweou X. T va elvar o V' ypaupcde unoywpeog tou X,

ToLo At ToL TopaxdTw Yo TEETEL Vol Loy bouy (TOLAILGTOV);

(o) No nepiéyet to 0.

(B) No eival xhetot6 we mpog to dlpotopa (SnA. yia x8le vi,v2 € V va toyler v1 +v2 € V).

(v) Na eivor xhetotd we mpoc to Yvéuevo ye Badpntd (Snh. yio xdde v1 € V xaw a € R vo 1oylet
avy € V).

Andrvenon. 'Oho o mopomndve o meénel va 1oy 0ouy, COUPWYA UE TOV OPIOUS TOU YPURUWXOD YOEOU.
|

. 'Evag ypauuixde yOpoc mapdyetar and to otovyela vy, ..., v, TU unopeite va melte yia T Sdotacy,
Tou; Edv ot vy, ..., vy elvon yetagd toug oployovia, Tt unopeite va melte yia T SLEGTACT TOU YOEOU;

AndvTnon. H didotaon tou ydpou Ya elvar 1o ToAd (o ue n, Sidtt xdie ooy elo Tou Ydpou yedpeTon
OOV YROUULXOS CUVOUOOHOS TwY N aTotyelwy. YNy neplntwon mou elvon yetadd toug opYoywvia, TOTE
elvar 3o ypapuxas aveZdptnta (1 anddelln agrivetal ooy doxnor), onote 1 BldoTaoT Tou Xhpou elvat
fonuen. O

. Aiveton otowyelo v # 0 evie ypouuxol yoeov. leprypddte amd o ototyela anoteAeitor 0 Ypouuxos
UTIOYWPOC TOU TORAYETAL antd TO V.

AndvTnon. O yopoc anoteheltor and dha to ototyela Av, émov A € R. Xe autd mephapfdvetar xon
10 0 (ue A = 0). Me dhn Sratdnwon, o ypauwxds uroywpos elval 1 eudefa Tou evidvel o 0 xar To
otowyelo v. O

. 'BEow 1o clotnua Az = b.

(o) Av o A éye ddotaon 4 x4, Tt unopeite va nelte yior v Orapn Aone 1 AMOGEWY ToU GUGTAUNTOC.
(B) Av o A éye didotaon 4 x 6, T unopeite va neite yior Ty Onapgn Aong 1 AOGEWY ToU CUGTAUNTOC.
(v) Avo Aéye ddotaon 6 x 4, Tt unopeite va nelte yio ™y Unapn Abong ¥ AOGE®Y ToU GUGTAUATOC.

Andvtnon. Katopyfiv yio va urdpyet Aoon (4 Moels) mpénet 1o b vor avixel 010 Y0Hpo TV EXEVeY
ToUu A, Snh. 0TO YWpo ToU TEdYETAL atd To daviouaTo oTHAES Tou A.

(o) Av 1 té&n wou A elvon fon pe 4 t61e T0 olotnua €yet uovaldixf Abon. Av 7 té&n tou elvon
UxpoTERT), TOTE €yel dnelpec AUcelC agol Yo uTdpyouv avdalpetec UeTofAnTEC.

(B) Avo Aéye didotaon 4 x 6, T61e £YOUUE TEPIOGOTEPOUS AYVOGTOUS o) EELOWOELS Xo TO 0TI
€yer anetpec Aoewg agol Yo uTdpyouy TouRdytoToy 2 (6 — 4) auvlalpetes petofintéc.

(v) Av o A éye ddotaon 6 X 4, 161E €YOUUE TEPLOTOTEPES EELOMOTELS ONG AYVOSTOUS. LE aUTH THY
nep{mTwon UTdEYoLY AVGELC HGVO OV T b avriXEL GTO XHPOo TwY ExXGVKY Tou A, dnhady ‘av elpacte
Tuyepol’ xat a@ol Audoly ol 4 e€lotaels, oL GAAES 2 IXUVOTIOLOUVTOL.

|

. Abveton ||v|| = 2, Jw]] = 3 (érou ||| To euxheldio pé€tpo) oE YWPo EPOTUOUEVO PE ECWTEPXS YIVOUEVO.
Bpeite éva dve @pdyua v to | < v,w > |.

Andvnon. Xpnowonowwvtag tny avicétrna Cauchy €youpe

| <v,w>[< offlw]| =2-3=6



10. 'Eoww v € X, 6mou X ypapxos Yweos, Xot €6Tw W 1 TeoBoAT Tou v o €vay UToy®po S.
(o) TTow drdvuopa elvar xdleto oto w;
(B) Iow eivar m BérTiotn npocéyyion tou v and cTolyelo Tou utoydEou S;
Anrdvinon.

(o) To didvuopa mou elvar xddeto oto w glvor 0 v — Ww.

(B) H Bértiotn npocéyyion tou v and ototyelo Tou uToywpou S elval TPOPAVAS 1) TEOBOAH ToU GTOY
S, dpa 10 oToLyElo w.

]
II. Afvetoun:
2 4 -1
A= 5 2 9
-3 1 4

Oélouue va egappocouye dadoywmd o mopaxdtw (o xdde Bhua Yewpolpe ta otolyela Tou untpwou-
anoteAéoyatog Tou dev avapépovta, (Bl ue tor avtiotolya ototyelo Tou pnTptou-opiouatod).

(o) Tetpamhaotaouds g 3ng othing tou A.

(B) IHpbdodeon tne yeappnc 1 otn ypopur 3 tou anoteréoyatos tou (o).
(v) Evadhay? twv oty 1 xo 2 tou anoteréouatog tou ().

(8) Auwxypawh e Inc yeauuhc touv anoteréopatos tou ().

Na exgpaotolby ta tapamdve g yvouevo Ro Ry AC1Ch xon va dodel 10 anotéheopa.
Andvtnon. Mropeite vo emahndeboete 1 ou yetaoynpoatiopol () xat (8) avtiotowyoly o TOAATAA-
OLICUOUS UE TO TUPUUAETO PNTeodd (amd Tor aptoTERE KoL 0T CELRd oL 0pileTal TUPATAVW),

01 0
’R2'<0 0 1)’

1
R1 = 0
1

o = O
— o O

xau opolng ot petaoynuatiopol (a) xon (Y):

1 0 0 01 0
cC,=1 010}, Co:=1 0 0|,

0 0 4 0 0 1

onoTE
2 5 36
R2R1A0102<5 1 12)

]
I11.

(o) Aivovtoar A € R™*™ u, v € R"*. Enaindebote tov t0m0:

-
uv 1

Ty-1 _ 4-1_ g4-1
(A4u')" =A A 1+UTA—1uA

AndvTnon. Ot napaxdte LoodOVOHES OYETELC TPOXVUTTOUY YPTOOTOWVTAS oThéS BdTNTES amd T0
AOYIOUS UNTEOWY:

wv’ e
14+0TA- 1y

(A+uw A — (A4 uv")A™?

(A+w™)™ = A7t-47? &

1

ul + vTAfluU



Enopévec apxel vo det€oupe 6t 1o 8e€io yéhoc, éotw 6Tt To ovoudlovue B, eival 0o e To TaUToTXG
untewo. Eyouue 6t

T4+w A P+ IwTA w4+ wTA " wTA w —uwT A —uw T A Ty T AL

B =
1+0vTA 1y

o amhonoidvtac (Yuundeite 6t w0 v A7 u elvan Baduwtoc):

B - I+ v Aty
1+ vTA
= I
|
(B) Atverton:
2 4 1 3
-3 2 -1 5
A= 10 -3 -2
02 2 1
Ipoodoplote o u, v WoTe:
3 3 15
_ o -2 1 -1 7
B=A4+w = 5 _1 -3 0
1 2 3

(YréBeln: Ipooéite yia xdde othkn Tou prrpoouv B 1 oyéon tne ue Ty avtiotolyn othin tou A.)
AndvTnon. Ané ta mopandve unteode TeoxOiTTEL OTL
-1
-1

-1
—1

B-A=

el e e
o O OO
NN

To mopaundve eivor untpoo Ing TdEne xadde, Ty %x&de oThAkN eivar Todkamidolo tne othkne [1,1,1,1]T.
EWlwétepa, woylet 6t

B—A=uv"
61ov
w=1[1,1,1,1]", v=1[1,-1,0,2] .
O
V.

(o) No Bpelel n Bértiot npocéyyion tov v =[1 2 3 4] and ta otoryela Tou emrédou Tou TapdyeTon and
o Sravlopota [1 0 0 0] xou [0 1 0 0].

(B) 1o ywpo 1wV ToALwYOULY Baduot uéyet 2, Bpelte v moAudvuLo Tou va elvatl 0pBoYmylo 6To ToAUG-
vupo p(z) = z? oto [—1,1].

Andytnon.

(o) Agol 1 Béhtiotn TpocEyyion, é0tw w, avixer 610 eninedo wwy 21 = [1 0 0 0] xou 2o = [0 1 0 0],
loyVeL OTL w = a121 + g2z ot Ypewdletar vo Bpolue Ta ai, aso.

Teénoc 1 Anoutodue xadetdtnia, ondte Yo loylel 61t v —w L 21 xow v—w L z9. Iafpvoupe 0o ediomoerc,
AOvouue xou BploxouyE Ta a1, Gg.

Teémoc 2 Arnatolue 10 uétpo ||[v — wl||? va ebvon ehdyoto. Eyouue |[v — w||> =< v —w,v —w >= ... =
Q(a1,az). T va ehayrotonolnoovye Ty ouvdptnon @ amentoldye 5= = 0 xou gi = 0. Advoupe
T0 oUOTNUO TV 800 eELCWOCEWY XaL BRICXOVUE Ta a1, as.




(B) Zmrdpe morudvugo q(z) = a+ Bz +ya? téroo dote < p,q >= 0 o710 [—1,1]. ‘Eyouue < p,q >= 0=
fil (o + B+ yz?)dz = 0. Avouue auvdaipeta T oe d00 and TOUC TEELS &YVOOTOUC CUVTENEOTEC
o, B xou 7y o unohoyiloupe tov Tpito.

]
V. Alvetar o mivaxac A

231 5 -1 7
A— 2 4 3 6 3 10
4 6 5 12 -1 12
4 6 2 10 -2 14

Métd tny extéreon TV amapalTnIwy YRopUoTedEeny, Yo va Bpotue Ty Tdén tou A, XaTaAfiyouUE GTOV
nivoxa U

2315 -1 7
01 2 1 4 3
U= 003 2 1 =2
00 0 0 O 0

(o) Howr 1 18&n tou A; Iow 1 SdoTaoy Tou Undevoyhpou Tou A;

(B) Eotw 10 clotnua Az = 0 ue tov Bio mivoxa A xor = [z1 22...26)7. Ioec and Tic yetohntéc
Z1,...,%e Vo elvar audaipeteg;

AndvTnorn.

(o) H t8&n tou A eivar 3 (aprdude un undevinddv odnydv otoyelwy). H didotact tou undevoydpou tou A
elvan 6 — 3 = 3.

(B) Ovavdaipetec petaPintéc Yu elvan 3, oL T4, &5, Te, €SO0V oTC 6TANES 1, 2 %o 3 €xyoupe un undevixols
001Y0U¢ X0 UTOPOUUE VoL AUGOUNE WS TPOS X1, T2, T3 CUVIPTHOEL TV X4, Ts XAl Te.



