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IT'PAMMIKH AATEBPA IIPOOAOX (10 Maiov 2008, 12-14:00)

Auwafdote mpooektikd T expwrioes. La tAnpn agioddynon mpéner va mtapovordletar 6Aos 0 TUANOVITHOS Kal Ta
evdidjeon anoteléopata. Av ta anotedéopata bev mpokUnTOUY and Tous UTOAOVIOHOUS 0To Ypantd (Tpdyelpous Kat
un), 6ev Baduoloyeiote ya tny epddTnon. Xug epwtioes Xwotd/Adlog bev Balpodoyeiote extés av artiodoyrioete
Ty andvTnorn) oas.

Ye Oheg TIC EpWTNOELS, OTOU dev avapépetal 1) Bev Qalvetal amd TNy expwvnon to péyedog 1 To eldog Twv
otolyelwy evoc untpwou Yewpelton 6Tl elvon tetporywvixd peyédouc n ue mpaypatind otouyeio. ‘Omwe xou otny

TEEN, YENOWOTOLOUPE TO GUUPBONO «;» Yiot TV oAAaY Y YPaUUAS, T.Y. T0 A = ( ;) i ) UTOPEL Vol YRAPETOL Xol (S
[1,2;3,4].

KAAH EIITYXIA!
I. No anavtioete obvtopo xol TEQLEXTIXG OTIC THPAUXATL EPWTATELS.

1. To n x n pnredo Hilbert, A € R™*™ neprypdpeton we e€fic: Xtn Véom (4,) (v i,5 = 1,...,n) nepiéyel t0
otoyelo 1/(i+j—1). 'Eotw 6t emhéyouvue n = 3 xou 6L cupPoliloupe e e; € R3 1o didvuopa (oThhn) Tou
éxet 1 otn 9éom i xou 0 otic unéhownec. Enlong pe e € R3 7o dudvuopa (o7rhn) mou éye 1 oe dheg Tic Véoeic.
No vrohoyioete to nopoxdtey (av UTHEYEL CUVTORGTEPOS TEOTIOS Amtd TO VoL XEVETE OAES TiC optdunTixéc Tpdelc
UTORE(TE VOL TOV YPNOWOTOLAOETE):

o) eg Aes, ) ATA—AAT y) Ae,8) e" A, €) e Ae, o1) e Aee’

2. 'Botww 6t 1o unrewo A bideton g yivouevo

0 01 1 00 1 00
A=10 -2 0 010 0 2 0
1 0 0 1 01 0 0 3

XpnNoUWoToUdVTAG TNV TRV Lop@n xaL Xwpis va utodoyioete kaldlov to A va del€ete dtL mpémel va elvon
avTtioTeédueo xou uetd vo to unohoyioete (o A7L).

1 2 3
3. Bowoén A= | =2 1 2 |. Naunoroyioete duo untpda B xa C tétoia ote B= BT xu C = —CT,
-3 3 1

yio ot omofor var toyVet A = B+ C.
4. Adeton A € R™*™ (dnh. to Untemo €xel m ypauués xoL n oTHAES XwpIs va wyver xat avdyxn 6t m = n).
Ywot6 | Addoc:
o) To ywépevo AT A elvon mévta éyxupo xou T0 amoTéAeoUd Elvol GUPLETEIXS UNTEGO.
B) To ywoéuevo AAT eivor mévTa éyxupo xou T0 amOTENEOUN EVOL CUUPETEINS UNTEWMO.
v) H agoipeon ATA — AAT ebvor éyxupn pévov av m = n.
8) Av yvwpllovye 61t A = P71SP yia xdmowe untpda P, S, téte A3 = P~1S3P.

1 1/2 1/3
5. a) Twtopntpdo A= [ 2 1 2/3 | va deifete 6 unopel va ypauptel ot wopph A = zy' énou z,y
3 3/2 1

elvon dravboparta (0THAES).

B) Ti evvooiyue btav Mépe 6TL 1) TéEN evde untpwou etvon 7; Tlow Yo elvon 1 T8&n Tou nopandve A xau yioi;
6. ' to cbotnua
3r+y=2
r—y=-—1

VoL EPUNVEVCETE YEWUETPIXE TN ADom o) ue T VYedpnon xatd yeouuée, P) ue tn dedpnon xotd oThlec.
(Enu. Na oyedidoete 6,11 ypetdleton Yo TIC 2 TEPINTOOES OTO OE 2 OYNUATA OTO XUPTECLOVE GUOTNUA
ouvtetaypévey (z,y)).



7. () Eotw A€ R™*"™. Avnz =0 elvou povadixf hoorn tov Az = 0, téte ot elvon 1 T8N oL A;

(B) Av A € R™*" xou 10 obotnuo Az = b éyel tdvtote (v xdde b) wa touhdytotov Ao, TéTe Tolog eivor
o undevoympoc N(AT);

(Y) Av A € R™*" 1ére dellte 61t N(ATA) = N(A), (N = undevoydeoc).

(8) Eotww A € R™™ éva avtiotpédipo untpno. Tote dellte ot av vy, ve, ..., v, elvon Bdomn tou R™, té1e
xan Avy, Ava, . .., Av, ebvan eniong Bdorn tou R™.

8. e évo ypauuxd yoeo S éxel oplolel ecwtepind Yivouevo xou k ototyela Tou vy, . . ., vy ebvon avd d0o xddeta.
Etvor xou ypoupxae ave&dotnta; Anodellte tov loyuplopd cag.

9. Botwwv = [v; va v3] ", 2 = [21 22 23] T, w = [wy wo w3] " pio don tou R3 Slapopetind omd ) YVLOTH TUTIXA
Béon. Eotw y = [y1 y2 y3] T éva tuyaio Sraviopa tou R, Téte y = av + Bz + yw.

(o) Amodeilte 611 ol ouvieheotéc «, 3, v elvor povadixol.
(B) How clotnua eglotoewy mpénel vor NOCELC Yio VoL BRelc Toug o, 3, 7;
10. 'Eotw L : R? — R? ypouuxde uetaoynuatiopde xon €0te 6Tl oL exdvee tne tumic Bdone er = [1,0,0]T,
e2 =[0,1,0]T, e3 = [0,0,1] " eivan avictowa Le; = [37,33,30]7, Leg = [3,18,—3]T, Lez = [—4,8,15]T.
(o) Howog o mivaxag exmpbownog Tou L yiot v tumixy Bdon;
(B) Mo 1 exéve tou v = [1,-1,2]T;
11. 'Botww Pv = aqui + ... 4+ apUy 1 TEoBOATY TOU ¥ OTO Y(OEO TOU TORAYETOL OO TA Ui, . . . , Us,.
(o) oo chotnuo Teénet vor Awdel Yo vor Peedolv oL cuvteleoTéC v, . . ., Qi oV BiveTton 1) Tpofol) w = Pu;
(B) Tow Yo etvon o dudvuopa P o yioti;
11 b1
, . 1 2 o C1 o bg
II. Eow A = 10 ’C(c ), | by
0 1 by

1. Tv wBotnto mpénel va ixavorolel o b yla var €yel Abom to abotnua Ac = b;

2. 'Eotw 6t 10 cbotnua dev €xel Abon. T va Bpodue plo mpooeyylotiny Aon Jo eAoyloTOTOLAGOUUE TNV
rocéna ||r||? énou (cuvapthoel Twv A, ¢, b) r = ...... %ot 6mou || - || ebvor o Euxeldeto pétpo. T va
Beedolv oL Tiwée TV c1, ¢z pe ehayiotonolnon tne mooéTntac ||r]|?, Yo yenowonomdolv 2 eiomosic. e
Yo Beedolv oL ellodoeic auTé;

3. 'Botw 6t b =[2345]". Egoppéote tn uédodo tov ehoyiotmy TeTpaydvey X SOOTE TIC THEC TWY €1 %ol

Ca.

ITI. Abveton o pnrpdo A =[1,2,2,1;2,3,0,1;1,2,1, ¢], 6nou ¢ nporypatinf otadepd.

1.

Ll

Beeite ™ poppr| avaypévwy yeauuoy R (ouvopthoel Tou ¢) xou tnv t8&n r tou A. 3tol endpeva epw T
va Baoiodeite anapaitnta ot poppy| R.

Ex@pdote ye caprivela to R ooy YIWVOUEVO GTOLYEIWBOY Untewwy el To A, xou 8OoTE Ta untena auTd.
Anogavieite yio Ty emAvoiudtnta 10U cuoThpatoc Az = b Yo Tig Bldopes TWES TwV ¢ xou b.
Beeite pio Bdon tou undevoydpou tou A.

Adetn ¢ = 0 xow b = (1,2, —1)T. Bpeite tdpa ue ouoTuatind Teém0 xou e PAon T Topamdve T YEVIXH
Aoon tou Az =b.
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IT'PAMMIKH AATEBPA IIPOOAOX (10 Maiov 2008, 12-14:00)

AweBdote mpooextikd TS expwrioes. La tArpn a&ioddynon npérer va tapovoidletar 6Aos 0 cuAd0YITUES Kal Ta
evdidueoa amoteAéopata. Av ta arotedéopata Gev mpokUnTouy and Toug vTtodoyiopols oo ypartd (Tpdyeipous kai
un), dev Baduoroyeiote yia tny epddtnon. Xtg epwtrioes Xwotd/Adlog dev Balpodoyeiote extds av artiokoyrjoete
Ty andvTnon oas.

e Ohec TIC EPWTHOELS, OTOL Bev avagpépeTal 1 Sev Qulvetal amd TNy expovnon to uéyedog 1) to eldog Twv
otoyelwy evdg untewou Vewpeiton 6Tt elvon TeTpaywvxd peyedouc n pe mpayuotixd otoryelo. ‘Omwe xou otnv

THEN, YENOWOTOWUPE TO GUUPBONO «;» Yiot THY OAAXYT YeUUUAS, T.Y. T0 A = é i > UTOPEl Va YpdpeEToL 1ol (¢
[1,2;3,4].

KAAH EIITYXIA!!
I. No anavtioete oUvtoua XL TEQIEXTIXG OTIC TORUXATL EPWTHOELS.

1. To n x n pntedo Hilbert, A € R™*™ nepiypdpeton o e€fic: Xt Véon (4,4) (v i,5 = 1,...,n) nepiéyel t0
ototyelo 1/(i+j—1). Eotw 6t emhéyovue n = 3 xou 6L oupPoriloupe e e; € R3 1o didvuopa (oThhn) Tou
éxer 1 ot ¥éomn @ xou 0 otig undhoinee. Enlong ye e € R3 1o diévuopa (othAn) Tou éyet 1 oe dheg Tic Véoeic.
No vnohoyloete to nopoxdTey (av UTAPYEL CUVTORGTEPOS TEOTIOS A6 TO VoL XEVETE OAES TiC optduNTIXéS TPdEels
UTOPELTE VOl TOV YPYOYLOTOLACETE):

a) el A, B) eg Aes, v) e Ae, ) e Aee', €) Ae, ot) ATA— AAT

2. 'Botww 6t 1o untpwo A dideton g yvouevo

0 0 1 1 00 1 00
A=10 -2 0 01 0 0 4 0
1 0 0 2 01 0 0 3

XeNOoWOTOLOVTIS TNV TUPATAVE LopPY) Xl XwpIS va unodoyloete kalddov to A va Sellete dtL npénel va elvou
avTioTeéduuo xou uetd vo to unohoyloete (o A7),

2 2 3
3. Bowoén A= | —2 2 2 |. Naunoroyioete duo untpda B xa C tétoia ote B= B xu C = —-CT,
-3 3 2

yio T omofol vou loyet A = B + C.
4. Afdeton A € R™™ (Snh. t0 pntemo €xel n ypoupéc xow m oTANES Ywpls va 1wy ver xat” avdyxn étL n = m).
Ywot6 | Addoc:
o) To ywopevo AT A eivon TévTa éYxUpo xou T0 AmOTENEOUN EVOL GUUPETELXG PNTEOO.
B) To ywéuevo AAT eivan mévTa yxUpo xou T0 UmOTEAEOUN Elvol GUULETEIXS UNTEGO.
Y) H agoipeon ATA — AAT ebvor éyxupn pévov av m = n.
8) Av yvwpllovye 61t A = P71SP yia xdmowe untpda P, S, téte AT = P~184P.

1 2 3
5. ) Nwtountedo A= | 1/2 1 3/2 | vadeifete 6 pnopel v ypoptel otn wopgph A = 2y’ 6mou z,y
1/3 2/3 1

elvou Srovdoparta (oThieC).

B) Ti evvoolue dtav Aépe OTL 1) TEEN evic untemou eivan r; TTowa Yo ebvon 1) téd€n Tou mapandve A xou yroti;
6. I to cbotnua

3z +y =2

r—y=-1
VoL EPUNVEVCETE YEWUETPIXE TN ADom o) ue T VYedpnon xatd yeopuée, P) ue tn dedpnon xotd oThlec.
(Enu. Na oyedidoete 6,11 ypetdleton Yo TIC 2 TEPINTOOES GTO O 2 OYNUATE OTO XUPTECLOVE GUOTNUA
ocuvtetaypévey (z,y)).



7. () Eotw A€ R™*"™. Avnz =0 elvou povadixf hoorn tov Az = 0, téte ot elvon 1 T8N oL A;

(B) Av A € R™*" xou 10 obotnuo Az = b éyel tdvtote (v xdde b) wa touhdytotov Ao, TéTe Tolog eivor
o undevoympoc N(AT);

(Y) Av A € R™*" 1ére dellte 61t N(ATA) = N(A), (N = undevoydeoc).

(8) Eotww A € R™™ éva avtiotpédipo untpno. Tote dellte ot av vy, ve, ..., v, elvon Bdomn tou R™, té1e
xan Avy, Ava, . .., Av, ebvan eniong Bdorn tou R™.

8. e évo ypauuxd yoeo S éxel oplolel ecwtepind Yivouevo xou k ototyela Tou vy, . . ., vy ebvon avd d0o xddeta.
Etvor xou ypoupxae ave&dotnta; Anodellte tov loyuplopd cag.

9. Botwwv = [v; va v3] ", 2 = [21 22 23] T, w = [wy wo w3] " pio don tou R3 Slapopetind omd ) YVLOTH TUTIXA
Béon. Eotw y = [y1 y2 y3] T éva tuyaio Sraviopa tou R, Téte y = av + Bz + yw.

(o) Amodeilte 611 ol ouvieheotéc «, 3, v elvor povadixol.
(B) How clotnua eglotoewy mpénel vor NOCELC Yio VoL BRelc Toug o, 3, 7;
10. 'Eoto L : R? — R? ypouuxde uetaoynuatiopde xon €0te 6Tl oL exdvee tne tumiic Bdone er = [1,0,0]7,
e2 =[0,1,0]", e3 = [0,0,1] T eivon avtiotoiya Ley = [37,—33,30] ", Leg = [~3,18,3] T, Les = [—4,10,15] .
(o) Howog o mivaxag exmpbownog Tou L yiot v tumixr Bdon;
(B) Mo 1 exébve tou v = [1,3,-2]T;
11. 'Botww Pv = aqui + ... 4+ anUy 1 TEoBOATY TOU ¥ OTO Y(OEO TOU TORAYETOL ANE TA Ut, . . . , Us,.
(o) Howo chotnuo Teénet vo Audel Yo vor eedolv oL cuvtelesTéC v, . - ., (i otV BiveTon 1) Tpofol) w = Pu;
(B) Tow Vo ebvon o dudvuopa PO xou yiai;
1 3 b1
, . 1 2 . C1 o b2
II. 'Ectw A = 10 ’C<02 ),b bs
0 1 ba

1. Tu wBotnto mpénel va ixavorolel o b yla var €yel Abom to abotnua Ac = b;

2. 'Eotw 6t 10 cbotnua dev €xel Abon. T va Bpodue plo mpooeyylotiny Aon Jo eAoyloTOTOLAGOUUE TNV
rocéna ||r||? énou (cuvapthoel Twv A, ¢, b) r = ...... %ot 6mou || - || ebvor o Euxeldeto pétpo. T va
Beedolv oL Tiwée TV c1, ¢z pe ehayiotonolnon tne mooéTntac ||r]|?, Yo yenowonomdolv 2 eiomosic. e
Yo Beedolv oL ellodoeic auTé;

3. 'Bow 6t b =[2325]". Egoppéote tn uédodo tov ehoyiotmy TeETpaydvey X SOOTE TIC THEC TWY €1 %ol

Ca.

ITI. Afveton to pnredo A =[1,2,2,1;2,3,0,1;1,2,1,d], 6nov d npoypatixt otodepd.

1.

L

Beeite ) poppr avaypévewy ypopunv R (cuvapthoet Tou d) xou tny TN r tou A. 1o ENOUEV EpWTHUOTA
va Baciodeite anapaitnto ot poppy| R.

Exgpdote ye capriveia to R ooy YIWVOUEVO GTOLYEIWBOY UNtewwy el To A, xou 8OoTE Ta unTena auTd.
Anogavieite yio Ty emAvoiudtnTo 10U cuoThpatoc Az = b yio Tig Bldpopeg TS TV d xou b.
Beeite pio Bdon tou undevoydpou tou A.

Adetn d =1 xou b= (1,2,—1) . Bpeite 1dpa ue cuoTNuatind TpdT0 X0 Ye PAon To Topamdve T YEVIXN
Aoon touv Az =b.



