
GRAMMIKH ALGEBRA I LÔsei
 Exètash
 Ioun�ou 2005
I. [2℄ Na apant sete sti
 parak�tw erwt sei
.1. [0.4℄ Swstì   L�jo
: O q¸ro
 twn orjog¸niwn mhtr¸wn A ∈ R

2×2 e�nai dianusmatikì
 q¸ro
.Ap�nthsh. L�jo
. Gia par�deigma, to mhdenikì stoiqe�o (pou e�nai to mhdenikì mhtr¸o) den an keisto q¸ro. Parabi�zontai kai �lla axi¸mata twn d.q. P.q. an P kai Q e�nai orjog¸nia, tìte jaèprepe kai to P +Q na e�nai ep�sh
 orjog¸nio mhtr¸o, dhlad  na isqÔei (P +Q)
T
(P +Q) = I. 'Omw


(P +Q)
T
(P +Q) = (PT +QT )(P +Q) = PTP +PTQ+QTP +QTQ = I +PTQ+QTP + I pou denup�rqei lìgo
 na isqÔei.2. [0.4℄ Swstì   L�jo
: 'Estw h b�sh dianusm�twn {v1, ..., vn} gia to q¸ro R

n kai ìti to mhtr¸o A e�naiantistrèyimo. Tìte ta dianÔsmata {Av1, ..., Avn} e�nai kai aut� b�sh tou R
n.Ap�nthsh. Swstì apì to ex 
: An ta stoiqe�a  tan grammik� exarthmèna, ja up rqan αj , j = 1, ..., nta opo�a den e�nai ìla mhdenik� kai t.¸. ∑n

j=1 αjAvj = 0. All� tìte A∑n
j=1 αjvj = 0 kai epeid  to

A e�nai antistrèyimo ja prèpei ∑n
j=1 αjvj = 0, k�ti pou ant�keitai sthn upìjesh ìti ta vj apoteloÔnb�sh kai epomènw
 e�nai grammik� anex�rthta.3. [0.4℄ Swstì   L�jo
: An to mhtr¸o A ∈ R

n×n e�nai orjog¸nio, tìte h or�zous� tou (det(A)) ja èqeitim  1   −1. (*IsqÔei ìti det(AB) = det(A)det(B))Ap�nthsh. Swstì. AfoÔ to mhtr¸o A e�nai orjog¸nio tìte ATA = I → det(ATA) = det(I) →
det(AT )det(A) = 1 → (det(A))

2
= 1 → det(A) = ±1.4. [0.4℄ Swstì   L�jo
: An duo idiotimè
 enì
 mhtr¸ou e�nai �se
 tìte èpetai ìti ta ant�stoiqa idiodianÔ-smata ja e�nai grammik� exarthmèna.Ap�nthsh. L�jo
: Gia par�deigma, to tautotikì mhtr¸o èqei thn idiotim  1 me pollaplìthta ìso kaito mègejo
 tou mhtr¸ou me ant�stoiqa idiodianÔsmata ta dianÔsmata th
 tupik 
 b�sh
 e1, e2, ..., en poue�nai grammik� anex�rthta.5. [0.4℄ 'Estw ta dianÔsmata (st le
) u, v ∈ R

n kai to (n+1)× (n+1) mhtr¸o A =

(

I u

v⊤ v⊤u

), ìpou
I e�nai to tautotikì mhtr¸o megèjou
 n. Na bre�te èna di�nusma sto mhdenoq¸ro tou A.Ap�nthsh. Qreiazìmaste èna di�nusma x ∈ R

n+1 t.¸. Ax = 0. Epomènw
 to x = [u,−1]⊤ kai tapollapl�sia tou an koun sto mhdenoq¸ro tou A. Ep�sh
 bèbaia h tetrimmènh lÔsh x = 0.
II. [1.6℄ 'Estw ìti v = α1z1 + . . .+ αnzn, ìpou z1, . . . , zn m�a orjokanonik  b�sh tou R

n.1. Poia h probol  tou v sto q¸ro pou par�getai apì ta z2, z3, z4; (jewr¸nta
 ìti n ≥ 4)Ap�nthsh. AfoÔ ta z1, . . . , zn e�nai orjokanonik  b�sh tou R
n prokÔptei �mesa ìti h probol  tou

v sto q¸ro pou par�getai apì ta z2, z3, z4 e�nai to v = α2z2 + α3z3 + α4z4. Me qr sh eswterik¸nginomènwn: 'Estw p h zhtoÔmenh probol  (p = β1z2 + β2z3 + β3z4). Tìte ja prèpei
< v − p, z2 >= 0 kai < v − p, z3 >= 0 kai < v − p, z4 >= 0 
< α1z1 + (α2 − β1)z2 + (α3 − β2)z3 + (α4 − β3)z4 + . . . + αnzn, α1z1 + α2z2 + . . . + αnzn >= 0 ⇒
(α2 − β1)z2 · z2 = 0 ⇒ α2 − β1 = 0 ⇒ β1 = α2 kai ant�stoiqa β2 = α3 kai β3 = α4.2. Poio to (eukle�deio) mètro tou v sunart sei twn α1, . . . , αn;



Ap�nthsh. To eukle�deio mètro tou v d�netai w
 ex 
 qrhsimopoi¸nta
 kai thn idiìthta ìti < u, v +
w >=< u, v > + < u,w >:

‖v‖2 =
√
< v, v >

=
√
< α1z1 + · · · + αnzn, α1z1 > + · · ·+ < α1z1 + · · · + αnzn, αnz1 >,kai epomènw


‖v‖2 =
√

α2
1 < z1, z1 > +α2α1 < z2, z1 > + · · · + αnα1 < z1, zn > + · · · + α2

n < zn, zn >.'Omw
, apì thn orjogwniìthta twn zj kai to gegonì
 ìti e�nai kanonikopoihmèna (dhl. ìti < zi, zj >=
δij , ìpou δij = 1 an i = j kai 0 diaforetik�), ja èqoume ìti to parap�nw e�nai �so me

‖v‖2 =
√

α2
1 + . . .+ α2

n

III. [1.6℄ 'Estw ìti o A e�nai 6 × 5.1. Ti mpore�te na pe�te gia thn t�xh tou A;Ap�nthsh. E�nai to polÔ 5. 'Estw ìti  tan m > 5. Tìte, ja up rqan m dianÔsmata tou R
5 grammik¸
anex�rthta pou e�nai �topo.2. Ti mpore�te na pe�te gia th di�stash tou q¸rou sthl¸n tou A;Ap�nthsh. E�nai to polÔ 5. Bl. ap�nthsh (1).3. Ti mpore�te na pe�te gia th di�stash tou q¸rou gramm¸n tou A;Ap�nthsh. E�nai to polÔ 5. Bl. ap�nthsh (1).4. An o mhdenoq¸ro
 tou A èqei di�stash 2 tìte ti mpore�te na pe�te gia th di�stash tou q¸rou sthl¸ntou A;Ap�nthsh. E�nai 5− 2 = 3 (h di�stash tou q¸rou sthl¸n e�nai n me�on th di�stash tou mhdenoq¸rou).

IV. [1.6℄ Anazhte�tai parabol , y = f(x) = γ1 + γ2x+ γ3x
2, me thn opo�a prosegg�zontai ta apotelèsmata100 metr sewn me th mèjodo twn Elaq�stwn Tetrag¸nwn. Apì ti
 metr sei
 ja prokÔyei to sÔsthma Ac = b,ìpou c = [γ1, γ2, γ3]

T , A èna
 p�naka
 m× n kai to b e�nai di�stash
 m× 1.1. Tìte m =. . . kai n =. . . .Ap�nthsh. m = 100, n = 3.2. An gia x = 4 metr jhke h tim  y = 7, h ex�swsh pou antistoiqe� sth mètrhsh aut  e�nai . . . . . . . . . . . .Ap�nthsh. γ1 + 4γ2 + 16γ3 = 73. Gia na èqei lÔsh to sÔsthma Ac = b ja prèpei to b na an kei sto q¸ro pou par�getai apì . . . . . . . . . . . .Ap�nthsh. Ti
 st le
 tou A.4. Oi stajerè
 γ1, γ2, γ3 pou or�zoun th zhtoÔmenh parabol  upolog�zontai me th mèjodo twn elaq�stwntetrag¸nwn apì thn apa�thsh: (kukl¸ste ti
 swstè
 apait sei
)(a) To Ac na e�nai h probol  tou b sto q¸ro twn eikìnwn tou A.(b) To b−Ac na e�nai k�jeto se ìla ta stoiqe�a tou q¸rou twn eikìnwn tou A.(g) H apìstash ‖b−Ac‖2 na e�nai el�qisth.



Ap�nthsh. E�nai ìle
 swstè
.5. H mèjodo
 twn elaq�stwn tetrag¸nwn d�nei to sÔsthma Bc = d, ìpou p�nta c = [γ1, γ2, γ3]
T , o B e�nai

r × r me r = 3 kai to d èqei di�stash n× 1 ìpou n = 3Poio
 tÔpo
 d�nei ton B kai to d sunart sei tou A kai tou b;Ap�nthsh. B = ATA, d = AT b.
V. [1.6℄ Sa
 d�netai to mhtr¸o:

A =

(

α β

0 γ

)ìpou oi (pragmatiko� bajmwto�) α 6= γ.1. Na bre�te to diag¸nio mhtr¸o twn idiotim¸n Λ kai to mhtr¸o S ètsi ¸ste A = SΛS−1.Ap�nthsh. To mhtr¸o e�nai trigwnikì epomènw
 oi idiotimè
 tou e�nai ta diag¸nia stoiqe�a tou, λ1 = αkai λ2 = γ (Fusik� mpore�te kai mèsw tou qarakthristikoÔ poluwnÔmou det(A − λI) = 0 → (α −
λ)(γ − λ) = 0). Ta ant�stoiqa idiodianÔsmata e�nai ta v1 = [ξ1 ψ1]

T
v2 = [ξ2 ψ2]

T ìpou Av1 = λ1v1kai Av2 = λ2v2. EÔkola prokÔptei ìti v1 = [1 0]
T
v2 = [− β

(α−γ) 1]
T . Telik�, Λ =

[

α 0
0 γ

],
S =

[

1 − β
(α−γ)

0 1

]. To ant�strofo ep�sh
 prokÔptei �mesa (qwr�
 pr�xei
) giat� to mhtr¸o èqeieidik  morf  (ìpw
 oi stoiqei¸dei
 metasqhmatismo� Gauss: E�nai trigwnikì me mon�de
 sth diag¸niokai mìno mia st lh upì th diag¸nio e�nai mh mhdenik  - arke� na all�xoume to prìshmo se eke�nh thst lh). Opìte S−1 =

[

1 β
(α−γ)

0 1

].Prosoq : To deÔtero idiodi�nusma proèkuye apì ton periorismì (α− γ)ξ2 + βψ2 = 0. An, ant� gia toparap�nw, jèsete gia idiodi�nusma to [ (γ−α)
β

, 1], ja dhmiourghje� prìblhma sthn per�ptwsh pou β = 0.Me thn parap�nw epilog  den èqoume prìblhma akìma kai s' aut  thn per�ptwsh giat� gnwr�zoume apìthn ekf¸nhsh ìti α 6= γ.2. Na bre�te tou
 ìrou
 tou mhtr¸ou A1000.Ap�nthsh.
A1000 = (SΛS−1)

1000
= SΛ1000S−1 = S

[

α1000 0
0 γ1000

]

S−1

=

[

1 − β
(α−γ)

0 1

] [

α1000 0
0 γ1000

] [

1 β
(α−γ)

0 1

]

=

[

1 − β
(α−γ)

0 1

] [

α1000 α1000 β
(α−γ)

0 γ1000

]

=

[

α1000 α1000 β
(α−γ) − γ1000 β

(α−γ)

0 γ1000

]

=

[

α1000 β α1000
−γ1000

(α−γ)

0 γ1000

]

VI. [1.6℄ Sa
 d�netai to parak�tw mhtr¸o:
A =





1 2 1
−1 1 1
−3 4 1



Jèloume na ektelèsoume ti
 parak�tw pr�xei
 (me th sugkekrimènh seir�): a) Pollaplasiasmì k�je stoiqe�outwn gramm¸n i = 1, 2, 3 tou A me to ant�stoiqo i. b) Prìsjesh k�je stoiqe�ou th
 diagwn�ou tou mhtr¸oupou proèkuye apì to (a) me to 5. g) Antallag  th
 1h
 me thn 3h gramm  tou mhtr¸ou pou proèkuye apì to(b). d) Diagraf  th
 3h
 st lh
 tou mhtr¸ou pou proèkuye apì to (g).



1. Na de�xete to telikì apotèlesma.2. An onom�soume to telikì apotèlesma B, na de�xete p¸
 mporoÔn na graftoÔn oi pr�xei
 sta (a-d) w
pr�xei
 me mhtr¸a ep� tou A.Ap�nthsh. To pr¸to mèro
 e�nai profanè
 (4 pìntoi!) Gia to deÔtero: An A(1) :=





1 0 0
0 2 0
0 0 3



A,
A(2) = 5





1 0 0
0 1 0
0 0 1



 +A(1), A(3) =





0 0 1
0 1 0
1 0 0



A(2). Tìte B = A(3)





0 0
1 0
0 1



. IsqÔei dhlad  ìti
B = P2(P1A+ 5I)P3ìpou

P1 :=





1 0 0
0 2 0
0 0 3



 , P2 :=





0 0 1
0 1 0
1 0 0



 , P3 :=





0 0
1 0
0 1



 .

VII. [1.6℄ Bre�te m�a orjokanonik  b�sh gia to q¸ro twn poluwnÔmwn bajmoÔ mèqri 2, orismènwn sto [0, 1],qrhsimopoi¸nta
 to gnwstì eswterikì ginìmeno.Ap�nthsh. 'Estw p1(x) = 1, p2(x) = αx+ β kai p3(x) = γx2 + δx+ ε h orjokanonik  b�sh pou zhte�tai.Tìte ja prèpei na isqÔoun ta parak�tw:Gia na e�nai h b�sh orjog¸nia:
∫ 1

0

p1(x)p2(x)dx = 0 ⇒
∫ 1

0

1(αx+ β)dx = 0 ⇒ α

2
+ β = 0 (1)

∫ 1

0

p1(x)p3(x)dx = 0 ⇒ . . .⇒ γ

3
+
δ

2
+ ε = 0 (2)

∫ 1

0

p2(x)p3(x)dx = 0 ⇒ . . .⇒ αγ

4
+
αδ + βγ

3
+
αε+ βδ

2
+ βε = 0 (3)Gia na e�nai kai orjokanonik :

∫ 1

0

p1(x)
2dx = 1 ⇒ 1 = 1 (4)

∫ 1

0

p2(x)
2dx = 1 ⇒ α2

3
+ αβ + β2 = 1 (5)

∫ 1

0

p3(x)
2dx = 1 ⇒ γ2

5
+
γδ

2
+

2γε+ δ2

3
+ δε+ ε2 = 1 (6)Apì ti
 (1) kai (5) br�skoume ìti α = 2

√

(3) kai β = −
√

(3). Ant�stoiqa upolog�zoume ta γ, δ kai ε apì ti
(2), (3) kai (6).Ja mporoÔsame arqik� na e�qame epilèxei p1(x) = c all�, amèsw
 -apì thn (4)-, ja blèpame ìti c = 1.


