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1.1: FEoww our ta daviouata u,v,w,z € RN elvar ypappxd avedptnra.
/7 /
a) Na anoderydel ot1 to odvolo:

S={ut+v+w, u+v+z utw+z v+w+z}

aroteAeltar and ypaupukd aveEdptnta Savvopata.
B) Na eketaotel edv to otvolo twv 2 x 2 untpdwr:

IERIREHR B

arotedel Bdon twv ydpou R*2.

Eni\von:

o) Oo anodelZovpe 10 INTOVUEVO GTNEILOUEVOL GTOV OPoUG NS YPUUMXTAC
aveZaptnoiag dravuoudtoy. Ta dovdopata u+v+w ,u+v+2, u+w+ 2,
v+ w+ 2z ebvar ypouuixd avegdptnta av xal LOVo av 1 oYoYeVHS eElowon:

au+v+w)+eau+v+z)+e(u+w+z)+aulv+w+z) (1)
IXUVOTOIELTOL PHOVOV amd TNV TETPIUUEVY Abon:

61262263264:0

Opadomotdvtac xowvolc 6pouc oty ediowon (1), naipvoupe:

(ci+e+a)ut(at+eatavt(ca+ata)wt(catata)z (2)

Adyw g avelaptnolag TV BIVUOUATOY U, V, W, 2 N TUPATdvVe El0won 1xa-
voTmoleltal LOVov and TNy TeTpIUUévn Abon:

c1 + ¢ + c3 0
c1 + ¢ + cg = 0
c1 + cg +c4 = 0

0

co + c3 + ¢ =

Me yprion ouUBoAIoUOs UNTPO®Y, TO TARATAVK OUOYEVES OUOTNUA EEICOOEWY
YedpeTou:

1110][a 0
110 1]|el| O
101 1||es] |0 8)
001 1 1| |ey 0



Pvwpiloupe and tn Yewpio twe éva tétolo chotnua éyel wovadixh Aoon (tnv
undevixr) av xow UOVo av To UNTPOO TV GUVIEAESTOV eivar avTio Tpédiyo.
Mrnopolue vo Blamio TdoovPE oV TEdYRaTt auTo oY VEL UE BLapopous TPOTOUC
(m.y. avdywVTAC TO UNTPMO GE AvYUEVY XAUAXOTH Lop@T U€0w UETAOY M-
tiopdy Gauss - Jordan ¥ uroloyiloviac v opilovod tou) . Ilpdypatt, n
opiCouca Tou GUYXEXPIHEVOU UNTE®OUL Elval -3, YEYOVOS TOU UTOBNAMYVEL LS
elvar avtiotpédipo. Enopévne 1 eliowon (3) éyer povadxh Aoon v pundevixr
(¢ =0,i=1,2,3,4) xou o SrvOopata Tou cuvohou S eivon ypapuxd avedp-
T

B) Ivopilouye ott o abvolo:

(33 s e )

amotehel pla Bdon twv yodpov R¥? (Ouundeite Tov 10opoppIopd PeTald TV
yopwv N2 xou BY). Enopévoc, ta «dlaviopator tou cuvéhou S’ efvar ypo-
wixd aveZdptnta. And 10 epd TN o) TAlPVOUYE OTL TO GUVONO:

(o[t

amoteleiton xou auTd amd ypauuixd aveldptnta «daviopatay. O mAnddord-
LOC Tou GuV6Lou awTol eivar 4, dnhadh lcoc pe T didoTaoT Tou ywpou R
Enopévwe, mpdyuatt, to dedopéva dravbouata anoteholy pla Bdon Tou ydeou
R222



1.2: a) Ywotd fj AdBog: Av o untpdo B éyer npoxtiher e Tny epappoyn evig
aprdpov ypapponpdéewr oto untpwo A, téte pnopel va yiver kar to avtidero,
onAaon to A va npokUier and to B ue tnr epappoyn evos apidpol ypauponpd-

Eewr.

B) Ewoté 1 Adfog: Or 3 Baoikés ypauponpdées eivar dheg avebdpTnteg pe-
ta&V Tovg (6nAadn kauia dev unopel va tapaylel wg ovvdvaouds twrv dAAwr).

y) Xwoté  Addog: To obotnua Az = b uropel va éyer akpipos 2 Avoe.
0) Ywoté 1 Addog: Ia kdde pntpdo A tonov n x n, vrdpye éva puntpdo

X tinov eniong n = n, térowo wote: AX — XA =1 énov I o tavrotiké un-
TPWO.

n 1 .- 1
1 n - 1

€) Ywoté 1j Addos: To untpdo | . | .| ebvar avtiotpédupo.
1 1 -+ n

ot) Xwots 1) Ados: Voo mo kovtd oto undév eivar n iy wng opilovoag
€V0§ UNTPWOU, T6oO0 TO UNTPWOo TANOdlel oTo va €ivar un avtioTpéPiyio.

() Ywoté n Adlog: Yéva opopovadiaio ovolo davvoudtwv, da ta dwavi-
ouata elvar ypappukd avebdptnra.

Enilvon:
o) Lwoté: Kdde ypapponpdZn eivon avtiotpédiun o pdhiota 1 avtio tpogt
¢ ebvon wa ypauponpdén tou (Bou eldouc.

B) Addoc: H ypapuonpdln aviahayhc Youuudy unopel vo topayVel we ouv-
BLACUOS YPUUPOTPAEEWY
o Ilpboleom twv ototyelwy plag Ypouuhc TOAMATAACIHoUEVWY UE EVay apll-
w6 ota otoryelo ulog GAANG Ypopuunc.
o IToAoamhaolaouds TV o ToLyElwY Blg YRUUUNG UE Evay Un wndevixd apld-
wo.

Luyxexpyéva, éotw ott Yéhovpe va petadéoovue Tic ypaupés R; xon R;. H
Yeouponpdln R; «— R; eivon 100dOvaun e v axohouvdia Ypoupompdiewy:

R; «— R;+R;
R, «— R;,—R;



R; «— R;+R;
R, «— -—R;

Y) Addoc: Ac vnodéooupe twe to olotnua éyel axpBne 2 NIOE U, U OOTE:

Au = b
Av = b

[Tpooc¥étovtag xatd uéhn npoxdntel otu:

1
A(u+v):2b:>A§(u+v):b

70U oNuaiVEL TRE To oUo TR éyet xau Tpity Miom, Ty 5 (u + v).

d) Addoc: Ou to anodeiZovue otnpilbuevol otov iyvoc (trace) evéc untpwou.
Ac urodéoouye mwe n mpdTaoy Htav owoth. Tote, Yo elyope Sradoyixd:

AX — XA=1=trace(AX — XA) =trace(I) =

trace(AX) — trace(XA) =n

‘Opowc yvwpilovpe ot trace(AX) = trace(XA) yw xdde Ledyoc unrponv
A, X. Enopévog, da elyoue:
0=n

X0 XATAANYOLUE OE dTOTO.

€) Lwot6: To untpoo elvar avtiotpédupo yiatl Eyet Ty B16TNTA TG AVGTNEHC
draydviag xuptapytag. Ev yéver, éva untpodo A €yel auth tny WwLoTHTRL OV

n

laii| > D lagil

j=1,j#i

yiooi = 1,--,n. (Handdeiln e yevixhc authc apyfic aphvetar o doxno.
Ymnpileton 610 Yeyovog twe To opoyevég abotnua Az = b €yel povadixn Ao
- T undeEvX - av xou WOVoV €AV 0 undevoypog tou A anoteAeiton wovo and
T0 Undevixd didvuoua).

ot) Addoc: To unrpwo [ éyer otadepr| opilouoa fon pe 1 ave-

n 0

0 1/n
Edptntar and v T tou n. o dha awtd, yio o) UeydAeEC TWéC TOL N
T0 UNTE®o TANoLdlel TOAD xovtd oty un avtio tpedudtnta (Evac tpdroc vo
T0 BolUE aUTO elvon WS Yl UEYAAES TIES TOL M 1) DEVTERY Ypouuy xou G THAN
TOU UNTp®ou Telvouv 610 undevixd ddvuoua). Avtideta, 10 n  n uNTE®O



01 0 0
0 0.1 0

elvou dvtote avtio tpédiuo, av xa 1 opilovad tou tei-
0 01 --- 01

VEL 6T0 UNOEV Xa)®S TO 1 UEYANDVEL.

{) Ywotd: Ac unodéooupe ott 10 olVoro TV 0pYouovadiaiwy dlavuoudtmy
{q1,92, -+, qn} evar ypouuixd eZoptnuévo. Autd ornuaiver twg 1 opoyevic

eZlowon:
c1qr +c2q2 + -+ g =0
ixavomoleiton xou yior un undevixéc Téc v Poaduwtodv ¢. Iolankacidlouvye
TV Topandve e&lonon and aploTepd e To Bldvuoua ¢f , ondte éyouye:
agiq+ gt gl gn=0=

(Moyw g oploywvidTnTag xou Tou povadiaiou UETPOU TV SLavUGUETKV)

Cl1 = 0
Me aviiototyo tpéno, nolhamhaocidlovtag pe o dtavbopata gi, gl gl
nafpvouye:
C; — 0
. 4 4 7 4 4 4
vy i = 2,---,n. Enopéveq, n apyu eiodon ixavonoteiton uévo and v

Tetpiupévn (undevixn) Ao, dpo ta Sraviopota elvon Ypouxd aveZdpTnra.



1.3: a) Fotw untpdo A tirov n x n. Av dAeg o1 otides Tou untpdov eivai
ypauurd avefdpTnres, ka1 emmAedy wyel ot A2 = A, téte to unTpdio A eivar
T0 TAUTOTIKG.

B) Eotw untpéo A témov n = n. Av woyta ou AT = 2A, téte o unpdo A
€fvar to undeviko.

y) EraAndetore ont av éyovpe untpdo A timov n x n, téte to untpoo AAT
elvar ouupetpikd. Xtn ovvéyeaa, eEnynote edv kdle oUPUETPIKO UNTPDO OTOY
XOPO TwY Tpayuatikdy nox n untpéwy unopel va ypagel otn popen AAT
omov A oupueTpiko.

0) Ileprypdipte ta n x n untpda mov eivar TavTdypora CUULETPIKA Kal avTIO VM-
HeTpIKd.

Enilvon:

o) H ypappoof aveZoptnoio twv o tnhdv anoxahOTTer T To UnTtpmo eivar ov-
o teédpo (et 16én fon pe n). Enopévwe, nohhanhaotdloviag and aptotepd
ue Tov avtiotpopo, nalpVouye:

A=A A=A A AT ADNA=T=A=1

B) Xenowwonotdvtag anhd GAYeBpa untp@nwy, éxoupe dadoyixd:

AT =24= A=A = A=024)7T =
A=2AT = A=4A=34=0=A=0

) Tpdypaty, éotw B = AAT. Eyouye:

(AAT)T:(AT)TAT:AAT

enopévac, B = BT xau 1o untpdo eivar ouppetpd.

Y yevix mepintwon mpaypatixol cupueTplxol untpwou B, dev umopel va
Beedet untpdo A dote B = AAT. Av unodéooupe ot xdtt tétow0 loyLE, TéHTE
10 o1otyelo byp Tou untewou B Yo Atav (0o ye 1o teTpdywvo TNg euxheidelag
VopUaS TNS TeWTNS Ypouuns tou A. Puoixd, auth 1 TocodTNTA Elvol TEVTOL U
apvnuxt|. Iapdha autd, Yo unopoloe m.y. T0 6ToEelo biy €vOG GUUUETPIXOD
untewou va eivar apvnuxd. Emouévee, xatalrfyouue o dtomo. H npdtaon
elvor aAndric uoévo €dv to untpda eivon pryadixd.



8) Eote untpmo A mou eival TauTtoypova GURIETEIXO Xl AVTIGUUUETEXO. Autd
onuaiver Twg:
A=A"

A=-AT

pooétovtag xatd péhn tig dVo elowoelg, talpvouue twg: 24 =0 = A = 0.
Enopévee, o {ntoduevog ywpog anoteleiton U6Vo and 10 Undevixd Untewo.



1.4: Troloyiote to tetpdywro tng opilovoag tov UNTpwov:

a b c d
b a —-d c
—c d a -=b
—d —c b a

YwpIs va mpoywprioete oto anevieiag akyefpiké avdrtvyua avtig (Yrédaén:
EXéyéete tig ywvies nov oxnuatiovy petald tovg ta diaviouata ypapupés - n
otiAeS - Tov untpdov. Ipoornadeiote va edyete évay yapaktnpiopd tov un-
oL 0TNP1ldjLevor aTo €160 TwY Ywvidy netal Twy Ypaupdy - 1j OTNAGY Kai
va katadiéete oo telikd arnotédleoua ypnoyuonowdvas idtntes opilovodiv.)

EriAvon:
Extehodvtac amholc UTOAOYIoUOUE ECWTEPIXOL YIVOUEVOU UETOED TWV OLovu-
OUGTWY - YPUUU®OY TOU UNTEMOL, TUPATNPOVUE TwS Ol YEoUUES elvon avd dvo
xéeteg peteh Toug. Auté onpaiver twe 1o untpdo AAT eivar diaydvio. Tuy-
AEXPULEVAL:

AAT =
A+ +E+d? 0 0 0
0 a4+ b2+ 2+ d? 0 0
0 0 A+ +E+d? 0
0 0 0 a? 4+ b+ 2 + @2

And v nopandve 16THTA, TolpVOLPE dtadoyixd:
det(AAT) = (a® + b* + & + d*)* = det(A)det(AT) = (> + 0> + 2+ d*)* =

det(A)det(A) = (a® + b + 2 + d*)* = det(A)? = (a® + V* + & + d*)*
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1.5: Eotw to diktvo aeporopikdy ouvvdéoewy petalt twv tokewv 1,2,3,4 kai
5 mov gatvetar oto Xynua 1. Eva Pélog and tnv moAn i oty moAn j onuaiver
Tw¢ vrdpyer anevlelas ttnon and Ty i otny j. Anpiovpyolue to 5 x 5 untpo
C' mov efvar tétoo GoTe:

) 1 [flight fromito j
“ =3 0 otherwise

01101
1 0010
To puntpwo avté otny mepittwon tov Yynuatos 1 etvar: | 0 0 0 1 1
00100
1 0000

To puntpdo C' ovoudletar ka1 unTpoo yertovikéTnTas tov avtioTonou dikTiov
AEPOTOPIKAY TUVOETEwY. TN YEVIKN TEPITTWON JLOVTEAOTOINTNS TWV AENPOTO-
pikay ouvdéoewy n Todewy, eEnynote tny towtikn évvowa twr ywouévor Ce
ka1 eT'C érov e = ones(n, 1) oe onueaoypapia Matlab (5nladij wo e efvar to
didvvoua oTiAn mov anoteAeitar and povdoes).

Eyfua 1: Tpaguxr, povtehonoinor acponopix®y cLVIESEWY UETAEY 5 TOAEWV.

EniAvon:

To ywoéuevo u = Ce eivan €vag edxohog TpdTog v oynuaticovue 1o dipotoua
TV 6 TNAGV ToL unterou C. H cuviothoa u; Tou diavbouatog u exppdlet Tov
OLYOAXS aptlud TTHCEWY and TNV TOAT ¢ TEOS OAES TIC AAAES TOAELS. AvtioTol-
y, T0 ywoépevo v = el C napdyer éva Sidvuopo - Yoo xou efvor évag ebxohog
TPOTOC Vo oynuaticovue to ddpoloua TwV Ypouuwy tou untewou C. H ouvi-
0TKOoN v; Tou anotehéopatos expedlel To TANYOC TOV TTACEWY TOU PTAVOUV
otV TOAN) T and OAEC TIC JANES TOAELS.
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1.6: Trodoyiote o ywdpevo A3C edv to untpoo A éyer T popen:

10 0 1/3 1/3 1/3]
010 1/3 1/3 1/3
00 1 1/3 1/3 1/3
000 1/3 1/3 1/3
000 1/3 1/3 1/3
00 0 1/3 1/3 1/3 |

(Yrdéde&n: Ipoonabeiorte va Ppeite évav opuallé (vropuntpdo) C' tov untpdov
A térowo dote: C% = C. Ty owéyea tpooradiote va Ppefte kdnoes erayw-
ViKkéS oyéoes otnpiluevor otor moAdatAaciaopd untpdwy katd opuadors.)

EriAvon:
E&etdlovtag ) doprn tou untemou A, cuunepaivouye Twg o oppadoc:
1/3 1/3 1/3
cC=1|1/3 1/3 1/3
1/3 1/3 1/3

éyer v Wibtnta C2 = C. Edv [ ebvou 10 3 2 3 tautotind puntpdo xou 0 10 3 x
3 undevixd untewo, T6Te T0 A YpdpeTal G TN LOPPY:

lre]

Exteholpe évay noloamhaciaoyd xatd opgodolc Tou A pe Tov EquTd TOL ¢

e
Azzlf C]‘[I C]:ll 20]
0 C 0 C 0 C

‘Evac tétolog noAamhactoouds eivon €Yxupog apol Oha T UTOUNTEMO Elvol
tonou 3 x 3. Ipocoyr ed& mpénet va dwidel 0TI BlUo TAOEIC TWV UTOUNTPOWY
TPOS TOMAATAACIAOUO TOU AVAAOYO UN TOV TEYAYIOUO TOU opyix00 UNnTewou,
eVOEYETAL VO UMV SLUUPOVOLY Xou 0 ToAhamhactaowds vo punv eivar €yxupoc (BA.
oyete Vewpla xou dahéZetc tou padfuatoc). Ipoywpdvtoac tdpa pe 1o Bio
oXETTIXO, EXTEAOVUUE TOV UTOhOYIoUS TN BOVaUNS:

s o . | T 2] 1 c|l_[I 3C
A_AA_[OC oc| o C

Katolfyoupe emouévmng oti o1 Yevixy nepintwon:

v [ 1 ac wo | I 300C
A‘lo c |74 =10 ¢
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1.7: a) Eoww untpdo A tonov m x n. Arnodeitre onr n tdén (rank) tov un-
o elvar 1 av kar uévo av vrndpyovr davvouate u € R™ karv € R” térowa

dore A = vl

B) Eotww untpodo A tinov m x n ue véén fon pe 1. Anodeitre om A? =
trace(A) - A.

EniAvon:
o) A unotdéoovye apyxd ott to untp®o A éyel é&n lon pe 1. Autd ornyaiver
nwe 10 A elvan ypoupo-cTnhoicodivogol pe to untedo:

100 --- 0
000 -0
000 -0
ovpPohxd, A ~ S. Mnopolue va ypdouvue 10 S wg e€wTepd YIVOUEVO TwV
1 1
0 0
dtavuoudtowy ep € RN, ye e = | xowép € RN, ue € = . UE TOV
0 0
axohovdo TpoTOo:
S=e-el

And tov opiopd g 10oduvaiag UNTEO®Y, £youue Twg to A,.S cuvdéovtal e

wia ayom e popgc:
PAQ =15

omou P, Q avuotpédiua pntewa. ‘Eyovue Aoindv dadoyixd:
PAQ=8=A=P'SQ ' = A=Ple; - FQ ! =
_p-1 . -1
A=Pey Quy
6moU P(T&),Q(f:) N TEOTN oTANY X 1) TEOTY Yeouph TV untpdwy P xu

Q™! avtictoa. Ermopévec, mpdypatt, to pntemo A ypdoeto ¢ eEwtepind

LAV 7o untpdo B éyet mpoxhet and 1o A petd and epapuoyy evée apduol yeuuponpd-
Eewv xou otnlonpdiewy oo A t6te o A,B ovopdlovton Ypouo-o TRAGIcod0 VI UNTema
N anhd woodbvapa untewa. H eqapuoy plac yeouuonpding oto untpdo A avtictoiyel oe
ApLoTERG TOMATAACLAOUS TOU A e €va o ToLELWdES unTp®o. AvtioTtolyo, N eQopuoY tLog
oTNhoTEdENC avTioToLy el o€ Belld ToAMamAacIacUs UE Eva o ToELODES Pntpto. Kadde éva
UNTPGO elvor avTIoTEEPLUO oy XL HOVOV EQV UTOPEL Vol YPAPEL GOV YIVOUEVO G TOLYELWOWY
untedwy (3nhadrh untedev ™me wopehc I —uvT), odnyoludote 0Tov 0ploUd TOS TU UNTEGA
A B eivon 100d0vapa av xan wdvov edv undpyouy avuoteédga unteda P, Q tétow dote:
PAQ = B.
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WoUEVO D00 davuoudtey. Avtioteood thoa, edv A = wvl, téte xdde yoouuF
) )

(othAn) tou untpwou A Va eivar tohharhdoo xdde dhhne ypoauuhc (oThing)
ou A. Aol 1 Td&n evdg pntewou expedlel To Péyloto TARYOS Ypouuxd ave-
Ehpntwy Yeauudy (onhdv), cuurepaivouue twe 1 téEn tov A eivar 1.

B) Ané 1o nponyoluevo epwtnua, av to A éyet téln 1, téte:
A=wuw! = A% = (wh)(w?) = 4% = u@Tu)v? = A% = (vTu)(uo?)
Apxel enopévoc va delovpe ot
vTu = trace(A)

Mpdrypart:
trace(A) = trace(uvT) = trace(vTu) =0Ty

T

/. 4 4
agol to v u elvon Paduwtodg.
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1.8: a) Eotw avnuotpédipo untpoo A tinov n x n. Arodeibte ot €dv to un-
o éxer 1dwTiun A kar avtiotolyo 1wdidvvoua T, TOTE To avTioTPOPO UNTPWDO
éxer 1wnun 1/A kar avtiotoryo 1610didvvopa x.

B) Eotw untpdo A tonov n x n kar faduwtés a ¢ o(A). Arodeiére ot to x
efvar 1dwdidvvopa tov A av kar uévov edv etvai oddvvoua tov (A — al)~!

EniAvon:
a) To (hz) etvar 1B10lebyog Tou untp®ou A, Yeyovde mou onuaivel nwg:

Ax = \x

nohhanhactdlovtag and dplo TEPd UE TOV avTioTPoYo, Taipvouyue dladoytxd:

1
=Ml = A1z = X:c

B) Edv to x eivou éva 1drodtdvuoua tou A naipvoupe dradoyixd:
Az = Mz

nolanhactdlovTag and dploTERH UE TOV avTioTpoYo, Talpvouyue Bradoytxd:

Ar=X = (A—al)zr=N—a)z = (A—al) o= =g

H televtala oyéon npoéxule pe tohhanhactacud xatd e Ye To avtioTpopo
Tou untpwou (A — al).
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1.9: a) FEotw oplopovadiaia untpda A, B. Arodeiére ot to ywiuevo AB elvar
eniong opDopovadiaio.

B) Eotw opopovadiaio untpdo A. Arodeiéte ot yia tny opilovod tov, wyver:
det(A) = +1.

Enilvon:
o) To pnrpda A, B eivar opopovadaio, dpo ot othkec toug €youy povadiaio
wétpo xou elvar avd dvo xdietec petald touc. ‘Eotw:

B=1[by by -~ by

6mou b; elvou 1 i—oo 11 aThAN Tou B. Avtiototya, 1 i—ooth o AN tou AB elvan
n Ab;. Enopéves, apxel va detlouue ott ot othhec Ab; eivar opdopovadiaieg,
onAady) otu:
Ny ) Loifi=]
(Ab:)" (A4b;) _{ 0 otherwise
[Mpdrypatt, éyouue Sodoyixd:
(Ab)"(Abj) = (b AT)(Abj) = b] (AT A);

buwg, apolh A opdopovadiatoc, AT = A7L. "Apa: Hpdypar, éyovue dadoyixd:

N (A = pTh, — L i i=]
(Ab;)" (Abj) = b; b, _{ 0 otherwise

Aoy e oplopovadiolag BtoTNTAC TV 6TNAWY Tou B.
B) Edv to A eivon opYopovadiaio, €youpe ot
AT = A7 = AAT = T = det(A)det(AT) =1 = det(A)? = 1 = det(A) = +1
Or napandve ouvenaywyéc otnelydnxay 6Tig WLOTNTES:
C =D = det(C) = det(D)

det(CD) = det(C) - det(D)
det(C) = det(CT)
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1.10: Eéetdote kdtw ano moie§ npolnoléoes elvar avtiotpédnuo éva pncpao:
1) Ave tpryowriké

2) Kdto tprywvikd

3) Tavtéypova dve kar kdtw tprywviké

I'a kdde pia katnyopia untpdwy, tpooraleiote va dwoete uia teprypapn tng
doUNS Tov avTioTPoPou.

EriAvon:

1) Dvwptloupe ott 1 avTio TpeiudTnTo EVOC UNTROOL GUVOEETAUL GUECA UE TNV
T e opilovoug. Luyxexpuéva €vo Untewo A avTio TpEPeTal oV Xl HOVOVY
edv det(A) # 0. H opifovoa tou dve tpryemvixol untpwou:

aip a2 aiz -+ Qin
0 az ay - ay

A=
0 0 0 - apn

elvon fom pe to Ywouevo twv ototyelwy tng xuplag drarywviov, dnhady:
n
det(A) = H (077
i=1

Enopévee, 1o untpto avtio tpépeton av xou povov eay a;; # 0yt =1, -, n.
2) Ioybouy axpBde ta (Bua pe tny mponyoluevn tepintwor. To xdtw tpoywvixd
UnTE®O:

aill 0 0 e 0
as1 a92 0 cee 0
A =
anl Gp2 Qp3 - Qpn
AVTIOTEEPETAL oV Xt WOVOV ey aj; # 0yl ¢ = 1,-- -, n.

r /. 2 7 7 ' 7 4 /2,
3)Eva untpmo A nou elvar Tautodypova ve xou XATe Teryovixd, eivar Sty dvio

€yel Onhadn T woppr:

aill 0 0 0
0 aoo 0 0
A= .
0 0 0 Qnn

[Mpogavee xar oty tepintwon autr oybouy ot (Bleg cuVIXES AVTIO TEEYPOTT-
TOC.

I'vopilovpe twe edv yetaoynuaticovye €va untewo A tOTOLV N T n G AVNY-
wévn xhpaxeth popeh E 2, té1e €dv 10 E elvar o tawtotind puntpdo, to A

Evoc 60VIoUoc 0piopdc Tou avnyRévou XALAXGTO) UNTecon xadde xa évac ahyoprd-
pog unohoytopol tou divovton oto Hapdetnuo Tou TAPOVTOC GUVOROU ACXACEWY.
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OVTIOTEEPETAUL. LUYREXPIEVA, €V oAy OpIUOS UTOAOYIGULOD) TOU AVTIO TPOPOU
evog untewou A ue Bdomn To 1000OVAUO AVNYREVO XALPOXWTO UNnTe®o, TEpL-
yedgpetar oo Hapdptnua. Ac mpoonadicovye va eQapUOCOLUE TOV AAYOEIIUO
auT6 o€ éva dlaywvio pnte®o. Eyouue Sadoyixd:

a7y 0 0 -+ 0|1 00 -+ 0]
0 as 0 0 Oo10 ---0 R1<—$R1
. . H
| 0 0 0 |0 0 0 1
1 0 0 0|2 00 0]
11
0 as O 0]l0 10 0 | Ro—Re
. <—
10 0 0 ann| 0 0 0O 1|
(1.0 0 - 0|z 0 0 0]
1
010 - 010 &= 0 -0 322?32
1000 -+ awm| 0 0 0 -+ 1]

Yuveyilovtog ye auTtdV TOV TPOTO XATUAHYOUYE G TO:

100 - 0| 0 0 0

11

010 --0]0 =0 0
22

000 - 10 0 0 - L

Enopévee, 10 avtiotpogo evog Blaywviou untpwou eival eniong dSlory®dvio xat
HaAo Tar pe avtes Tpapuéva Ta o totyela Tng xuplag dlaywviou. AoviebovTog e
oV {10 TPOTO, XATANYOUPE TS TO AVTIOTPOYO EVHC dvw (xdtw) TPy wVIX0)
unteoou Va eivar enione dvew (xdtw) Tprywvixo.
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1.11: a) Ag vrodéoovue ot katd tn didpkewa tng tapayovronoimons LU evégn
x n untpwdov A dev ovvartdue undevikd odnyd otoiyeia kai dev epapuclovue
kdroa texvikn odnynons. T nepiéyer kdle évag and tovs mapdyovtes L, U oto
TéAog;

B) Ag vroléoouue ont kadeiote va emilboete to ovotnua Ax = b ya noAdd
dagpopetikd de&id pédn b. Avagépate évav arodotiké tpémo emidvons Paclo-
pevo otny napayovoroinon LU.

EniAvon:

a) I'vwpiloupe ott yia xdde avuiotpéduto pntpdo A, undpyer éva unte®o avtL-
petddeone P tétolo Gote 1o yivouevo PA nopayovtonoteitar ot woppt, LU,
6mou L %dte tprywvixd untewo pe 1 otny xpta Stoyvid tou xar U dve Tpl-
YOVIXO UNTE®O. LTNY TERINTWOT TOU XATA TNV UETATEOTY Tou A ot dvw Tpryw-
vixd, dev ypetao ToOV avTwetadésels Ypuupoy, to P elvat (6o e to TautoTind.
Trdpyouv dlo mepintoeic Y Ti¢ onoleg Ya Yehfoouue va avtgetatécouye
Yooppée xatd Ty petatponh tou A oe dve tprywvixd: 1) Tuvavtdue xdnoto
undevixd odnyd ctotyelo, 2) Egopudlovpe xdmota teyvixt| odfynone (m.y. uept-
xfy 0dfynom). H expodvnon poc nhnpogopel ot xatd tnyv napayovtonoinon dev
ovyPaiver tirota and autd. Xtnyv mepintworn auth, ol mapdyovteg L, U éyouv

1) popoT:

1 0 0 --- 0 Ul U2 U3 v Ulp
lpn. 10 - 0 0 ugg wgz -+ U2

A=L-U= : )
lnl ln2 ln3 e 1 0 0 0 ©tr Unn

To ctoyelo I;; Tou untewou L eivar o avtileto 10 TOMATAACIAG TH TOU Yp1)-
owpomotidnxe xatd v anarotpr; Gauss Yo tov undevioud tne Véone (4, 5) Tou
A. Ta oroiyela mou tepiéyet o U ot xpta Sty dvid Tou elvor To 001y d 6T0L-
xela mou yenoworoiinxay o didpxeta TG ATUAOWPRS. Sav Tapdderyya, ag
do0UE TO UNTEPWO:

2 2 2
A=14 7 7
6 18 22

Egapuolovpe anahotpry Gauss 6710 untemo autd mpoxeévou vo avaydel o
ave terywvixt wopgt. Eyouue dudoyixd:

2 2

Ra—Ry—2Ry, R3—R3—3R
4 7 7 2 2 1<_>3 3 1
6
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9 92 2 2 92 2
0 3 3 ||y 3 3|y
0 12 16 00 4

Or tolamhactac tég mou yenotponotinxay xatd v arahoipt eivon ot: -2, -3,
-4. Enopévec, ol napdyovtee L, U €youv tn popen:

(1 0 0]

L=1]21

3 4 1

Xl ~ _
2 2 2

U=|0 3 3

0 0 4

‘Evac anhég nodhamhaclaopds urnopet va emBefarcdoet ot LU = A.

B) H enilvon tou ovothuatoc Az = b étav 10 A eivon yevixd untpmo anautel
Toh) neplocdTERES TPYLELS o€ oYéom Ye TNV enthuon edv To A elvar dve 1 xdtw
Tolywvixo. Enopévec, évag atodotixde tponog enthuong eivon o e€ng: Apyixd,
extelolye Ny napayovionoinon A = LU. Y1 ouvéyela, yia xdde de€1d péhog
b emhbouye ebxoha T 8OO TEIYWVIXE CUC THUATIL

Ly=5b
Xl
Ur=y

npoodiopilovtag Yo xdie 5e€16 uéhog b to {nroduevo SLdvuoua T ToL IXAVOTOLE
v eloworn Az = b.
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1.12: Eoww untpao:

1 2 -3 4
4 8 12 -8
A= 2 3 2 1

-3 -1 1 -4

Na vrnodoyodei n opilovoa tov A ywpis tn xpnion tns dueons alyePpikns
éppaons Y1’ avtn), aAdd agov mponyndel n didoraon PA = LU ue pepikn
odrynan 3.

EriAvon:

IvopiCoupe ott xdde avtiotpédipo untpdo A emdéyetar pio mopayovionoinon
e woppnic PA = LU. Me dedopévo ott ta atotyela Tng xuplag diaywviou tou
L eivon (oo pe 1, xar oOppova ge Tig 1810tNTeg Twv 0pllouo®y, EYOUUE:

PA = LU = det(PA) = det(LU) = det(P)det(A) = det(L)det(U) =
det(A) = (=1)*det(U)

6mou k 10 TAAY0OC TV EVOAAAY OV YRUUUOY TTou aratRdnxay xatd Tr Sidxpeia
¢ mapayovionoinong PA = LU. Ipoxeévou va tpocdloplcouye Toug nopd-
yovtec P, L, U and 1o yntpwo A mpoywpedue wg e&hc:

Egopuéloupe tnyv anaroipr Gauss 6nws 611 nepintworn nou Sev amouutodvtal
evolhayéc ypauuwy. Xdptv ouxovouiag yopovu, aviixahotodue xdde otolyeio
Tou undeviletar (péow e ypauponpdine npboveone wloc yoouuic tohamia-
otaouévne pe évav apriud ot otoryeio plag GAANS ypouunc) ue to avtideto
TOU TOMAATANCIAG T ToU Ypenotponoltfinxe otov undeviowd tou. Kdde popd
Tou mpaypatonoteiton uior evalhory) Yeauuoy, evalhdcovTo avTioTorya ot oL
TohhanmAoctac Tée. Utov ahyoprduo mou Vo eQupudCOUUE, Ol TOMATAACLIGC TES
mou ypenotponoolvtar Yo eugaviloviar ye évtovn yeopn. Apyxd, mpocop-
TOVUE 0TO UnTewo A éva didvuoua detxtwy p mou Va ypenotwonotniel yio Tov
TeAX6 TPoadloploud Tou untewou avtuetddeone P. To dSidvuoua p apyixd me-
ptéyet Touc deixteg (1,2,3,4) xan xotd tn SLdpxEeLol TG AMANOLPRS Ol GUVIG TOOES
TOU OVOBIATACCOVTOL OVAAOYO UE TIC EVOANAYES YRUUUDY TOU TEOYUUTOTOLOUV-
tou. ITpoooyr: Ot Twée tou Braviouatog p dev elvor aprdunTixés, ETOUEVKS
dev egapudlovta oe autég ypauuonpdiec. To p yenowonoteitar anoxhelo Txd
XU POVO Yl TNV Tapay®Y? Tou Tehixol P. XNuyxexpiéva, ol TeYVIXEC Tou
neply pdhoape epapudlovial wg €S 0TO UNTEWO TN AoxNoNg:

1 2 -3 41
4 8 12 -8|2
Alrl=1 5 35 5 1|3
3 -1 1 —4|4

3 reviuuilouye ot 1 gepixr 0dHyNRoN cuVIcTATAL GTNY ETAOYY WS 0dNY0) TOL UEYLIGTOL
XUTETONLTN TLU) oToLYElOL TNE GTAANG o TNV omola Boukebouye
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Egboov ypnowonolodye uepix| 0d1ynon, SIAEYOLUE ©C TPWTO 0dNYd TO Yé-
Y010 ot andluTy TR oToyelo TS TPOTNG o THANS, dnhadn To 4, xou UETo-
(PEPOLUE TNV YPOUUY TOU TO TEPIEYEL TRMOTN:

1 2 -3 4]1 4 8 12 -8|2
4 8 12 8|2 | Rem | 1 2 =3 4|1 |Re—R-if
2 3 2 1]3 2 3 2 13
-3 -1 1 -4|4 -3 -1 1 —4|4
4 8 12 -8|2 4 8 12 -8|2
% 0 -6 1 | Rs—Rs—3R: % 0 —6 6 |1 | Ra—Rat+3Rs
< <
2 3 2 1]3 3 -1 -4 5|3
-3 -1 1 -—4|4 -3 -1 1 -—4|4
4 8 12 -8]2
1 0 —6 6 |1 |R—Ri+iR
1 —
3 -1 -4 5 |3
-2 5 10 -10|4

Qg Thpa €yovue TEAEUDOEL TOV UNBEVIOUS TV o TolyElwy mou Bploxovta xd-
W and 10 TPWTo 0dNY6 ototyelo. Puoixd, oTo YnTE®Oo mou mapdyUNXE PETA
™V TEAELTALA YPOPUOTEALT), eV eupavilovtal Ta Undevixd apol autd €youv
avTixatoo Tadel and toug Tolhamhactas Tée mov Yo pog BOOOLY ToV TEAX Ta-
pdyovta L, Yuveyilouye tny dradixacia anahoiprc oNUELOVOVTIS TS WS TWRA
€yel mpaypatonomiel uio evahhayn ypouuwyv. Egapuolovtag yepix) odryn-
O}, TUPATNPOVUE TS TPEMEL TOPA VoL EVOANAEOLYE TIC Ypuupés 2 xou 4, ondte
€youpe dadoyLxd:

4 8 12 -8 12 4 8 12 -8]2
3 0 —6 6 |1 |ReoRr | -3 5 10 —10|4 | Rs—Rst+iRe
i A 1 «
z -1 -4 5 |3 i -1 -4 5 |3
3 1
-3 5 10 -10|4 3 0 -6 6 |1
4 8 12 -8 |2 4 8 12 -8 |2
-2 5 10 —10|4 | ReRytO0R: | =3 5 10 —10|4 | Ry=Ry
< <
o1 o 3 |3 3 s —2 3|3
1 1
3 0 -6 6 |1 ] 3 0 -6 6 |1
4 8 12 -8 |2 4 8 12 -8]2
-3 5 10 -10|4 | Ra—Ri—3Rs | =3 5 10 -10|4
: 0 -6 6 |1 i 0 -6 6 |1
1 1 1 1 1
2 5 2 3 |3 2 5 3 1|3
Enopévee, €yovue tdpa avayet To apyixod unte®o A og dve Tprywvixt Lopen

U. Ot napdyovtec L, U elvar ot

1 0 00 4 8 12 -8
3
-3 1 00 0 5 10 —10
:4 =
L %010’U 00 —6 6
1 1 1
;3 -1+ 11 00 0 1
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eve o mopdyovtog P unohoyiletar and 10 tehixd didvuoua avTipetdieons p av
EQUPUOCOLUE TIG AAAaYES Ypauu®y Tou opilel To p aTov TawtoTnd 4ad mivoxa.
Anhady), apod:

— N

3
o P Ya npoxiiel av tdpoupe tov TautoTind 44 mivaxo xot TotoVeTHo0VUE TpG-
™ TN dedTEPN Ypouur| Tou, dedteEpn TNV TETAUPTY, TElTN TNV TEWTY XU TETUPTY
™V Teitn. Anhady:

0100
0 001
P_1000
0010

Me anhé nolhanhactooud uropel vo anodeyvel ot PA = LU. Emoctpégov-
TOG TOPA OTO EPWTNUA UTOAOYIoROU NS 0plloucus, TUPATNPOVUE OTL XUTH TNV
avay YT YeELdo Txay 3 evalloyés yoauuody. Enopévec:

det(A) = (=1)*det(U) = (=1)-4-5-(=6) - 1 =120
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1.13: A vrnotéoovue twg to ovotnua Az = b, A € R™", b € R" éya
Hovadikn) AVan kai 0Tt 0ToV Tivaka Twy ourTeAeoTay epapuoletar pia avavéwon
TpéTng Tdéns, mou diver to véo ovotnua: (A4 cd’)z = b drov ¢, d € R™. Ag
vnolléoovpe emiong twg y eivar n Avon tov ovotnuatos Ay = c. Adote kkeiotoé
TUmo yia tn AVoN 2 TOU avavewmévou ouoTUaTos.

Enilvon:
Oa yenoiponolioovpe 1 oyéorn twv Sherman - Morrison yia tov avtictpogo
™™g avavéwong meoTng tadng. O tinog poac Adet mwe av To untewo A elvar
avtioTeédiuo xau ¢, d etvar Savoouata tétow dote 1+ dL A7le # 0, téte 10
dipotopa (avavéwon mpdtne téEne tou A) (A + ed?) ebvor avtiotpédigo xa
oy et
~1 4T f—1

A (4

14+dT"A e

Wdyvoupe v Ty Tou diaviopatog z. Eyouue Sadoyixd:

(Atcd)yt=A""

(A+ecd)z=b=2=(A+cd)™ b

xou e yefomn e (4) éyouvpe:

A ledT A1
_ T\—1 _ a1
z=(A+cd) h=>z2=(A —m)b:s
A—l dTA—l dT
p= AT 2O sy YT

1+dFA- e 1+dTy
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1.14: a) Foww owenés obotnua eiiodocwr Ax = b kar Sidvvopa u € R(AT).
Na aroderydei ott to eowtepind ywduevo ul x efvar otalepd ¥ x : Az = b.

B) Hpoobdwpiote pia Bdon ya to pundevoypo tov untpaou:

1 2 3
A_[246]

Erilvon:
o) To Sidvuopa u avAxeL 6TOV YOPO YPouudY Tou untemou A (dpa xat 610 Y®peo
oty tou AT). Enopévec, Yo undpyet xdroto didpuoyua y 11010 GoTE:

u=ATy=ul =yTA=ule =yT Az = wToe =y7b

B) O undevoywpoc N(A) tou untpwou A anoteleiton and 10 6HOVONO OhwY TwV
BLVUOUATOY T Tou txavomooly To opoyevée obotnua Az = 0. Enopévoc,
TPOXEWEVOL VU TPOGOLOPIGOLUE TOV UNOEVOY WO apxel va Bpolue TN wop®n
OAV aUTOV TV Moewv. Ta 1o 6xond autdy, avdyouvue to

1 2 3
2 46

o€ avnYUEVT XhpoxwTh popph. Metd tnv e@apuoyy wag yeauuonpding, naip-
VOUUE TO YpouUoloodivauo cOo Ty

1 2 3|0
0 0 010
To 16odhvaya oustiuata €youy Tic Bieg axpiBve Aoelg, emouévng ol hioelg

Tov Ax = 0 €youv ) poppR: 1 = —2x3 — 373 OTOL T2, T3 ONOLOWHTOTE
aprduol. ‘Apa 6heg ol AOOES TOL OUOYEVOUS GUC THUATOS Efval TNS LopPHC:

—2k — 31 -2 -3
k =k| 1 | +1| O
l 0 1
3] [ -2
xou eTopévec o undevoyweoc eivar: N(A) =span{| 0 |,| 1 |}
1
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1.15: a) Ipoodiopiote g 1d0tiués kar ta avtiotoye 1wdaviouata tov un-
TPHOU:

3 =2 5
A=1[10 1 4
0 -1 5

B) Hpoodopiote, ywpis va mpoywprioete o€ vToAoyod Wwtudy, av ta davl-
opata mov akodovdoly €lvar 1d0daviopata Tov UnTpwou:

—9 —6 -2 —4
-8 —6 —3 —1
20 15 8 5
32 21 7 12

A=

xar ' avtd mov mpdyuatt e€ivar 1wdiaviouata, va vroloywotel n avtiotol
)

1010TIUn.

-1 1 -1 0
Ty = ! y L2 = 0 y L3 = 0 y L4 = !
0 -1 2 -3
1 0 2 0
Enilvon:

a) IHpoxewévou va vohoyiooupe Tic WoTués ToU Untpwov A, apxel vo emt-
AMooouvge v yapaxtnplo uxy egiowon det(A — AI) = 0. Avoantdcoovye v
optlovoa we Tpog Ta aToLyEld TN TEWTNS GTHAYNS, OTOTE TalpVOULUE:

det(A)=0=—-(A—3)>=0

And v mapandve e&loworn, cuunepaivouue Twe TO UNTEwo A €yel povadixn
ot ™y 3 e tohhamhotna 3. Ipoxewévou va Beodue Tov avtio totyo yohpo
wrodtavuoudtwy, Yo npénet va unohoyioovue 1o undevoyhpeo N(A - 31), eqop-
wolovtag anahorpr Gauss otov A —31. Metd Ty eXTENEOT TOV ANAUTOVUEVWY
YOEUUUOTPIEEWY, TEOXVTTEL OTL TO GVG THUL

0 -2 5|0
0 -2 410
0 -1 2|0

elvol Ypaupoicodlvouo Ye To:
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TOU GNUAIVEL TS 1) ADom Tou avtioToyou opoyevolc ousthpatoc (A—31)z =b
elvon g popyrc:

1
E|O
0
1
yio tuyado k. Apa, o undevoywpog tou A—31 eivon 0: N(A—3I) =span{| 0 |}
0
X ETOUEVKC, €va lodidvuoua avtiotolyo tng Wiotiunc 3 elvar to:
1
0
0

B) Hpoxewévou vo emPefoucdooupe av xdle €vo ex TV DAVLOUITWY T, T2,
x3, 24 clvar 1Bl0d1dvuopa tou A, apxel va eEXTEAECOUUE TOV TOANATAAGLOGUO
Az; yio i = 1,2,3,4 xou va ehéyEoupe av T0 anoTtéhecpa eivol TOMATALCLO
Tou z; (omdte xou o mohhamhaotaothc Yo elvon 1 avtiotolyn Wotur). Me tov
TPOTO QUTOV, XATUAHYOUUE GTO GUUTERACUO TIWS TA DLVOOUATA T, T3, T4 EbvaL
mpdyuatt wiodlaviopata Tou A pe avtiototyeg Wotpég, tic 1,3 xou 3.
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1.16: a) Na aroderyUei ort edv to untpdio A elvar opopovadiaio, téte o pétpo
kd e 1610T1un§ TOU €lvar foo e 1.

B) Eotw ot to A elvar untpdo mpoforns. Tv tipés pmopolv va AdPovy td-
T€ 01 1010TIUES TOU;

Erilvon:
o) Egboov 1o pntpdio A eivan opopovadiaio, o avtiotpopdc tou eivar {oog pe
TOV avVAG TEOMYSH TOu, BNAUDY:

AAT =1

Ac unotéoovpe thpa twe 0 A €yet éva 1doledyog (A, ). Autd onuaiver ot
Az = Az, Loppwva ue 1oV 0ploud Tou UETPOU SLavOoUATOS, €Y OUUE OTL:

|Az|? = (Azx)T (Az) = 2T AT (Az) = 2T (AT A)z = 272 = ||z|?

enopévwe, Va Loy el xal OTL:
Az = flzl* = APl ]* = ||z
xou €QOGoV To X elvan B1dpopo Tou UNdEVIXOY BlavioUaTog, EYOUUE OTL:
Al=1
B) To A eivor untpdo mpoPorfc, enopévac A2 = A. Ac umodéoouue thpa TwC
0 A éyel éva idoledyog (h, ). Autd onpaiver ott Az = Az. 'H 10080vapa:
At = Az = A%z = A(Az) = A(\x) = \(Az) = N2z

ENOPEVLS:
(I=XAx=0

mou onuaiver twg A=0 1 A=1.
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1.17: Na ypagtel o unzpddo:

=

oav YpauiKkos ouvduaouos untpwwy tpoPorns povadaias tdéns.

Ernilvon:
Apywd, vmohoyilouue Tig dotiwéc tou A Bploxovtag Ttic pileg Tou yapaxtnpel-
oTxol mohuwvipou. Eyoupe Stadoyixd:

det(A—M)=0= (A—8)(A+2)=0

Enopévece, ot 18otipég tou A eivon ot 8 xou -2. TIpoadiopilovtag tov undevoywpeo
v untpeny (A - 8I) xou (A +2I), unohoyiloupe xou Tt avtiotoryo WBLOdLa-
-1

3 ] Metd v xavovixonoinorn, o SlayOoUATo AUTd

anoxTolV povadiaio UETPo ot YRApovToL WS [ 3/@ ] o l _1/\/m
1/v/10 3/V10 |

[Mapatneolye mwg 0 A eivon oUUPETEXO, ETOUEVWLS LTdPYEL opUopovadiaio
untedo Q tétoo Gote A = QAQT, npdypa mov cuverndyeta otu:

-1/v/10 3/v/10 || =2 0 | | —1//10 3/4/10
3/V10  1/4/10 0 8 3/V10  1/4/10

Av ouyfolicoupe UE q1, g2 TiC 0THAES TOL @, TOTE 1) TAPATAVL GYEoT YRAPETAL
oTN pop@:

1/10  —3/10 9/10 3/10
A=—2qlq?+8quQT=—2l / / ]+8l/ / 1

voopota :1)) xou[

A:QAQT:>A:[

—3/10  9/10 3/10 1/10
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1.18: a) Na vrodoyivete pia opfopovadiaia Pdon ya tov xdpo nov tapdyeta
aré ta Savvouata:

1 3

0 1

o [’ 1 |’
-1 -1

= o N =

B) Tr ovuPaiver otn dwdikaoia twv Gram-Schmidt dtav averj epappootel oe
oUrvolo ypauuikd ekaptnuévor diavvoudtwy;

EniAvon:

¢ 4 ’ /. N AR 4 N
o) Apyixd, Yo mpénel va uTOAOYICOUUE TO UTOGUVOLO WV BEBOPEVEV Blavu-
OUATWY TOU TAPAYEL TOV YWpo. AuTd onuaivel Twe TPETEL VoL UPTICOVUE GTO
uTooOVOhO UOVO Ypouuixd aveldptnta Stavbopata. Extehodvtac wla amhy avo-

YWYT| TOL UNTPWOL:

1 1 3
0 2 1
0 0 1
-1 1 -1

OE aVNYUEVY XNUIXOTH LopPY|, TopaTNeolUE Twe 1 Tagn Tou elvar {on ue 3,
eMOUEVWS xat ol 3 dedouéva dlaviouato elvor Ypouwixd avegdpTnTta, TOU OT-
Holvel ToG OV TEEMEL VAl KTETAEOLPEY XAVEVA. 1T GUVEYELXL EQUpUOLOVUE TNV
opvoxavovixonoinon Gram-Schmidt 1o sOvolo twv 3 aut®y dtavuoudtwy. O

alybpripoc Gram-Schmidt Eexivder and éva shvolo dravuoudtwy {x1, - -, }
xou Topdryel wla opopovadaio Bdon {q1,- -+, ¢n} €tol dote span{xy, - -, xn}
= span{qi, -+, qn}. Apyd, naipvouye:
q o
1= 7
21

Ipoxewévou va vtohoylcouue o BedTERO BiLdvuoua ga TNE xawvolplag Baong,
QUPOLPOVUE OO TO T TNV CLVIO TOOU TOU TOU EVOL TUPEAANAY 010 ¢y:

- T

g2 = T2 — q1 T2q1
To Sidvuopa ¢a elvar Théov xddeto oo g1 (éyer apoupedel 1 napdAAnAn cuvL-
otwoa) oA& ev Yével dev €yel povadiaio uétpo. Enopévme, 1o xavovixonolodue
hopPdvovtag To dedhTepo Brdvuoua go:
@

12l

ITpoxewévou va Tdpouue TO g3 aPoupoVUE ATd TO T3 TIC GUVIGTOOES TOL TOU
elvon TapdAANAeC oTa q1, go:

q2

§3 = T3 — ¢l T3q1 — G4 T3G2
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X0l GTY) CLVEYELL XAVOVIXOTOLOUYE:

q3

q3 = 77
g

H enavainmtiny autr Swodixacto teppatiCer 6tav €youv eavtindel ol to dio-
voopata z;. H eqauppoyn e ota 3 dedopéva diavioyata, tapdyet TRy oplo-

1/V/2 0 1
povadiaio Béon: { 8 ) é ) (1) }
—1/v2 0 1

B) Av n dwdaoio Gram-Schmidt egouppootel o chvoho ypopwxd eEaptnué-
VoV dlavuoudtey Yo odnyroet o€ SlalpeoT) UE TO UNOEV G TN QAT TNS XAVOVI-
xomnoinone. Ipdypatt, ac unodécovpe nwe ta TpwTta {21, -+, Tk} daviopota
elvon ypopuixd aveZdptnta, ondte 1 Sadixacio €yel maupdyet o avtioTolyo op-
VYopovadwio {g1, -+, qx}. Eotw tdpa 2441 T0 Tp®TO didvucpa mou e€aptdtar
Yoouuxd and to {z1, - -,k }. Auvtd onpaiver toc Ty € span{xy, -, )} =
span{qi,---,qx}. Anhadr T0 Tj41 UTOPEL VoL YpaPEL O YPAUUUXOS GUVOLUOUOS
v {q1, -+, qr}. Avtd unopel va yiver ue povadixd tpoéno we eghc:

1 = (@ Tr)qr + (63 Thar)az + - + (0 T )k
Enopévee, 6tav  Gram-Schmidt extehéoel tny eviohy:

QK1 = Tr1 — (@ Tep) @1 — (3 Tos1)q2 — -+ — (G Ths1) Qo

Va eZdyer anotéheopa gih1 = 0, xou 670 enduevo Briua (xavovixornoinon) Yo
odnyniel oe diadpeom ue to 0.
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IMopdptnua
Avnypévo Khpaxwté Mntpwo

‘Eva untp®o E tinov m x n ovoudleton avnyuévo xApoxwtd edv oy bouy
TawTOYPOVA oL axdAoLVES IBIOTNTES:

o O pn undevixée ypapuéc Bploxovtar mpty and Tic Undevixés.

e To npwto amnd aploTepd U Undevixd otolyeio xdde un UndeVIXAC YeUUUNS
elvor o 1 xan PBploxetan dedidtepa Tou avtioTtoryou 1 g mponyoluevng

Ypourc.

e To mpddto amd aplotepd 1 xdde pn undevixhc ypauuns eivon to wévo un
undevix6 otolyeio g oTAANS TNV onola AVHXEL.

[Mo mapdderyyo, o unTeo:

1 0 00 13 0 20

0100 00110 (1) (1) g 8 ;L
0010”0 O0O0O0T1]|” 000 1 1L
0 001 0 00 0O 3

Beloxovton o€ avnyuévn xhpoxwt poppt o avtideon Ue to yntpwo:

)

S O =
o = O
= o
S O O
S O =
S O W o
O = O O
O = NN O
OO O =

Kdle untpwo A elvar ypoppoloodivouo pe évo Lovadixd avnyUEvo xAUaxwtod
untewo E. TMopoxdtw, nepypdpeton oe cuvtopla €vag alydpriuog extéheonc
™G AVaYWYHS AUTHC.

Avaywyn Mntpwov oe Avnyuévn Khpoxwty)] Moppy
O ahyoprdyog uetatponhic EVOS UNTE®OL A GE aVNYUEVT XAUOXWTY LOP®T 0XO-
houiel:
1. Bploxouye tn mpdTN GTHAN TOL UNTEMOU TOU TEPLEYEL WU UNdEVIXS G TOL-
xelo.

2. Xpnolonolwvtag NV YEOUUOTEdET avTaAAAY S YRUUUDY, UETUPEQOVUE
TEOTN GTO UNTEWO TNV YRUUUY TOL TEPLEYEL TO Un UNBEVIXO GToLyYElD TNg
o THANG.

3. XpnowonowvTag TNV YRoUUoTEdE ) TOMATAACIUCUOD YRoUUNG UE 1N Un-
devixd aprdud, UETATEENOLUE TO Un Undevixd otolyeio g o THAng ot 1.
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4. Xpnowonoldvtog Ty Yeouponpdin npbodeons uiac ypouurc (tolhamia-
owopévne pe évav apriud) oe pla SN ypauur, petatpénovye Oha To
otoyelol TNE 6 TAANG TTov Elvon xdTw ond T povada ot 0.

5. Ayvoolue tn mpdTn YeUUUr TOU UNTEMOOU xou enavaiauBdvouue o Briuota
1-4 vy Ti¢ emdueves Ypaupés Tou untewou, apyilovtag and Tt debtepn
YOUUUT X0l TPOYWROVTAS Teog TNV TeAeutala. Av Ouws oL Ypouués mou
anouévouy eivor undevixée, uetoPaivoupe oo Prga 6 Tou alyopiduou.

6. Ao ypopurn oe ypauuy, YeNOoLOTOIOVTIS TO TE®To and aplotepd 1 xdie
Yoouunc xou T Ypoponpdln tpbodeone wiac ypauuhc (tohamhaotoopé-
vne pe évay oprdud) oe piot G ypappy, LETatpénovpe Oha T 6 TolyEl
¢ oThANg Tou Pploxetar 1 ovdda auTr o PUNdeViXd.

[ mopdderypa, TEOXEWEVOL VAL UETATEEYOLUE TO UNTEWO:

2 -4 -8 6 3
o 1 3 23
3 -2 0 0 8
o€ aVNYUEVT XMUoXWTH pop®t|, axohovdolue ta eEhc Briuato:

© Tolanhaodlovpe Ty mpdT Yeouph e 1 (ouuBokixd Ry «— iRp) o
TEOXUTTEL TO LGOBVUVAUO UNTEWO:

1 -2 -4 3 3
0 1 3 23
3 -2 0 038

©® To ototyelo tng dedtepnS YPUUUAS XdTw and To TPWTO and uplotepd 1 tng
TewTNS Yeouuns etvan NN undév. Enouévec, npoywedus oto avtiotoryo 6tol-
yelo tne teitng Ypouurc mou eivan (oo ue 3. TTohhamhaotdlovye Ty TpdTN Y-
uh ue -3 xou v tpooiétouvue oty ity Ypouur (ouuBolixd Rs «— R3—3R1),
ondTE TPOXUTTEL TO LGOBLVIPO UNTEWO:

1 -2 -4 3
0 1 3 2
0o 4 12 -9

NI~ QO Nl

©® To mpdto and optotepd wn undevixd otolyelo tng devtepne ypouuns clvar
707N povada. Enouévewg, mpoywedue otov undevioud tou 4 nou Beloxeton xdtw
and auth) T povdda. IToAlamhaocidlovue tnv Sevtepn ypouur ue -4 xor v
tpooétovpe oty tpitn yoouus (oupBolixd Ry «— Rz —4Rs3), ondte npoxHnte
TO I0OBVVAUO UNTEWO:

1 -2 -4 3
0O 1 3 2
0 0 0 =17

L Njw

|
—_
3

2
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©® To npwto and apiotepd un undevixd otolyeio g teltne yeauuns etva -17,
on6te mohhamhactdlovpe TN Tpitn ypoupr ue —1- (cupBokind Ry — —1=Rj)

xo TPOXVTTEL TO LGOBUVIUUO UNTEWO:

1 -2 -4 3 3
01 3 23
0o 0 0 1 3

© Topa mhéov elpacte oo BAua 6 Tou Tpoavageptévtog alyopiduou. Ilpo-
onodolue va undevicouvye Ok ta aTotyela TG TETAPTNS o THANS Tou PBploxovtat
méve and to 1. T'a to oxond avtd, exteholue Tic mpdlec: Ry «— Ry — 2R3
xat Ry «+— Ry — 3R3 ondte npoxOnTEL T0 16000VOUO UNnTe®O:

1 =2 =4 00
01 3 02
0o 0 0 1 3

© Ilpoonadodye va undevicouvue dha ta ctoyeio g dedtepne oTHANG mou
Bploxovton mdvew and 1o 1. T 10 oxond autd, extehobue tny mpdln: Ry «—
R 4 2R3 omdte TpoxOTTEL TO IGOBUVAUO UNTEWO:

1020 4
0130 2
0001 3

To untpto mov npoéxule elvor avNYUEVO XAULIXWTO.

Avtictpopn Mrtewou péow Metatponrc o Avnyuévn Kio-
xwT) Mopyn

IvopiCoupe and ) Yewpla Twe €4y 10 160B0VALO aVYUEVO XNUIXOTO UNTREOO
E evoc pnrpwouv A n x n eivar 1o toutotnd, tOTE 10 A avtioTpépeTal. Xe
nepintwon mou 1o E dev elvar 1o tawtotind untewo, 16te 10 A dev avTio Tpépe-
tou. H eqoppoyy| plag yeapponpding o éva untpoo A tooduvapel ue aplotepd
rolamhactacpd Tou A Ue éva G ToLyEIOdES UNTpwo (dnhadi| untewo e wop@hc
I —uvT). Ac umodéooupe ot to untpdo A avtiotpégetor. Autd onuaivel Twe
elvon ypoppoloodivouo Ye 1o TautoTixd untewo L. Xougwva pe ) culhtnon
mou mponYRinxe, unopolue va Ypdhouye:

GiGy - GRA =T

6mou G elval 6TOLYEIODT UNTEPWA TOL AVTIG TOLYOVY GE XAnold and TIC 3 Ypou-
pompdielc. And v napandvw oy€on TpoxUTTEL 0Tl To avTioTpogo Tou A civar
TO YIVOUEVO TV O TOYELdWY Untpwwy GGy - - - G H napatiponon avty, pog
odNYEl 0 TNV XATAGKEVY) TOU axOhoLYou alyopiluou EVPEGNE TOU AVTIOTPOPOL
eVOC Untpwou A:
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1 . Eympatilouye 10 n x 2n enavinuévo untewo [A | I] 6nov I 1o povadiaio n
T N UNTEOO.

2 . Tlpoonadolye vo yetaoynuaticovue 10 A o avypévn xXApoxwTr wop®n,
eqapudlovtac Guwe ypapponpdies oto enavinuévo untpwo [A | I] xou
oyt wévo oo A.

3 . Metd 1o téhog Tou ohyoplduou avaywYRS o avIYUEVT XAUIXWTY LOpP®Y,
10 enaunuévo untpwo éyet ) wopyt [R | B, 6mou R avnypévo xhipaxw-
6 untpwo. Edv R = I, érou I 1o povadiaio (tawtotind) untpmo, téte 1o
A avtiotpégeton xar o avtiotpogds Tou eivan To untewo B. Edv R # I,
t6TE T0 A BEV AvTIo TRéPETAL.

A¢ npoonadficovye Vo EQUPUOCOVUE TOV TUPAUTAVE ahyoprduo Yio Ty e0pea
TOL AVTIGTEOPOL TOU UNTRPMOOU:

W N =

11
A=1|1 2
1 2

'Eyoupe Swadoyixd (onueidvoupe cupgfohixd xdde extehobuevn Ypouponpdin):

Lrafroof oo
[A|I]=]1 2 2]|0 1 0 | = mgmommm
1 2 3/00 1
11 1)1 00 L I
011—11033*33&011—110 2l Ml
01 2|-10 1 001 -1 1
1 10]1 1 -1 100 -1 0
01 0[-1 2 —1|™ &0 71 0 2 -1
0010 -1 1 001 -1 1
Kozroc)\niocps ETOUEVLS 0T pop(pn [R | B] ue R = I, enopévee 10 apyixd
pntpwo O(VTLGTPE(PETOU. Xl O O(VTLOTPOCPOC Tou eivat o:
2 -1 0
-1 2 -1



