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 . . .GRAMMIKH ALGEBRA I: EXETASH Septembr�ou 2005Diab�ste prosektik� ti
 ekfwn sei
. Gia thn pl rh axiolìghsh tou graptoÔ sa
 prèpei na parousi�seteìlo sa
 ton sullogismì kai ìla ta endi�mesa apotelèsmata. 'Eqete 3 ¸re
.KALH EPITUQIA!!!PROSOQH:
• 'Opou den anafèretai   den fa�netai apì thn ekf¸nhsh to mègejo
   to e�do
 twn stoiqe�wn enì
 mhtr¸ouna upojètete ìti e�nai tetragwnikì megèjou
 n me pragmatik� stoiqe�a.
• An den up�rqei dieukr�nish, ta dianÔsmata e�nai st le
.
• Ta dianÔsmata th
 tupik 
 b�sh
 sumbol�zontai me ei (dhl. st lh me ìla ta stoiqe�a 0 ektì
 toustoiqe�ou sth jèsh i pou e�nai 1).
• To tautotikì mhtr¸o sumbol�zetai me I.

I. Na apant sete sti
 parak�tw erwt sei
 �Swstì/L�jo
�.1. Swstì   L�jo
:2. 'Ena tetragwnikì mhtr¸o S onom�zetai antisummetrikì ìtan S⊤ = −S. Na de�xete ìti opoiod potetetragwnikì mhtr¸o mpore� na grafte� w
 �jroisma enì
 summetrikoÔ kai enì
 antisummetrikoÔ mhtr¸ou.Na efarmìsete aut  thn arq  sto mhtr¸o A =

(

1 2
−3 5

), kai na upolog�sete to summetrikì B kaito antisummetrikì C ètsi ¸ste A = B + C.Ap�nthsh. MporoÔme na gr�youme B = (A+A⊤)/2 kai C = (A−A⊤)/2. Gia to sugkekrimèno mhtr¸oèqoume
B =

(

1 −1/2
−1/2 5

)

, C =

(

0 5/2
−5//2 0

)

.3. Swstì   L�jo
: Dojènto
 enì
 omaloÔ mhtr¸ou A ∈ R
n×n kai enì
 mh mhdenikoÔ dianÔsmato
 x ∈ R

n,ta dianÔsmata {x, Ax, A2x, ..., Anx} e�nai grammik� anex�rthta.Ap�nthsh. LAJOS: 'Ola ta dianÔsmata e�nai stoiqe�a tou dianusmatikoÔ q¸rou R
n pou èqei di�stash

n. Epeid  e�nai n + 1 dianÔsmata, ja e�nai grammik� exarthmèna4. 'Estw mhtr¸o A ∈ R
n×n me duo gnwstè
 idiotimè
 λ1 = 1 kai λ2 = 2 kai ant�stoiqa idiodianÔsmata

u1, u2 ∈ R
n. a) Na de�xete ìti an ìle
 oi st le
 tou n × k mhtr¸ou X ∈ R

n×k perièqontai stodianusmatikì upoq¸ro pou par�getai apì grammikoÔ
 sunduasmoÔ
 twn u1, u2, tìte isqÔei AX = UMG,ìpou M ∈ R
2×2 e�nai diag¸nio
 me stoiqe�a λ1, λ2 sth diag¸nio kai G ∈ R

2×k. b) Na exhg sete poiaja e�nai ta stoiqe�a tou G.Ap�nthsh. 'Estw ìti X = [x1, ..., xk] ìpou k�je xj ∈ R
n. Apì thn ekf¸nhsh gnwr�zoume ìti

xj = γj,1u1 + γj,2u2, j = 1, ..., k.gia k�poiou
 bajmwtoÔ
 γj1, γj,2. Prosèxte t¸ra ìti
Axj = A(γ1,ju1 + γ2,ju2) = γ1,jAu1 + γ2,jAu2

= γ1,jλ1u1 + γ2,jλ2u2

= [u1, u2]

(

γ1,jλ1

γ2,jλ2

)

= [u1, u2]

(

λ1 0
0 λ2

) (

γ1,1 · · · γ1,k

γ2,1 · · · γ2,k

)



Epomènw

AX = [Ax1, ...Axk] =5. Sa
 d�netai to di�nusma x = [1, 2, 3]⊤. Na upolog�sete èna mhtr¸o P ∈ R

3×3 tètoio ¸ste gia opoiod -pote di�nusma y ∈ R
3, to di�nusma Py na e�nai bajmwtì pollapl�sio tou x.Ap�nthsh. E�nai to mhtr¸o P = xx⊤/x⊤x, dhl.

P =
1

14





1 2 3
2 4 6
3 6 9



6. Dojènto
 tou mhtr¸ou A ∈ R
n×n kai tou antistrìfou tou A−1 kai dianÔsmata ìpw
 ei kai to di�nusma

e = [1, ..., 1]⊤, na de�xete p¸
 mpore� na ekfraste� o upologismì
 tou ajro�smato
 αij + µ, ìpou µ e�naito �jroisma ìlwn twn stoiqe�wn tou A−1 qrhsimopoi¸nta
 mìnon ta parap�nw mhtr¸a kai dianÔsmata.Ap�nthsh. Apì thn idiìthta ìti αij = e⊤i Aej kai ton orismì tou ginomènou mhtr¸ou-dianÔsmato
,akolouje� ìti
αij + µ = e⊤i Aej + e⊤Be.7. 'Estw èna tetragwnikì mhtr¸o A megèjou
 n kai di�nusma x 6= 0 gia to opo�o isqÔei ìti Ax = 0. Naapant sete (Swstì   L�jo
) ta parak�tw: a) To A e�nai omalì (mh antistrèyimo). b) An r(A) e�nai ht�xh tou A, ja isqÔei ìti r(A) = n − 1. g) To x e�nai idiodi�nusma tou A.Ap�nthsh. a) SWSTO kaj¸
 oi st le
 e�nai grammik� exarthmène
. b) H t�xh tou mhtr¸ou e�nai

r(A) = n − null(A) ìpou null(A) e�nai h di�stash tou mhdenoq¸rou tou A. Apì ta dedomèna touprobl mato
 aut  e�nai toul�qiston 1, epomènw
 r(A) ≤ n−1 �ra LAJOS. g) SWSTO kaj¸
 mporoÔmena gr�youme Ax = 0x epomènw
 e�nai idiodi�nusma me idiotim  0.8. Swstì   L�jo
:
II.

III.

IV. 'Estw to mhtr¸o
A =

(

2 1
−1 3

) (

ξ1

ξ2

)

=

(

2
6

)Na de�xete gewmetrik�, qrhsimopoi¸nta
 ta apara�thta sq mata, dÔo ermhne�e
 gia th lÔsh tou sust mato
.
V.1. Na bre�te èna aplì aplì par�deigma tetragwnikoÔ mhtr¸ou A ∈ R

3×3 pou den g�netai na diagwniopoihje�me metasqhmatismì omoiìthta
, dhl. den up�rqei X ∈ R
3×3 tètoio ¸ste to X−1AX na e�nai diag¸nio.2. 'Estw ìti to parap�nw mhtr¸o èqei mia idi�zousa tim  σ1 = 16 kai ant�stoiqo dexiì idiodi�nusma (dhl.pr¸th st lh tou mhtr¸ou V sth di�spash idiazous¸n tim¸n A = UΣV ⊤) to v = 1

2
[−1, 1, 1,−1]⊤. Meb�sh thn parap�nw di�spash kai ta stoiqe�a tou A, na upolog�sete poio ja e�nai to ant�stoiqo aristerìidiodi�nusma, dhl. h pr¸th st lh tou U .

VI. 2



1. Na upolog�sete to �qno
 kai thn or�zousa tou mhtr¸ou: A =









−2 3 4

−4 5 10

−5 11 3









.Ap�nthsh. To �qno
 e�nai to �jroisma twn diag¸niwn stoiqe�wn, �ra
trace(A) = 6.H or�zousa br�sketai apì th gnwst  èkfrash:

det(A) = −2 · (5 · 3 − 10 · 11) + 4 · (3 · 3 − 11 · 4) − 5 · (3 · 10 − 5 · 4)

= −2 · (−95) + 4 · (−35) − 5 · (10) = 02. Qwr�
 pr�xei
, na anafèrete kai na dikaiolog sete poia ja e�nai h tim  th
 or�zousa
 tou mhtr¸ou
C = AP , ìpou to A e�nai ìpw
 prohgoumènw
 kai

P =





0 0 1
0 1 0
1 0 0



Ap�nthsh. Prosèqoume ìti to mhtr¸o P e�nai mhtr¸o antallag 
 kai ìti pollaplasi�zonta
 AP èqeisan apotèlesma thn antallag  twn sthl¸n 1 kai 3. Apì ti
 idiìthte
 twn orizous¸n, h nèa or�zousaja e�nai (-1) forè
 h arqik  or�zousa, epomènw
 0.3. Na upolog�sete ti
 idiotimè
 kai ta idiodianÔsmata tou mhtr¸ou: B =





1 1 0
−1 1 0

0 0 −1



.Ap�nthsh. Prosèqoume ìti to mhtr¸o èqei th sÔnjeth morf 
(

S 0
0 −1

)

,ìpou S e�nai to upomhtr¸o (

1 1
−1 1

)

. Epomènw
, mia idiotim  e�nai -1. Oi �lle
 duo idiotimè
 e�nai oiidiotimè
 tou S, oi opo�e
 e�nai oi r�ze
 tou detS = (1 − λ)2 + 1, dhl. 1 ± ι. Ta idiodianÔsmata e�nai ta ex 
:Gia thn idiotim  -1, to idiodi�nusma fa�netai �mesa ìti e�nai u1 = [0, 0, 1]⊤. Oi idiotimè
 1± ι antistoiqoÔn staidiodianÔsmata pou ikanopoioÔn th sqèsh
Su = (1 ± ι)u,epomènw
, gia an sumbol�soume ta idiodianÔsmata me u1, u2, oi suntetagmène
 tou
 e�nai

η1,1 + η1,2 = (1 + ι)η1,2 ⇒ η1,2 = ιη1,1epomènw
 to pr¸to idiodi�nusma e�nai par�llhlo sto η1,1[1, ι, 0]⊤. H idiotim  1−ι antistoiqe� sto idiodi�nusmapou ikanopoie� ti
 sqèsei

η2,1 + η2,2 = (1 − ι)η2,1 ⇒ η2,2 = −ιη2,1epomènw
 e�nai par�llhlo sto η2,1[1,−ι, 0]⊤. Tèlo
 kanonikopoioÔme kai prokÔptei ìti

u1 = [0, 0, 1]⊤, u2 =
1√
2
[1, ι, 0]⊤, u3 =

1√
2
[1,−ι, 0]⊤.3



VII. Sa
 d�nontai ta parak�tw:
A =





−1 3 1
−2 9 4

2 −3 3



 , x =





3
7
−7



 .1. Na upolog�sete èna k�tw trigwnikì mhtr¸o L me mon�de
 sth diag¸nio kai èna �nw trigwnikì mhtr¸o
U tètoia ¸ste A = LU .2. Na upolog�sete to L w
 ginìmeno 2 stoiqeiwd¸n mhtr¸wn tou tÔpou I −αiqie

⊤

i exhg¸nta
 ti
 epilogè
sa
 gia tou
 bajmwtoÔ
 αi kai ta dianÔsmata qi.Ap�nthsh. Sto pr¸to b ma pollaplasi�zoume to A me to L1 = I − [0, 2,−2]⊤e1 kai lamb�noume
L1A =





−1 3 1
0 3 2
0 3 5



 .Sto epìmeno b ma pollaplasi�zoume to apotèlesma me L2 = I − [0, 0, 1]⊤e2 kai lamb�noume
U = L2L1A =





−1 3 1
0 3 2
0 0 3



 .Epomènw
,
A = (L2L1)

−1U = L−1

1
L−1

2
U = (I + q1e

⊤

1
)(I + q2e

⊤

2
)ìpou q1 = [0, 2,−1]⊤, q2 = [0, 0, 1]⊤, epomènw


L =





1 0 0
2 1 0

−2 1 1



 .

UPENJUMISHGia pl rh bajmì prèpei na de�xete kai na dikaiolog sete ìla ta b mata pou k�nete kaj¸
 kaita endi�mesa apotelèsmata.
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