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PlhroforÐec...

I Tet�rth, 09.00-11.00, Paraskeu , 18.00-20.00

I SÔggramma 1:
I Λ. Κυρούσης, Χ. Μπούρας, Π. Σπυράκης. Διακριτά
Μαθηματικά: Τα Μαθηματικά της Επιστήμης των
Υπολογιστών. Gutenberg, 1992

I Γ. Βουτσαδάκης, Λ. Κυρούσης, Χ. Μπούρας και Π.
Σπυράκης, Διακριτά Μαθηματικά: Προβλήματα και Λύσεις.
Gutenberg, 1994.

I SÔggramma 2:
I C.L. Liu. Introduction to Combinatorial Mathematics.

McGraw-Hill, 1969.

I IstoselÐda maj matoc:
http://lca.ceid.upatras.gr/courses/diakrita/index.html

I EpikoinwnÐa: papaioan@ceid.upatras.gr

I Diaf�neiec:
http://www.ceid.upatras.gr/papaioan/dm10-dd.mm.pdf



H Ôlh sunoptik�...

I Stoiqei¸dhc sunduastik 

I Genn triec sunart seic

I JewrÐa Polyá

I Egkleismìc - Apokleismìc



Stoiqei¸dhc sunduastik 

I Eisagwg 

I Om�dec Ðdiwn (mh diakekrimènwn) antikeimènwn

I SunduasmoÐ kai diat�xeic me epan�lhyh

I UposÔnola

I Dianomèc antikeimènwn se upodoqèc

I DiwnumikoÐ suntelestèc



Kanìnec ginomènou kai ajroÐsmatoc

I Kanìnac ajroÐsmatoc: An èna gegonìc mporeÐ na sumbeÐ
kat� m trìpouc kai èna �llo gegonìc mporeÐ na sumbeÐ
kat� n trìpouc, tìte up�rqoun m + n trìpoi, kat� touc
opoÐouc èna apì ta duo gegonìta mporeÐ na sumbeÐ.

I Kanìnac ginomènou: An èna gegonìc mporeÐ na sumbeÐ
kat� m trìpouc kai èna �llo gegonìc mporeÐ na sumbeÐ
kat� n trìpouc, tìte up�rqoun m × n trìpoi, kat� touc
opoÐouc kai ta duo gegonìta mporeÐ na sumboÔn.



Kanìnec ginomènou kai ajroÐsmatoc

Sto Tm ma diatÐjentai 7 prwin� maj mata kai 5 apogeumatin�.

I Kanìnac ajroÐsmatoc: Pìsec epilogèc èqei ènac
foitht c pou endiafèretai na p�rei 1 mìno m�jhma;
7 + 5 = 12

I Kanìnac ginomènou: Pìsec epilogèc èqei ènac foitht c
gia na p�rei 1 prwinì kai 1 apogeumatinì m�jhma;
7 ∗ 5 = 35



Diat�xeic (Permutations)

I r antikeimènwn epilegmènwn apì n antikeÐmena qwrÐc
epanatopojèthsh:

P(n, r) = n(n − 1)...(n − r + 1)︸ ︷︷ ︸
r

=
n!

(n − r)!
, n, r ∈ N

I 'Eqei shmasÐa h seir�

I Antimetajèseic r antikeimènwn: P(r , r) = r !



Diat�xeic (Permutations)

I Par�deigma: Me pìsouc trìpouc mporoÔme na
programmatÐsoume exètash 3 majhm�twn se 5 hmèrec ¸ste
na mhn pèftoun dÔo maj mata thn Ðdia mèra;

I Ap�nthsh:

I Mac endiafèrei poiec ja eÐnai oi 3 mèrec; Nai. 'Ara jèloume
metajèseic.

I P(5, 3) = 5 · 4 · 3 = 60



SunduasmoÐ (Combinations)

I r antikeimènwn epilegmènwn apì n antikeÐmena qwrÐc
epanatopojèthsh:

C (n, r) =
P(n, r)

P(r , r)
=

n(n − 1)...(n − r + 1)

r !
=

n!

(n − r)!r !
=

(
n

r

)
,

n, r ∈ N

I Den èqei shmasÐa h seir�



SunduasmoÐ (Combinations)

I Par�deigma: Me pìsouc trìpouc mporoÔme na
programmatÐsoume kat� th di�rkeia miac ebdom�dac 3
geÔmata me krèac;

I Ap�nthsh:

I Mac endiafèrei poiec ja eÐnai oi 3 mèrec; 'Oqi. Apl�
dialègoume... 'Ara jèloume sunduasmoÔc.

I C (7, 3) =
P(7, 3)

P(3, 3)
=

7 · 6 · 5
3 · 2 · 1

= 35



Pìsoi akèraioi up�rqoun metaxÔ tou 100 kai tou 199 oi
opoÐoi èqoun diaforetik� yhfÐa; Pìsoi apì touc
akèraiouc autoÔc eÐnai perittoÐ;

I Oi zhtoÔmenoi arijmoÐ apoteloÔntai apì 3 jèseic stic
opoÐec to pr¸to yhfÐo eÐnai 1 kai gia ta �lla 2
prokÔptoun apì tic diat�xeic 2 yhfÐwn apì ta 9 diajèsima
(de sumperilamb�noume to yhfÐo 1 pou èqei  dh
qrhsimopoihjeÐ): P(9, 2) = 9 · 8 = 72

I Oi perittoÐ arijmoÐ ja katal goun se 3,5,7   9 (afoÔ
èqoun diaforetik� yhfÐa kai to 1 apokleÐetai) ⇒ Gia k�je
mÐa apì autèc tic epilogèc up�rqoun 8 epilogèc gia to
mesaÐo yhfÐo ⇒ Epomènwc, sunolik�, up�rqoun 4 · 8 = 32
perittoÐ akèraioi me diaforetik� yhfÐa metaxÔ 100 kai 199



Pìsoi apì touc pr¸touc 10.000 jetikoÔc akèraiouc èqoun
diaforetik� yhfÐa;

I H ap�nthsh prokÔptei apì to �jroisma twn apant sewn
stic ex c erwt seic:

I πόσοι είναι οι 4-ψήϕιοι ακέραιοι με διαϕορετικά ψηϕία;
9 · 9 · 8 · 7 = 4536 (όχι 0 στην πρώτη θέση, όχι ό,τι
επιλέχθηκε για την πρώτη θέση και το 0 στη δεύτερη, όχι
ό,τι επιλέχθηκε για τις δύο πρώτες θέσεις στην τρίτη, όχι
ό,τι επιλέχθηκε για τις τρεις πρώτες θέσεις στην τέταρτη)

I πόσοι είναι οι 3-ψήϕιοι ακέραιοι με διαϕορετικά ψηϕία;
9 · 9 · 8 = 648 (όχι 0 στην πρώτη θέση, όχι ό,τι επιλέχθηκε
για την πρώτη θέση και το 0 στη δεύτερη, όχι ό,τι
επιλέχθηκε για τις δύο πρώτες θέσεις στην τρίτη)

I πόσοι είναι οι 2-ψήϕιοι ακέραιοι με διαϕορετικά ψηϕία;
9 · 9 = 81 (όχι 0 στην πρώτη θέση, όχι ό,τι επιλέχθηκε για
την πρώτη θέση και το 0 στη δεύτερη)

I πόσοι είναι οι 1-ψήϕιοι ακέραιοι με διαϕορετικά ψηϕία; 10
I Επομένως, συνολικά: 5275



Pìsouc perittoÔc akèraiouc mporoÔme na sqhmatÐsoume
me ta yhfÐa 1,2,3,4,5 oi opoÐoi èqoun 4 yhfÐa kai ta
yhfÐa aut� eÐnai diaforetik� metaxÔ touc;

I Oi zhtoÔmenoi 4-y fioi akèraioi prèpei na èqoun 1   3   5
sth dexiìterh jèsh.
4-y fioi me 1 sth dexiìterh jèsh: 4 · 3 · 2 = 24
4-y fioi me 3 sth dexiìterh jèsh: 4 · 3 · 2 = 24
4-y fioi me 5 sth dexiìterh jèsh: 4 · 3 · 2 = 24

I Epomènwc, sunolik� 3 · 24 = 72 arijmoÐ



Pìsoi pentay fioi akèraioi up�rqoun oi opoÐoi eÐnai
megalÔteroi tou 53000 kai èqoun tautìqrona tic ex c
idiìthtec: a) ta yhfÐa touc eÐnai diaforetik� kai b) den
emfanÐzontai se autoÔc ta yhfÐa 0 kai 9;

I ArijmoÐ pou xekin�ne apì 53 kai akoloujoÔn 3 yhfÐa pou
de mporoÔn na eÐnai 0 kai 9, oÔte 5 kai 3 kai prèpei na eÐnai
kai diaforetik� metaxÔ touc: 6 · 5 · 4 = 120

I ArijmoÐ pou xekin�ne apì 5 kai akoloujoÔn 4 yhfÐa pou de
mporoÔn na eÐnai 0 kai 9, oÔte 5, prèpei na eÐnai kai
diaforetik� metaxÔ touc kai ta yhfÐa thc aristerìterhc
jèshc prèpei na eÐnai megalÔtera tou 3: 4 · 6 · 5 · 4 = 480

I 5-y fioi arijmoÐ oi opoÐoi sthn aristerìterh jèsh èqoun
yhfÐo megalÔtero tou 5 kai ìqi 0   9, sthn epìmenh jèsh
ìqi ì,ti sthn prohgoÔmenh oÔte 0   9, sthn epìmenh jèsh
ìqi ì,ti stic dÔo prohgoÔmenec oÔte 0   9, kok:
3 · 7 · 6 · 5 · 4 = 2520

I Epomènwc, sunolik� 120 + 480 + 2520 = 3120 arijmoÐ



Pìsec lèxeic me 0 kai 1 up�rqoun pou èqoun 8 gr�mmata
kai a) xekin�ne me 1100 b) perièqoun akrib¸c dÔo 1;

I Gia to a) 24 lèxeic

I Gia to b) C (8, 2) =
P(8, 2)

P(2, 2)
=

8 · 7
1 · 2

= 28 lèxeic



Ta gr�mmata A,B,G,D qrhsimopoioÔntai gia na
sqhmatÐsoume lèxeic m kouc 3.
a) Pìsec lèxeic up�rqoun pou perièqoun to gr�mma A
epitrepomènwn twn epanal yewn;
b) Pìsec lèxeic up�rqoun pou arqÐzoun me A
epitrepomènwn twn epanal yewn;

I 'Olec oi pijanèc lèxeic me 3 gr�mmata apì ta A,B,G,D
eÐnai 43. Autèc pou den perièqoun kanèna A eÐnai 33.
Epomènwc, oi zhtoÔmenec eÐnai h diafor� touc:
43 − 33 = 64− 27 = 37 lèxeic.

I To aristerìtero gr�mma eÐnai A. Opìte zht�me lèxeic 2
gramm�twn pou sqhmatÐzontai apì ta 4 dosmèna
gr�mmata: 42 = 16 lèxeic.



To agglikì alf�bhto perièqei 26 gr�mmata ek twn
opoÐwn ta 5 eÐnai fwn enta. a) Pìsec lèxeic m kouc 5
mporoÔme na sqhmatÐsoume qrhsimopoi¸ntac 3
diaforetik� sÔmfwna kai 2 diaforetik� fwn enta; b)
Pìsec apì autèc perièqoun to gr�mma b;

I Gia to a):
Zht�w lèxeic twn 5 qarakt rwn apì touc opoÐouc 3 prèpei
na eÐnai sÔmfwna kai 2 fwn enta - ìla diaforetik� metaxÔ
touc.

I Με πόσους τρόπους μπορώ να διαλέξω ποια από τα 5
γράμματα θα είναι τα σύμϕωνα; Με C (5, 3) = 5·4·3

1·2·3 = 10
τρόπους. Προϕανώς, για κάθε μία τέτοια περίπτωση, τα
εναπομείναντα γράμματα θα είναι τα ϕωνήεντα.

I Πόσες διαϕορετικές 3άδες διαϕορετικών συμϕώνων μπορώ
να έχω; P(21, 3) = 21 · 20 · 19 = 7980

I Πόσες διαϕορετικές 2άδες διαϕορετικών ϕωνηέντων μπορώ
να έχω; P(5, 2) = 5 · 4 = 20

'Ara, o zhtoÔmenoc arijmìc lèxewn eÐnai
10 · 7980 · 20 = 1596000



To agglikì alf�bhto perièqei 26 gr�mmata ek twn
opoÐwn ta 5 eÐnai fwn enta. a) Pìsec lèxeic m kouc 5
mporoÔme na sqhmatÐsoume qrhsimopoi¸ntac 3
diaforetik� sÔmfwna kai 2 diaforetik� fwn enta; b)
Pìsec apì autèc perièqoun to gr�mma b;

I Gia to b): upologÐzw pìsec lèxeic den perièqoun to b kai
tic afair¸ apì autèc thc er¸thshc a)

I Με πόσους τρόπους μπορώ να διαλέξω ποια από τα 5
γράμματα θα είναι τα σύμϕωνα; Με C (5, 3) = 5·4·3

1·2·3 = 10
τρόπους. Προϕανώς, για κάθε μία τέτοια περίπτωση, τα
εναπομείναντα γράμματα θα είναι τα ϕωνήεντα.

I Πόσες διαϕορετικές 3άδες διαϕορετικών συμϕώνων που δεν
είναι b μπορώ να έχω; P(20, 3) = 20 · 19 · 18 = 6840

I Πόσες διαϕορετικές 2άδες διαϕορετικών ϕωνηέντων μπορώ
να έχω; P(5, 2) = 5 · 4 = 20

'Ara, to pl joc twn lèxewn pìsec lèxeic den perièqoun to b
eÐnai 10 · 6840 · 20 = 1368000

Opìte oi zhtoÔmenec lèxeic eÐnai: 1596000− 1368000 = 228000



Pìsoi akèraioi metaxÔ tou 1 kai tou 10000000000
perièqoun to yhfÐo 1 kai pìsoi den to perièqoun;

I MetaxÔ tou 0 kai tou 9999999999, 910 arijmoÐ den
perièqoun to 1

I Αυτός είναι ο αριθμός των διατάξεων 9 στοιχείων
(0, 2, 3, ..., 9) σε 10 θέσεις με επαναλήψεις

I Epomènwc, metaxÔ tou 1 kai tou 10000000000:
I 1010 − 910 + 1 περιέχουν το 1



Pìsoi tetray fioi arijmoÐ tou dekadikoÔ sust matoc den
èqoun dÔo yhfÐa Ðdia;

I Gia na eÐnai tetray fioc k�poioc arijmìc den prèpei na
èqei 0 sthn aristerìterh jèsh, sthn opoÐa mporeÐ na
brÐsketai èna apì ta enapomeÐnanta 9 yhfÐa (1, ...9).

I 'Ara, to pl joc twn zhtoÔmenwn arijm¸n eÐnai:
9 · 9 · 8 · 7 = 4.536



Pìsec eÐnai oi sumboloseirèc thc morf c wwR m kouc 10
me kefalaÐa gr�mmata tou ellhnikoÔ alfab tou qwrÐc
tìnouc;

I Ta pènte pr¸ta gr�mmata kajorÐzoun kai ta pènte
epìmena.

I Epomènwc, asqoloÔmai mìno me ta pènte pr¸ta kai
upologÐzw pìsouc diaforetikoÔc trìpouc mpor¸ na
sunjèsw pent�dec.

I H epilog  tou k�je gr�mmatoc eÐnai anex�rthth kai
kajèna mporeÐ na p�rei 24 diaforetikèc timèc. 'Ara
sunolik�, mporoÔme na fti�xoume 24 · 24 · 24 · 24 · 24︸ ︷︷ ︸

5 forèc

= 245

diaforetikèc lèxeic twn pènte gramm�twn. (Kanìnac
ginomènou)

I Tìsec eÐnai kai oi zhtoÔmenec sumboloseirèc, afoÔ ta
pènte pr¸ta gr�mmata kajorÐzoun kai ta pènte epìmena.



'Eqw 24 arijmhmènec (diaforetikèc) pr�sinec mp�lec kai
24 arijmhmènec kìkkinec mp�lec. Me pìsouc
diaforetikoÔc trìpouc mpor¸ na dialèxw mÐa pr�sinh kai
mÐa kìkkinh mp�la;

I Pr�sinh mp�la mpor¸ na dialèxw me 24 trìpouc.
Kìkkinh mp�la mpor¸ na dialèxw me 24 trìpouc.
Gia na sumbaÐnoun kai ta dÔo mazÐ up�rqoun 24 · 24 = 576
diaforetikoÐ trìpoi. (Kanìnac ginomènou)



'Eqw 24 arijmhmènec (diaforetikèc) pr�sinec mp�lec kai
24 arijmhmènec kìkkinec mp�lec. Me pìsouc
diaforetikoÔc trìpouc mpor¸ na dialèxw dÔo mp�lec
qwrÐc periorismì qr¸matoc;

Mpor¸ na dialèxw dÔo mp�lec me 3 diaforetikoÔc trìpouc:

I Na dialèxw mÐa kìkkinh kai mÐa pr�sinh: autì mporeÐ na
gÐnei me 24 · 24 = 242 diaforetikoÔc trìpouc (Kanìnac
ginomènou)

I Na dialèxw dÔo kìkkinec: autì mporeÐ na gÐnei me 24 · 23
diaforetikoÔc trìpouc, thn pr¸th th dialègw apì 24
mp�lec kai th deÔterh apì tic upìloipec 23

I Na dialèxw dÔo pr�sinec: ìmoia me prin (Kanìnac
ginomènou)

Epeid  mpor¸ na dialèxw 2 mp�lec me ènan apì touc parap�nw
trìpouc (kanìnac ajroÐsmatoc), autì shmaÐnei ìti up�rqoun
sunolik�: 242 + 24 · 23 + 24 · 23 = 1680 diaforetikoÐ trìpoi.



'Eqw 5 Ellhnik�, 7 Agglik� kai 10 Ispanik� biblÐa
(sunolik� 22). (a) Me pìsouc diaforetikoÔc trìpouc
mpor¸ na dialèxw dÔo biblÐa; (b) Me pìsouc
diaforetikoÔc trìpouc mpor¸ na dialèxw dÔo biblÐa
diaforetik c gl¸ssac;

I Gia to (a):
I Το πρώτο το διαλέγω από 22 διαθέσιμα και το δεύτερο από
τα υπόλοιπα 21 διαθέσιμα.

'Ara sunolik� me 22 · 21 = 462 diaforetikoÔc trìpouc.

I Gia to (b):
Mpor¸ na dialèxw:

I Ελληνικό και Αγγλικό με 5 · 7 = 35 τρόπους
I Ελληνικό και Ισπανικό με 5 · 10 = 50 τρόπους
I Αγγλικό και Ισπανικό με 7 · 10 = 70 τρόπους

'Ara sunolik� me 35 + 50 + 70 = 155 diaforetikoÔc trìpouc.



Me pìsouc diaforetikoÔc trìpouc mpor¸ na dialèxw kai
na b�lw se seir� 5 apì 20 majhtèc;

I Me 20 · 19 · 18 · 17 · 16 = P(20, 5) =
20!

15!
diaforetikoÔc

trìpouc.



Me pìsouc trìpouc mporoÔn na kaj soun 5 �toma se
mia seir� apì 12 kajÐsmata;

I Di�lexe poia 5 apì ta 12 diajèsima kajÐsmata ja

qrhsimopoihjoÔn. Autì mporeÐ na gÐnei me C (12, 5) =
12!

5! · 7!
trìpouc.

I Me pìsouc trìpouc mporeÐc na diat�xeic ta 5 �toma pou
prìkeitai na k�tsoun sta kajÐsmata aut�; Me
P(5, 5) = 5! trìpouc

'Ara, 5 �toma mporoÔn na kaj soun se mia seir� apì 12

kajÐsmata me
12!

5! · 7!
· 5! = 95.040 trìpouc



Me pìsouc trìpouc mporoÔn na kaj soun 5 �toma se
mia seir� apì 12 kajÐsmata;

Enallaktik  lÔsh

I Me pìsouc diaforetikoÔc trìpouc mpor¸ na diat�xw ta 12
kajÐsmata; ⇔ Pìsec metajèseic twn 12 kajism�twn
up�rqoun; 12!

I Jewr¸ ìti p�nta topojet¸ ta 5 �toma sta pr¸ta 5
kajÐsmata k�je met�jeshc

I Gia tic 7-�dec pou mènoun �deiec, de me endiafèrei h seir�
⇒ gia k�je met�jesh krat�w 1 apì tic 7! diaforetikèc

I 'Ara, èqw sunolik�:
12!

7!
= 95.040 trìpouc



Ta prohgoÔmena aforoÔn sta maj mata 6 kai 8/10/2010



Me pìsouc trìpouc mporoÔn na kaj soun 5 �toma se
mia seir� apì 12 kajÐsmata;

Enallaktik  lÔsh pou prot�jhke apì mÐa sun�delfo sto
prohgoÔmeno m�jhma

I Upojètoume ìti ta �toma eÐnai stajer� kai ta kajÐsmata
�p�ne� proc ta �toma...

I Ta kajÐsmata den eÐnai plèon �Ðdia� all� èqei to kajèna
èna diaforetikì �tampel�ki�... Gia to pr¸to �tomo
up�rqoun 12 epilogèc kajism�twn, gia to epìmeno 11,
k.o.k.

I Me pìsouc diaforetikoÔc trìpouc mpor¸ na diat�xw ta 12

kajÐsmata se 5-adec; Me P(12, 5) = 12 · 11 · 10 · 9 · 8 =
12!

7!
diaforetikoÔc trìpouc.



Me pìsouc trìpouc mporoÔn na epilegoÔn 3 arijmoÐ apì
to 1 èwc to 300 ètsi ¸ste to �jroism� touc na eÐnai
diairetì me 3;

I QwrÐzoume touc arijmoÔc apì 1 èwc 300, S = {1, ..., 300},
se trÐa uposÔnola A, B kai G ètsi ¸ste:

I A ∪ B ∪ Γ = S

I A ∩ B = ∅, A ∩ Γ = ∅ kai B ∩ Γ = ∅
I I A = {x ∈ S : x mod 3 = 0}, A = {3, 6, 9, ..., 300}

I B = {y ∈ S : y mod 3 = 1}, B = {1, 4, 7, ..., 298}
I Γ = {z ∈ S : z mod 3 = 2}, Γ = {2, 5, 8, ..., 299}
I |A| = |B| = |Γ| = 100

I Gia na eÐnai to �jroisma tri¸n arijm¸n diairetì me 3,
prèpei

I είτε και οι τρεις να ανήκουν στο A, είτε και οι τρεις στο B,
είτε και οι τρεις στο Γ, δηλ.

(
100
3

)
+
(
100
3

)
+
(
100
3

)
I είτε ένας αριθμός να ανήκει σε καθένα από τα τρία αυτά
υποσύνολα, δηλ.

(
100
1

)(
100
1

)(
100
1

)
I 'Ara sunolik�: 3 ·

(100
3

)
+ 1003 = 1.485.100 trìpoi



Poioc eÐnai o arijmìc twn diairet¸n tou 180;

I 180 = 2 · 90 = 2 · 2 · 45 = 2 · 2 · 3 · 15 = 2 · 2 · 3 · 3 · 5 = 22 · 32 · 5
I Apì JewrÐa Arijm¸n, diairètec tou 180 eÐnai oi arijmoÐ thc

morf c 2k · 3n · 5m me 0 ≤ k ≤ 2, 0 ≤ n ≤ 2 kai 0 ≤ m ≤ 1

I Mpor¸ na epilèxw to k me 3 trìpouc, to n me 3 trìpouc
kai to m me 2 trìpouc kai jèlw ìla aut� na isqÔoun mazÐ

I 'Epomènwc, èqw sunolik�, 3 · 3 · 2 = 18 trìpouc



Pìsouc diairètec èqei o arijmìc 1400;

I 1400 = 2 · 700 = 2 · 2 · 350 = 2 · 2 · 2 · 175 = 2 · 2 · 2 · 5 · 35 =
2 · 2 · 2 · 5 · 5 · 7 = 23 · 52 · 7

I Apì JewrÐa Arijm¸n, diairètec tou 1400 eÐnai oi arijmoÐ
thc morf c 2k · 5n · 7m me 0 ≤ k ≤ 3, 0 ≤ n ≤ 2 kai
0 ≤ m ≤ 1

I Mpor¸ na epilèxw to k me 4 trìpouc, to n me 3 trìpouc
kai to m me 2 trìpouc kai jèlw ìla aut� na isqÔoun mazÐ

I 'Epomènwc, èqw sunolik�, 4 · 3 · 2 = 24 trìpouc



Stoiqei¸dhc sunduastik 

I SunduasmoÐ kai diat�xeic me epan�lhyh



Diat�xeic me epan�lhyh: Me pìsouc trìpouc mpor¸ na
diat�xw r apì n antikeÐmena ìtan epitrèpontai
epanalhptikèc emfanÐseic twn antikeimènwn;

I Sthn arq  èqw n antikeÐmena apì ta opoÐa na dialèxw
èna. Met� thn epilog  mou aut , topojet¸ to antikeÐmeno
pou di�lexa mazÐ me ta upìloipa. 'Ara thn deÔterh for�
èqw p�li n antikeÐmena sthn di�jes  mou gia na dialèxw.
'Omoia gia k�je mia apì tic r epilogèc mou.

I Up�rqoun n epilogèc gia to pr¸to antikeÐmeno, n epilogèc
gia to deÔtero antikeÐmeno, ..., n epilogèc gia to r -tì
antikeÐmeno ⇒ n · n... · n︸ ︷︷ ︸

r forèc

= nr



Pìsoi tetray fioi arijmoÐ up�rqoun sto dekadikì
sÔsthma;

I Kajèna apì ta 4 yhfÐa mpor¸ na to dialèxw me 10
diaforetikoÔc trìpouc.

I 'Ara sunolik� 104 teray fioi arijmoÐ.



Pìsa diaforetik� uposÔnola enìc sunìlou S me n
stoiqeÐa up�rqoun;

I Kajèna apì ta n stoiqeÐa tou dosmènou sunìlou S mpor¸
na to dialèxw me 2 diaforetikoÔc trìpouc: na to epilèxw  
na mhn to epilèxw na an kei se k�poio uposÔnolo tou S .

I 'Ara sunolik� 2n uposÔnola.



SunduasmoÐ me epan�lhyh: Me pìsouc trìpouc mpor¸
na dialèxw r apì n antikeÐmena ìtan epitrèpontai
epanalhptikèc emfanÐseic twn antikeimènwn;

I To sÔnolo twn antikeimènwn apì to opoÐo gÐnetai h epilog 
eÐnai to {1, ..., n}

I 'Enac sunduasmìc r antikeimènwn apì n me epan�lhyh eÐnai
mia akoloujÐa x1, x2, ..., xr me 1 ≤ xi ≤ n kai xi ≤ xj ìtan
1 ≤ i ≤ j ≤ r   alli¸c ta antikeÐmena k�je akoloujÐac pou
prokÔptei ta diat�ssw se aÔxousa seir� afoÔ ta
antikeÐmena me endiafèroun kai ìqi h seir� touc

I All� epeid  epitrèpetai na dialèxw se diaforetikèc jèseic
to Ðdio antikeÐmeno prèpei na brw ènan trìpo na orÐsw touc
ìrouc k�je akoloujÐac monos manta ⇒ Qrhsimopoi¸ thn
1-1 kai epÐ antistoiqÐa
(x1, x2, ..., xn) → (x1 + 0, x2 + 1, ..., xn + r − 1)

I Opìte plèon dialègw r antikeÐmena apì n + r − 1 qwrÐc
epan�lhyh, dhl. C (n+ r −1, r) (pou xèrw na to upologÐzw)



SunduasmoÐ me epan�lhyh: Me pìsouc trìpouc mpor¸
na dialèxw r apì n antikeÐmena ìtan epitrèpontai
epanalhptikèc emfanÐseic twn antikeimènwn;

I JewroÔme ìti ta n dosmèna antikeÐmena prosdiorÐzontai
apì touc akèraiouc 1, 2, 3, ..., n

I JewroÔme ìti ta r antikeÐmena pou epilègoume
prosdiorÐzontai apì mia lÐsta akeraÐwn {j , k, l , ...,m} se
aÔxousa di�taxh

I Π.χ., η λίστα {1, 1, 1, 3, 4, 5, 5, ...} σημαίνει ότι το 1ο
αντικείμενο έχει επιλεχθεί 3 ϕορές, το 2ο καμμία, το 3ο μία,
το 4ο μία, το 5ο δύο κ.ο.κ.

I TropopoioÔme thn akoloujÐa aut  twn r antikeimènwn wc
ex c: j + 0, k + 1, l + 2, ...,m+ (r − 1) se aÔxousa di�taxh

I Π.χ., η προηγούμενη λίστα θα γινόταν
{1 + 0, 1 + 1, 1 + 2, 3 + 3, 4 + 4, 5 + 5, 5 + 6, ...} =
{1, 2, 3, 6, 8, 10, 11, ...}

I Kai plèon k�je epilog  r antikeimènwn prosdiorÐzetai
monadik� sa mia epilog  r diaforetik¸n akeraÐwn apì
touc 1, 2, ..., n + (r − 1)



SunduasmoÐ me epan�lhyh: Me pìsouc trìpouc mpor¸
na dialèxw r apì n antikeÐmena ìtan epitrèpontai
epanalhptikèc emfanÐseic twn antikeimènwn;

I DÐnontai ta (n =) 4 antikeÐmena {1, 4, 7, 11} kai m�c zht�ne
na epilèxoume (r =) 3 apì aut� ìtan epitrèpontai
epanal yeic

I Ta dosmèna antikeÐmena prosdiorÐzontai apì th lÐsta twn
akeraÐwn 1, 2, 3, 4

I 'Estw ìti h epilog  mac eÐnai h lÐsta {2, 4, 4} (me ta
stoiqeÐa thc topojethmèna se aÔxousa di�taxh) pou
shmaÐnei ìti sth lÐsta aut  to 1o dosmèno antikeÐmeno den
emfanÐzetai, to 2o emfanÐzetai mÐa for�, to 3o den
emfanÐzetai kai to 4o emfanÐzetai 2 forèc

I Tropopoi¸ th lÐsta {2, 4, 4}: {2+0, 4+1, 4+2} = {2, 5, 6}
I Dhl., h lÐsta twn epilegmènwn antikeimènwn proèkuye

epilègontac 3 apì touc arijmoÔc {1, 2, 3, 4, 5, 6} qwrÐc
epanal yeic antÐ 3 apì touc {1, 2, 3, 4} me epanal yeic



SunduasmoÐ me epan�lhyh: Me pìsouc trìpouc mpor¸
na dialèxw r apì n antikeÐmena ìtan epitrèpontai
epanalhptikèc emfanÐseic twn antikeimènwn;

I AntÐstrofa, an epèlexa th lÐsta {4, 5, 6} shmaÐnei ìti
epèlexa th {4− 0, 5− 1, 6− 2} = {4, 4, 4} dhl., to
antikeÐmeno epèlexa 3 forèc to antikeÐmeno 4, dhl., epèlexa
3 forèc to 11

I Dhlad : den èqei shmasÐa �poia•• antikeÐmena eÐnai sto
dosmèno sÔnolo all� �pìsa� kai epeid  oi epanal yeic
èqoun plèon shmasÐa all� eg¸ xèrw na metr�w
sunduasmoÔc qwrÐc epanal yeic na tropopoi sw an�loga
to sÔnolo twn dosmènwn antikeimènwn



SunduasmoÐ me epan�lhyh

I r antikeimènwn epilegmènwn apì n antikeÐmena(
n + r − 1

r

)



Pìsec zarièc up�rqoun sto t�bli;

I K�je z�ri mporeÐ na p�rei n = 6 diaforetikèc timèc, èqw
r = 2 z�ria kai metr�w tic epanal yeic

I Dialègw r = 2 apì n = 6 antikeÐmena me epan�lhyh ⇔
Y�qnw touc sunduasmoÔc r = 2 apì n = 6 antikeimènwn me
epan�lhyh

I 'Ara, èqw sunolik�,
(n+r−1

r

)
=
(6+2−1

2

)
=
(7
2

)
= 7!

2!·5! = 21
zarièc



Apì ènan meg�lo arijmì apì nomÐsmata twn 0,05E,
0,10E, 0,20E kai 0,50E, me pìsouc trìpouc mporoÔme na
epilèxoume 6 kèrmata;

I Dialègw 6 (= r) kèrmata apì èna sÔnolo me 4 (= n)
antikeÐmena kai epitrèpontai oi epanal yeic ⇒
C (n + r − 1, r) = C (4 + 6− 1, 6) = C (9, 6) =

9!

6! · 3!
= 84



Stoiqei¸dhc sunduastik 

I Om�dec mh diakekrimènwn (dhl. Ðdiwn) antikeimènwn



Metr seic antikeimènwn se om�dec

I n antikeÐmena diaqwrismèna se t om�dec Ðdiwn (mh
diakekrimènwn) antikeimènwn, me pl joc stoiqeÐwn
q1, q2, ..., qt antÐstoiqa.

I Diat�xeic n tètoiwn antikeimènwn:
n!

q1!q2!...qt !
Up�rqoun n! trìpoi na diat�xw n diaforetik�
(diakekrimèna) antikeÐmena. Epeid  ìmwc ta antikeÐmena
k�je om�dac eÐnai Ðdia (den eÐnai diakekrimèna) metaxÔ
touc, diair¸ me ton arijmì twn dunat¸n diat�xewn k�je
om�dac (q1!...qt !).

I SunduasmoÐ n tètoiwn antikeimènwn:
(q1 + 1)(q2 + 1)...(qt + 1)− 1
Mpor¸ na epilèxw to pr¸to antikeÐmeno twn n me (q1 + 1)
trìpouc: eÐte na mhn to epilèxw, eÐte na to epilèxw mia
for�, eÐte duo forèc, ..., eÐte q1 forèc. OmoÐwc gia ta
upìloipa. O ìroc �−1� mpaÐnei sto tèloc gia na mhn
metr sw to endeqìmeno na mhn epilèxw kanèna antikeÐmeno.



'Eqw 7 a, 8 b, 5 g kai 4 d. Pìsec diaforetikèc
sumboloseirèc mpor¸ na fti�xw me aut�;

I
24!

7!8!5!4!



Me pìsouc trìpouc mporoÔn na qrwmatistoÔn 12 mp�lec
ètsi ¸ste 3 na eÐnai kìkkinec, 2 roz, 2 �sprec kai oi
upìloipec pr�sinec;

I Me pìsouc diaforetikoÔc trìpouc mpor¸ na diat�xw tic 12
mp�lec; ⇔ Pìsec metajèseic twn 12 mpal¸n up�rqoun; 12!

I Jewr¸ ìti p�nta qrwmatÐzw kìkkinec tic 3 pr¸tec, roz tic
2 epìmenec, �sprec tic 2 epìmenec kai pr�sinec tic
upìloipec, qwrÐc na me endiafèrei h seir� mèsa stic
om�dec autèc ⇒ Metr�w 1 apì tic 3! arqikèc (kìkkinec)
tri�dec, 1 apì tic 2! epìmenec (roz) du�dec, mÐa apì tic 2!
epìmenec (�sprec) du�dec kai 1 apì tic epìmenec 5!
(pr�sinec) pent�dec

I 'Ara, èqw sunolik�
12!

3! · 2! · 2! · 5!
= 166.320 trìpouc



Stoiqei¸dhc sunduastik 

I UposÔnola



UposÔnola

I Den epitrèpontai epanal yeic kai de metr�ei h seir�. Me
pìsouc trìpouc mpor¸ na epilèxw èna   perissìtera apì
n antikeÐmena;

I Για κάθε ένα από τα n αντικείμενα υπάρχουν 2 τρόποι: να
το επιλέξω ή να μην το επιλέξω και θέλω να επιλέξω
τουλάχιστον 1 αντικείμενο

⇒ 2 · 2 · ... · 2︸ ︷︷ ︸
n ϕορές

−1 = 2n − 1 τρόποι

(αϕαιρώ 1 για να εξαιρέσω την περίπτωση που δεν επιλέγω
κανένα αντικείμενο)

I Up�rqoun C (n, k) trìpoi na dialèxw k antikeÐmena apì n
⇒

2n−1 =
n∑

k=1

C (n, k) ⇔ 2n =
n∑

k=1

C (n, k)+1 ⇔ 2n =
n∑

k=0

C (n, k)



UposÔnola

I 'Eqoume t om�dec pou perièqoun antÐstoiqa q1, q2, ..., qt
Ðdia (mh diakekrimèna) antikeÐmena. De metr�ei h di�taxh.
Me pìsouc trìpouc mpor¸ na epilèxw èna   perissìtera
antikeÐmena;

I Για κάθε ομάδα ti έχω qti επιλογές + 1 (δεν επιλέγω
κανένα στοιχείο από την ομάδα)

I Άρα συνολικά έχω (q1 + 1)(q2 + 1)...(qt + 1)− 1 τρόπους



Poioc eÐnai o arijmìc twn diairet¸n tou 180;
(Enallaktik  lÔsh)

I 180 = 2 · 90 = 2 · 2 · 45 = 2 · 2 · 3 · 15 = 2 · 2 · 3 · 3 · 5
I Oi diairètec sqhmatÐzontai apì sunduasmoÔc apì tic ex c

treic om�dec: A = {2, 2}, B = {3, 3} kai Γ = {5}
I Από την ομάδα A μπορώ να επιλέξω 1, 2 ή κανένα στοιχείο
(3 επιλογές)

I από την ομάδα B μπορώ να επιλέξω 1, 2 ή κανένα στοιχείο
(3 επιλογές)

I από την ομάδα Γ μπορώ να επιλέξω 1 ή κανένα στοιχείο (2
επιλογές)

I 'Epomènwc, o arijmìc twn diairet¸n tou 180 eÐnai
(2 + 1)(2 + 1)(1 + 1) = 18. Den afair¸ 1 gia thn
perÐptwsh 203050 = 1 giatÐ dÐnei diairèth tou 180



Poioc eÐnai o arijmìc twn diairet¸n tou 1400;
(Enallaktik  lÔsh)

I 1400 = 2 · 700 = 2 · 2 · 350 = 2 · 2 · 2 · 175 = 2 · 2 · 2 · 5 · 35 =
2 · 2 · 2 · 5 · 5 · 7

I Oi diairètec sqhmatÐzontai apì sunduasmoÔc apì tic ex c
treic om�dec: A = {2, 2, 2}, B = {5, 5} kai Γ = {7}

I Από την ομάδα A μπορώ να επιλέξω 1, 2, 3 ή κανένα
στοιχείο (4 επιλογές)

I από την ομάδα B μπορώ να επιλέξω 1, 2 ή κανένα στοιχείο
(3 επιλογές)

I από την ομάδα Γ μπορώ να επιλέξω 1 ή κανένα στοιχείο (2
επιλογές)

I 'Epomènwc, o arijmìc twn diairet¸n tou 1400 eÐnai
(3 + 1)(2 + 1)(1 + 1) = 24. Den afair¸ 1 gia thn
perÐptwsh 205070 = 1 giatÐ dÐnei diairèth tou 1400



SÔntomh epan�lhyh...

I 'Ena gegonìc mporeÐ na sumbeÐ kat� m trìpouc kai èna
�llo kat� n trìpouc tìte èna apì ta dÔo mporeÐ na sumbeÐ
me m+ n trìpouc en¸ kai ta dÔo mporoÔn na sumboÔn kat�
mn trìpouc.

I QwrÐc epanal yeic stoiqeÐwn

I P(n, r) = n(n − 1)...(n − r + 1)︸ ︷︷ ︸
r όροι

=
n!

(n − r)!

I C (n, r) =

(
n

r

)
=

P(n, r)

P(r , r)
=

n!

r !(n − r)!

I Me epanal yeic stoiqeÐwn
I P(n, r) = n · n... · n︸ ︷︷ ︸

r ϕορές

= nr

I C (n, r) =

(
n + r − 1

r

)



SÔntomh epan�lhyh...
DÐnontai n antikeÐmena diaqwrismèna se t om�dec, me pl joc
stoiqeÐwn q1, q2, ..., qt antÐstoiqa, kai ta antikeÐmena k�je
om�dac eÐnai Ðdia (den eÐnai diakekrimèna)

I Diat�xeic:
n!

q1!q2!...qt !
I SunduasmoÐ: (q1 + 1)(q2 + 1)...(qt + 1)− 1

Den epitrèpontai epanal yeic kai de metr�ei h seir�. Me
pìsouc trìpouc mpor¸ na epilèxw èna   perissìtera apì n
antikeÐmena;

I ⇒ 2 · 2 · ... · 2︸ ︷︷ ︸
n forèc

−1 = 2n − 1 trìpoi

I Up�rqoun C (n, k) trìpoi na dialèxw k antikeÐmena apì n
⇒

2n−1 =
n∑

k=1

C (n, k) ⇔ 2n =
n∑

k=1

C (n, k)+1 ⇔ 2n =
n∑

k=0

C (n, k)



Na apodeiqjeÐ ìti oi arijmoÐ 1)
(3n)!

2n3n
kai 2)

(n2)!

(n!)n+1
eÐnai

akèraioi.

Gia to 1):

I 'Eqoume 3n stoiqeÐa qwrismèna se n om�dec.

I K�je mÐa apì tic n om�dec perièqei 3 Ðdia stoiqeÐa.

I O arijmìc twn metajèsewn twn 3n stoiqeÐwn eÐnai:

(3n)!

3!3!...3!
=

(3n)!

(3!)n
=

(3n)!

(2 · 3)n
=

(3n)!

2n · 3n

pou eÐnai akèraioc giatÐ anaparist� arijmì metajèsewn.



Na apodeiqjeÐ ìti oi arijmoÐ 1)
(3n)!

2n3n
kai 2)

(n2)!

(n!)n+1
eÐnai

akèraioi.

Gia to 2):

I 'Eqoume n2 stoiqeÐa qwrismèna se n om�dec.

I K�je mÐa apì tic n om�dec perièqei n Ðdia stoiqeÐa.

I O arijmìc twn metajèsewn twn n2 stoiqeÐwn eÐnai:

(n2)!

n!n!...n!
=

(n2)!

(n!)n

pou eÐnai arijmìc diairetìc me n! afoÔ gia k�je mia apì
tic metajèseic twn n stoiqeÐwn èqoume Ðso arijmì
metajèsewn twn n2 stoiqeÐwn. Epomènwc kai o arijmìc
(n2)!

(n!)n+1
eÐnai akèraioc.



(a) Pìsec apì tic 2r akoloujÐec r duadik¸n yhfÐwn
perièqoun zugì arijmì mon�dwn;
(b) Pìsec apì tic 5r pentadikèc akoloujÐec r yhfÐwn
perièqoun zugì arijmì mon�dwn;

Gia to (a):

I QwrÐzw tic 2r duadikèc akoloujÐec m kouc r se 2r−1

zeug�ria ètsi ¸ste oi akoloujÐec se k�je zeug�ri na
diafèroun mìno sto dexiìtero yhfÐo touc (dhl. sto
stoiqeÐo thc r - c jèshc touc).

I Se k�je èna apì ta zeÔgh aut� mìno mÐa apì tic
akoloujÐec èqei �rtio arijmì mon�dwn.

I Epomènwc, up�rqoun 2r−1 akoloujÐec r duadik¸n yhfÐwn me
zugì arijmì mon�dwn.



(a) Pìsec apì tic 2r akoloujÐec r duadik¸n yhfÐwn
perièqoun zugì arijmì mon�dwn;
(b) Pìsec apì tic 5r pentadikèc akoloujÐec r yhfÐwn
perièqoun zugì arijmì mon�dwn;

Gia to (b):

I Apì tic 5r pentadikèc akoloujÐec 3r perièqoun mìno ta
yhfÐa 2,3 kai 4. Autèc sumperilamb�nontai se ekeÐnec pou
èqoun �rtio arijmì mon�dwn.

I Tic upìloipec 5r − 3r akoloujÐec tic qwrÐzoume se om�dec
an�loga me to sqhmatismì twn yhfÐwn 2,3 kai 4 pou
perièqoun. Se k�je mia apì autèc tic om�dec oi misèc
akoloujÐec ja perièqoun �rtio arijmì mon�dwn.

I Epomènwc, o sunolikìc arijmìc twn pentadik¸n akolouji¸n

r yhfÐwn me �rtio pl joc mon�dwn eÐnai: 3r +
1

2
(5r − 3r )



MetaxÔ 2n antikeimènwn ta n eÐnai Ðdia. Me pìsouc
trìpouc mpor¸ na epilèxw n apì ta dosmèna 2n
antikeÐmena;

MporoÔme na dialèxoume n antikeÐmena apì ta 2n wc ex c:

I dialègw me 1 trìpo n Ðdia antikeÐmena kai me
(n
0

)
trìpouc 0

apì ta diaforetik� n antikeÐmena,

I dialègw me 1 trìpo n − 1 Ðdia antikeÐmena kai me
(n
1

)
trìpouc 1 apì ta diaforetik� n antikeÐmena,

I dialègw me 1 trìpo n − 2 Ðdia antikeÐmena kai me
(n
2

)
trìpouc 2 apì ta diaforetik� n antikeÐmena,

I k.o.k.

I dialègw me 1 trìpo 0 Ðdia antikeÐmena kai me
(n
n

)
trìpouc n

apì ta diaforetik� n antikeÐmena.

'Ara sunolik�:
(n
0

)
+
(n
1

)
+ ...+

(n
n

)
=

n∑
i=0

(
n

i

)
= 2n trìpouc.



MetaxÔ 2n antikeimènwn ta n eÐnai Ðdia. Me pìsouc
trìpouc mpor¸ na epilèxw n apì ta dosmèna 2n
antikeÐmena;

Enallaktik  lÔsh:

I JewroÔme n diadoqikèc jèseic ìpou k�je mÐa
antiproswpeÔei èna apì ta n diaforetik� antikeÐmena.

I Gia k�je mÐa apì autèc tic jèseic èqoume 2 epilogèc: na
epilèxoume to antikeÐmenì thc   na mhn to epilèxoume kai
na b�loume sth jèsh tou èna apì ta n Ðdia antikeÐmena.

I 'Ara sunolik�: 2n trìpoi.



MetaxÔ 3n + 1 antikeimènwn ta n eÐnai Ðdia. Me pìsouc
trìpouc mpor¸ na epilèxw n apì ta dosmèna 3n + 1
antikeÐmena;

MporoÔme na dialèxoume n antikeÐmena apì ta 3n + 1 wc ex c:

I dialègw me 1 trìpo n Ðdia antikeÐmena kai me
(2n+1

0

)
trìpouc 0 apì ta diaforetik� 2n + 1 antikeÐmena,

I dialègw me 1 trìpo n − 1 Ðdia antikeÐmena kai
(2n+1

1

)
trìpouc 1 apì ta diaforetik� 2n + 1 antikeÐmena,

I dialègw me 1 trìpo n − 2 Ðdia antikeÐmena kai
(2n+1

2

)
trìpouc 2 apì ta diaforetik� 2n + 1 antikeÐmena,

I kìk

I dialègw me 1 trìpo 0 Ðdia antikeÐmena kai
(2n+1

n

)
trìpouc n

apì ta diaforetik� 2n + 1 antikeÐmena.

'Ara sunolik�:(2n+1
0

)
+
(2n+1

1

)
+ ...+

(2n+1
n

)
=

n∑
i=0

(
2n + 1

i

)
= 22n trìpouc.



MetaxÔ 3n + 1 antikeimènwn ta n eÐnai Ðdia. Me pìsouc
trìpouc mpor¸ na epilèxw n apì ta dosmèna 3n + 1
antikeÐmena;

22n+1 =
(2n+1

0

)
+
(2n+1

1

)
+ ...+

(2n+1
n

)
+
(2n+1
n+1

)
+ ...+

(2n+1
2n+1

)
⇒

22n+1 =
(2n+1

0

)
+
(2n+1

1

)
+ ...+

(2n+1
n

)
+
(2n+1

n

)
+ ...+

(2n+1
0

)
⇒

22n+1 = 2 ·
[(2n+1

0

)
+
(2n+1

1

)
+ ...+

(2n+1
n

)]
⇒[(2n+1

0

)
+
(2n+1

1

)
+ ...+

(2n+1
n

)]
= 22n

I
(n
k

)
=
( n
n−k

)
GiatÐ;

'Eqw k Ðdia kapèla kai jèlw na ta d¸sw se n �toma. EÐte
dialèxw ta k �toma sta opoÐa ja d¸sw kapèlo eÐte ta
n − k sta opoÐa de ja d¸sw eÐnai to Ðdio.



Ta prohgoÔmena aforoÔn sta maj mata 12 kai 15/10/2010



Stoiqei¸dhc sunduastik 

I Dianom  antikeimènwn se upodoqèc



Dianom  Antikeimènwn se Upodoqèc

I Me pìsouc trìpouc mporoÔme na dianeÐmoume r antikeÐmena
(diakekrimèna   ìqi) se n upodoqèc.

I DiakrÐnoume peript¸seic:

1. Τα αντικείμενα είναι διαϕορετικά (διακεκριμένα) και η
σειρά στις υποδοχές δε μετράει.

n · n · ... · n︸ ︷︷ ︸
r

= nr

Για το πρώτο αντικείμενο έχουμε n επιλογές ως προς το που
θα το τοποθετήσουμε. ΄Ομοια για το δεύτερο, αϕού δεν
απαγορεύεται να ρίξουμε δυο αντικείμενα στην ίδια
υποδοχή, κοκ. Άρα συνολικά μπορώ να τοποθετήσω τα r
αντικείμενα στις n υποδοχές με nr τρόπους.



Dianom  Antikeimènwn se Upodoqèc

2. Ta antikeÐmena eÐnai diaforetik� (diakekrimèna) kai h
seir� se k�je upodoq  metr�ei.

(n + r − 1)!

(n − 1)!

Arqik� diat�ssw ta r antikeÐmena. Ja prosomoi¸sw tic n
upodoqèc me (n + 1) k�jetec grammèc pou ja topojet sw
an�mesa sta diatetagmèna antikeÐmena. AntikeÐmena pou
brÐskontai metaxÔ thc i-st c kai thc (i + 1)-st c gramm c
ja jewroÔme ìti brÐskontai sthn i-st  upodoq .

|α1α3α5|α2α6|........|︸ ︷︷ ︸
n upodoqèc



Dianom  Antikeimènwn se Upodoqèc

2. Ta antikeÐmena eÐnai diaforetik� (diakekrimèna) kai h
seir� se k�je upodoq  metr�ei.

(n + r − 1)!

(n − 1)!

|α1α3α5|α2α6|........|︸ ︷︷ ︸
n upodoqèc

Apì tic n + 1 grammèc pou topojèthsa, mìno oi n − 1
orÐzoun tic upodoqèc (mpor¸ na agno sw tic akraÐec). O
sunolikìc arijmìc antikeimènwn pou èqw eÐnai r + (n− 1) (r
arqik� antikeÐmena kai n − 1 grammèc), kai mpor¸ na ta
diat�xw me (n + r − 1)! trìpouc. 'Omwc ta n − 1
antikeÐmena (oi grammèc) eÐnai Ðdia (den eÐnai diakekrimèna),

�ra èqw mìno (n+r−1)!
(n−1)! diaforetikoÔc trìpouc.



Pìsoi eÐnai oi diaforetikoÐ trìpoi na per�soun k
(diaforetik�) autokÐnhta apì n diaforetikoÔc
upall louc diodÐwn ìtan paÐzei rìlo h seir� me thn
opoÐa k�je up�llhloc exuphreteÐ ta autokÐnhta;

I To pr¸to autokÐnhto èqei n epilogèc ìsoi kai oi up�llhloi.

I To deÔtero autokÐnhto èqei n + 1 epilogèc: an p�ei ston
up�llhlo pou p ge kai to pr¸to autokÐnhto na p�ei prÐn  
met� apì autì.

I To trÐto autokÐnhto èqei n + 2 epilogèc: an p�ei ston
up�llhlo pou p ge kai to pr¸to autokÐnhto na p�ei prÐn  
met� apì autì, an p�ei ston up�llhlo pou p ge kai to
deÔtero autokÐnhto na p�ei prÐn   met� apì autì.

I To k autokÐnhto èqei n + k − 1 epilogèc: ìmoia ìpwc
prohgoumènwc.

'Ara sunolik� (apì kanìna ginomènou) up�rqoun

n(n + 1)...(n + k − 1) =
(n + k − 1)!

(n − 1)!
diaforetikoÐ trìpoi.









Dianom  Antikeimènwn se Upodoqèc

3. Ta antikeÐmena eÐnai Ðdia (den eÐnai diakekrimèna).(
n + r − 1

r

)
'Opwc sthn prohgoÔmenh perÐptwsh, mìno pou aut  th
for� kai ta r antikeÐmena eÐnai Ðdia (den eÐnai

diakekrimèna), epomènwc èqoume mìno (n+r−1)!
r !(n−1)! =

(n+r−1
r

)
diaforetikoÔc trìpouc na ta diat�xoume.



Dianom  antikeimènwn se upodoqèc: me pìsouc trìpouc
mporoÔme na topojet soume r diaforetik�
(diakekrimèna) antikeÐmena se n diaforetikèc
(diakekrimènec) upodoqèc ìtan de metr�ei h seir�

I Gia to antikeÐmeno 1 èqoume n trìpouc (dhl. mporoÔme na
to topojet soume se k�je mÐa apì tic n diajèsimec
upodoqèc)

I Gia to antikeÐmeno 2 èqoume n trìpouc (dhl. mporoÔme na
to topojet soume se k�je mÐa apì tic n diajèsimec
upodoqèc)

I ...

I Gia to antikeÐmeno r èqoume n trìpouc (dhl. mporoÔme na
to topojet soume se k�je mÐa apì tic n diajèsimec
upodoqèc)

I 'Ara, sunolik� n · ... · n︸ ︷︷ ︸
r forèc

= nr



Dianom  antikeimènwn se upodoqèc: me pìsouc trìpouc
mporoÔme na topojet soume r diaforetik�
(diakekrimèna) antikeÐmena se n diaforetikèc
(diakekrimènec) upodoqèc ìtan metr�ei h seir�

I 1oc trìpoc
I Οι n υποδοχές είναι τα διαστήματα που ορίζονται από n+ 1
σημεία πάνω σε μια ευθεία.

I Το πρώτο από αυτά τα σημεία μπαίνει πάντα στην αρχή
και το τελευταίο πάντα στο τέλος, επομένως υπάρχουν
n − 1 ίδια (μη διακεκριμένα) σημεία που πρέπει να
διαχωρίσουν r διαϕορετικά (διακεκριμένα) αντικείμενα

I Επομένως, ζητάμε τις διατάξεις r + n − 1 αντικειμένων από
τα οποία τα n − 1 είναι ίδια (μη διακεκριμένα). Αυτός είναι:
(r+n−1)!
(n−1)!



Dianom  antikeimènwn se upodoqèc: me pìsouc trìpouc
mporoÔme na topojet soume r diaforetik�
(diakekrimèna) antikeÐmena se n diaforetikèc
(diakekrimènec) upodoqèc ìtan metr�ei h seir�

I 2oc trìpoc
I Για το 1ο από τα r αντικείμενα, υπάρχουν n τρόποι
τοποθέτησης σε κάθε μία από τις n διαθέσιμες υποδοχές.
Αϕού επιλεγεί μία, αυτή χωρίζεται στα δύο.

I Για το 2ο από τα r αντικείμενα, υπάρχουν n + 1 τρόποι
τοποθέτησης σε κάθε μία από τις n διαθέσιμες υποδοχές και
τη 1 νέα. Αϕού επιλεγεί μία, αυτή χωρίζεται στα δύο.

I Για το 3ο από τα r αντικείμενα, υπάρχουν n + 2 τρόποι
τοποθέτησης σε κάθε μία από τις n διαθέσιμες υποδοχές και
τις 2 νέες. Αϕού επιλεγεί μία, αυτή χωρίζεται στα δύο, κοκ

I Για το r -ό από τα r αντικείμενα, υπάρχουν n + r − 1 τρόποι
τοποθέτησης σε κάθε μία από τις n διαθέσιμες υποδοχές και
τις r − 1 νέες.

I Άρα, συνολικά: n · (n + 1) · (n + 2) · ... · (n + r − 1) τρόποι



Dianom  antikeimènwn se upodoqèc: me pìsouc trìpouc
mporoÔme na topojet soume r Ðdia (mh diakekrimèna)
antikeÐmena se n diaforetikèc (diakekrimènec) upodoqèc
ìtan metr�ei h seir�

I 1oc trìpoc
I Με πόσους τρόπους μπορούμε να τοποθετήσουμε r
διαϕορετικά (διακεκριμένα) αντικείμενα σε n διαϕορετικές

(διακεκριμένες) υποδοχές όταν μετράει η σειρά; (r+n−1)!
(n−1)!

I Αλλά τώρα τα r αντικείμενα είναι ίδια (μη διακεκριμένα) ⇒
οι ζητούμενοι τρόποι είναι (r+n−1)!

(n−1)!r !



Dianom  antikeimènwn se upodoqèc: me pìsouc trìpouc
mporoÔme na topojet soume r Ðdia (mh diakekrimèna)
antikeÐmena se n diaforetikèc (diakekrimènec) upodoqèc
ìtan metr�ei h seir�

I 2oc trìpoc
I ΄Οπως πριν με τα διαστήματα στην ευθεία, μόνο που τώρα
τόσο η ομάδα που περιέχει τα n − 1 σημεία όσο και αυτή
που περιέχει τα r αντικείμενα περιέχουν ίδια (μη

διακεκριμένα) στοιχεία: (r+n−1)!
(n−1)!r !



'Estw ìti topojetoÔme me k�poion trìpo tic Ðdiec mp�lec sta
diaforetik� kouti�.

Den all�zei k�ti an eujugrammÐsoume tic mp�lec.

Den all�zei k�ti an sb soume k�poia ìria apì ta kouti�.
To p¸c topojet same tic mp�lec sta kouti� mporeÐ na
parastajeÐ me mia akoloujÐa apì 0 kai 1: 0001001100



An up�rqoun r mp�lec kai n kouti� tìte prèpei na
topojet soume r �0� kai n − 1 �1� se n + r − 1 jèseic.
Autì gÐnetai me C (r + n − 1, r) trìpouc.



SÔntomh epan�lhyh: Me pìsouc trìpouc mporoÔme na
dianeÐmoume r antikeÐmena se n upodoqèc;

I Diaforetik� antikeÐmena:
I Δε μετράει η σειρά: n · n · ... · n︸ ︷︷ ︸

r

= nr

I Μετράει η σειρά:
(n + r − 1)!

(n − 1)!

I Idia antikeÐmena:
(n + r − 1)!

r !(n − 1)!
=

(
n + r − 1

r

)



ParadeÐgmata

I Me pìsouc trìpouc mporoÔme na topojet soume r Ðdiec
mp�lec se n diaforetik� kouti� an k�je koutÐ qwr�ei mÐa
mìno mp�la;

I C (n, r)

I Pìsec duadikèc akoloujÐec 32 yhfÐwn èqoun akrib¸c 7
�ssouc;

I C (32, 7)



Me pìsouc trìpouc r Ðdiec mp�lec mporoÔn na
topojethjoÔn se n diaforetik� kouti� ètsi ¸ste k�je
koutÐ na perièqei toul�qiston 9 mp�lec;

I �toul�qiston 9 mp�lec se k�je koutÐ�: 9n mp�lec.

I Mènoun r − 9n Ðdiec mp�lec tic opoÐec mporoÔme na
topojet soume sta n diaforetik� kouti� me ìlouc touc
dunatoÔc trìpouc ⇒ (r−9n+n−1)!

(n−1)!(r−9n)! =
(r−9n+n−1

r−9n

)



Me pìsouc trìpouc r Ðdia antikeÐmena mporoÔn na
topojethjoÔn se n upodoqèc ètsi ¸ste ìlec oi upodoqèc
na p�roun toul�qiston 1 antikeÐmeno;

I TopojetoÔme 1 antikeÐmeno se k�je mÐa apì tic n upodoqèc
gia na mh meÐnei kamÐa �deia. Mènoun r − n antikeÐmena.

I 'Eqoume r − n Ðdia antkeÐmena ta opoÐa mporoÔme na
topojet soume stic n upodoqèc me

(n+r−n−1
r−n

)
trìpouc



'Eqw 7 a, 8 b, 5 g kai 4d. Pìsec sumboloseirèc mpor¸ na
fti�xw an den prèpei na emfanÐzetai to �ga� se kamÐa
apì autèc;

I Mìno me ta 7 a, ta 8 b kai ta 4d mpor¸ na fti�xw
19!

7!8!4!
diat�xeic qwrÐc kanènan periorismì.

I Gia k�je mÐa apì tic parap�nw diat�xeic, jewr¸ ìti ta 5 g
eÐnai 5 Ðdia antikeÐmena pou topojetoÔntai se diaforetikèc
upodoqèc pou sqhmatÐzontai apì thn up�rqousa di�taxh.
'Eqoume sunolik� 19 gr�mmata pou sqhmatÐzoun 20
diaforetikèc upodoqèc: mÐa prin apì k�je gr�mma kai mÐa
sto tèloc. To g de mporeÐ na topojethjeÐ prin apì a giatÐ
ja sqhmatisteÐ ga. Opìte mènoun 13 upodoqèc gia na
topojethjeÐ to g: prin apì k�poio b, prin apì k�poio d  
sto tèloc. Oi diaforetikoÐ trìpoi na topojethjoÔn ta 5 g

eÐnai:

(
13 + 5− 1

5

)
=

17!

5!12!
.

'Ara sunolik�:
19!

7!8!4!
+

17!

5!12!



'Eqw n jèseic sth seir� kai jèlw na topojet sw k
foithtèc gia na gr�youn exet�seic ¸ste metaxÔ k�je
dÔo foitht¸n na up�rqei mÐa ken  jèsh (n ≥ 2k − 1). Me
pìsouc diaforetikoÔc trìpouc mpor¸ na to k�nw;

I Bg�zw foithtèc kai jranÐa apì thn aÐjousa.
I DÐnw èna jranÐo se k�je foitht  (1 trìpoc up�rqei afoÔ

ta jranÐa eÐnai Ðdia, desmeÔw k).
I Diat�ssw touc foithtèc me ta jranÐa touc: up�rqoun k!

diaforetikoÐ trìpoi afoÔ oi foithtèc eÐnai diaforetikoÐ.
I Topojet¸ èna �deio jranÐo an�mesa se k�je zeug�ri

foitht¸n (1 trìpoc afoÔ ta jranÐa eÐnai Ðdia, desmeÔw
k − 1 jranÐa).

I Moir�zw ta n − 2k + 1 Ðdia jranÐa pou perÐsseyan se
k + 1 diaforetikèc upodoqèc. Autì gÐnetai me(
k + 1 + n − 2k + 1− 1

n − 2k + 1

)
=

(
n − k + 1

n − 2k + 1

)
'Ara sunolik� up�rqoun k! ·

(
n − k + 1

n − 2k + 1

)
diaforetikoÐ trìpoi.



SÔntomh epan�lhyh: Me pìsouc trìpouc mporoÔme na
dianeÐmoume r antikeÐmena se n upodoqèc;

I Diaforetik� antikeÐmena:
I Δε μετράει η σειρά: n · n · ... · n︸ ︷︷ ︸

r

= nr

I Μετράει η σειρά:
(n + r − 1)!

(n − 1)!

I Idia antikeÐmena:
(n + r − 1)!

r !(n − 1)!
=

(
n + r − 1

r

)



Jèloume na steÐloume èna m numa me 12 diaforetik�
sÔmbola p�nw apì èna thlepikoinwniakì kan�li.
Epiplèon twn sumbìlwn jèloume na steÐloume kai 45 ken�
metaxÔ twn sumbìlwn, me toul�qiston 3 ken� metaxÔ
diaforetik¸n sumbìlwn. Me pìsouc diaforetikoÔc
trìpouc mporoÔme na metad¸soume to m numa;

I DiaforetikoÐ trìpoi gia na metad¸sw mìno ta 12
diaforetik� sÔmbola: 12!

I Gia kajènan apì autoÔc touc trìpouc, sqhmatÐzontai 11
jèseic metaxÔ twn 12 sumbìlwn, se k�je mÐa apì tic opoÐec
prèpei na b�loume toul�qiston 3 ken�: �ra
qrhsimopoioÔme �llouc 33 apì touc 45 kenoÔc qarakt rec.
Mènoun 12 ken�.

I 12 ken� pou mènoun ⇔ 12 Ðdia antikeÐmena pou jèloume na
topojet soume se 11 diaforetik� kouti� ⇔ tic jèseic pou
eÐpame prin. Autì mporeÐ na gÐnei me

(11+12−1
12

)
=
(22
12

)
diaforetikoÔc trìpouc.



Jèloume na steÐloume èna m numa me 12 diaforetik�
sÔmbola p�nw apì èna thlepikoinwniakì kan�li.
Epiplèon twn sumbìlwn jèloume na steÐloume kai 45 ken�
metaxÔ twn sumbìlwn, me toul�qiston 3 ken� metaxÔ
diaforetik¸n sumbìlwn. Me pìsouc diaforetikoÔc
trìpouc mporoÔme na metad¸soume to m numa;

Epomènwc mporoÔme na metad¸soume to m numa me

12! ·
(
22

12

)
= 3.097× 1014 diaforetikoÔc trìpouc.



Me pìsouc trìpouc mporoÔme na topojet soume r
diaforetikèc shmaÐec se n diaforetikoÔc istoÔc me
dedomèna ìti (a) èqei shmasÐa h seir� me thn opoÐa
emfanÐzontai oi shmaÐec stouc istoÔc kai (b) kanènac
istìc den prèpei na meÐnei �deioc (r ≥ n);

I Gia na isqÔei to (b):

P(r , n) = r(r − 1)...(r − n + 1) =
r !

(r − n)!
trìpoi

I Gia na isqÔei kai to (a):
(r − n + n − 1)!

(n − 1)!
=

(r − 1)!

(n − 1)!
trìpoi

Epomènwc, sunolik�:
r !

(r − n)!
· (r − 1)!

(n − 1)!
trìpoi.



Ta prohgoÔmena aforoÔn sto m�jhma 22/10/2010



Me pìsouc trìpouc mporoÔme na topojet soume 4 Ðdia
portok�lia kai 6 diaforetik� m la se 5 diaforetik�
kouti�; Se poio posostì aut¸n twn trìpwn
topojetoÔntai 2 akrib¸c froÔta se k�je koutÐ;

I Ta 4 Ðdia portok�lia mporoÔme na ta topojet soume sta

5 kouti� me
(4 + 5− 1)!

4!(5− 1)!
=

8!

4!4!
= 70 diaforetikoÔc

trìpouc.

I Ta 6 diaforetik� m la mporoÔme na ta topojet soume
sta 5 kouti� (qwrÐc na metr�ei h seir�) me 56 = 15.625
diaforetikoÔc trìpouc.

Epomènwc, sunolik� èqoume 70 · 15.625 = 1.093.750
diaforetikoÔc trìpouc.



Me pìsouc trìpouc mporoÔme na topojet soume 4 Ðdia
portok�lia kai 6 diaforetik� m la se 5 diaforetik�
kouti�; Se poio posostì aut¸n twn trìpwn
topojetoÔntai 2 akrib¸c froÔta se k�je koutÐ;

Gia na èqoume 2 akrib¸c froÔta se k�je koutÐ, asqoloÔmaste
pr¸ta me ta 4 portok�lia pou eÐnai Ðdia:

I B�zoume apì 2 portok�lia se 2 apì ta pènte kouti�.
Pìsoi diaforetikoÐ trìpoi na dialèxw ta kouti� aut�
up�rqoun; C (5, 2) = 5!

2!3! = 10.

I Ta 6 diaforetik� m la mpor¸ na ta qwrÐsw se 3 dimeleÐc
om�dec (mÐa gia kajèna apì ta upìloipa 3 kouti�) me

6!
2!2!2! = 90 trìpouc.
'Ara sunolik� 10 · 90 = 900 trìpoi.



Me pìsouc trìpouc mporoÔme na topojet soume 4 Ðdia
portok�lia kai 6 diaforetik� m la se 5 diaforetik�
kouti�; Se poio posostì aut¸n twn trìpwn
topojetoÔntai 2 akrib¸c froÔta se k�je koutÐ;

I B�zoume 2 portok�lia se 1 koutÐ me C (5, 1) = 5!
1!4! = 5

trìpouc, kai apì èna portok�li se 2 apì ta pènte kouti�
me C (4, 2) = 4!

2!2! = 6 trìpouc.
Ta 6 diaforetik� m la mpor¸ na ta qwrÐsw se 2 dimeleÐc
om�dec (mÐa gia kajèna apì ta upìloipa 2 kouti�) me
6!
2!2! = 180 trìpouc.
'Ara sunolik� 5 · 6 · 180 = 5.400 trìpoi.



Me pìsouc trìpouc mporoÔme na topojet soume 4 Ðdia
portok�lia kai 6 diaforetik� m la se 5 diaforetik�
kouti�; Se poio posostì aut¸n twn trìpwn
topojetoÔntai 2 akrib¸c froÔta se k�je koutÐ;

I B�zoume apì 1 portok�lia se 4 kouti� me
C (5, 4) = 5!

4!1! = 5 trìpouc.
Ta 6 diaforetik� m la mpor¸ na ta qwrÐsw se zeug�ria
(gia to koutÐ pou mènei) me 6!

2! = 360 trìpouc.
'Ara sunolik� 5 · 360 = 1.800 trìpoi.

Epomènwc, sunolik� 900 + 5.400 + 1.800 = 8.100 trìpoi. Opìte
to zhtoÔmeno posostì eÐnai 8.100×100

1.093.750 % = 7.4%



(a) Pìsec akèraiec lÔseic thc exÐswshc
x1 + x2 + x3 + x4 = 12 me xi ≥ 0 up�rqoun;
(b) Pìsec me xi > 0;
(g) Pìsec me x1 ≥ 2, x2 ≥ 2, x3 ≥ 4, x4 ≥ 0;

I (a) To prìblhma eÐnai Ðdio me thn eÔresh twn diaforetik¸n
trìpwn topojèthshc 12 Ðdiwn antikeimènwn (twn mon�dwn)
se 4 diaforetik� kouti� (touc ìrouc thc exÐswshc).

Epomènwc up�rqoun
(12 + 4− 1)!

12!(4− 1)!
= 455 trìpoi, dhl.,

diaforetikèc lÔseic.



(a) Pìsec akèraiec lÔseic thc exÐswshc
x1 + x2 + x3 + x4 = 12 me xi ≥ 0 up�rqoun;
(b) Pìsec me xi > 0;
(g) Pìsec me x1 ≥ 2, x2 ≥ 2, x3 ≥ 4, x4 ≥ 0;

I (b) To prìblhma eÐnai Ðdio me thn eÔresh twn diaforetik¸n
trìpwn topojèthshc 12 Ðdiwn antikeimènwn (twn mon�dwn)
se 4 diaforetik� kouti� (touc ìrouc thc exÐswshc) all�
k�nena koutÐ na mhn eÐnai �deio. Epomènwc up�rqoun
(8 + 4− 1)!

8!(4− 1)!
= 165 trìpoi, dhl., diaforetikèc lÔseic.



(a) Pìsec akèraiec lÔseic thc exÐswshc
x1 + x2 + x3 + x4 = 12 me xi ≥ 0 up�rqoun;
(b) Pìsec me xi > 0;
(g) Pìsec me x1 ≥ 2, x2 ≥ 2, x3 ≥ 4, x4 ≥ 0;

I (g) To prìblhma eÐnai Ðdio me thn eÔresh twn diaforetik¸n
trìpwn topojèthshc 12 Ðdiwn antikeimènwn (twn mon�dwn)
se 4 diaforetik� kouti� (touc ìrouc thc exÐswshc) me touc
dosmènouc periorismoÔc. Epomènwc up�rqoun
(4 + 4− 1)!

4!(4− 1)!
= 35 trìpoi, dhl., diaforetikèc lÔseic.



(a) Pìsec mh arnhtikèc akèraiec lÔseic èqei h exÐswsh
x1 + x2 + ...+ x6 = 10;
(b) Pìsec mh arnhtikèc akèraiec lÔseic èqei h anÐswsh
x1 + x2 + ...+ x6 < 10;

I (a) To prìblhma eÐnai Ðdio me thn eÔresh twn diaforetik¸n
trìpwn topojèthshc 10 Ðdiwn antikeimènwn (twn mon�dwn)
se 6 diaforetik� kouti� (touc ìrouc thc exÐswshc).

Epomènwc up�rqoun (6+10−1)!
10!(6−1)! = 3003 trìpoi, dhl.,

diaforetikèc lÔseic.
I (b) AntÐ na asqolhj¸ me thn anÐswsh

x1 + x2 + ...+ x6 < 10 y�qnw isodÔnama tic lÔseic thc
exÐswshc: x1 + x2 + ...+ x6 + x7 = 10 me touc periorismoÔc:
xi ≥ 0, 0 ≤ i ≤ 6 kai x7 > 0. To prìblhma eÐnai Ðdio me thn
eÔresh twn diaforetik¸n trìpwn topojèthshc 10 Ðdiwn
antikeimènwn (twn mon�dwn) se 7 diaforetik� kouti�, all�
1 koutÐ prèpei p�nta na mhn eÐnai �deio. Epomènwc
up�rqoun (7+9−1)!

9!(7−1)! = 5005 trìpoi, dhl., diaforetikèc lÔseic.



Se èna magazÐ ta antikeÐmena A, B kai G kostÐzoun apì
5 eur¸ kai to antikeÐmeno D 20 eur¸. An jèlw na xodèyw
sunolik� 100 eur¸ pìsec diaforetikèc agorèc mpor¸ na
k�nw;

I To mikrìtero posì eÐnai ta 5 eur¸ kai ta �lla eÐnai
pollapl�si� tou. Opìte jewr¸ autì wc mon�da kai
mpor¸ na diatup¸sw thn parap�nw er¸thsh wc:
A+ B + Γ + 4∆ = 20 me A,B, Γ,∆ ≥ 0.

I Epeid  to D èqei suntelest  4, prèpei na poÔme rht� pìsa
antikeÐmena tÔpou D agor�zoume. 'Estw i to pl joc touc.
Opìte h exÐswsh gÐnetai:
A+ B + Γ + 4i = 20 ⇔ A+ B + Γ = 20− 4i me
A,B, Γ,∆ ≥ 0 kai 0 ≤ i ≤ 5.



Se èna magazÐ ta antikeÐmena A, B kai G kostÐzoun apì
5 eur¸ kai to antikeÐmeno D 20 eur¸. An jèlw na xodèyw
sunolik� 100 eur¸ pìsec diaforetikèc agorèc mpor¸ na
k�nw;

I To prìblhma eÐnai Ðdio me thn eÔresh twn diaforetik¸n
trìpwn topojèthshc 20− 4i Ðdiwn antikeimènwn (twn
mon�dwn) se 3 diaforetik� kouti�, gia k�je tim  0 ≤ i ≤ 5.

Epomènwc up�rqoun
5∑

i=0

(20− 4i + 3− 1)!

(20− 4i)!(3− 1)!
=

5∑
i=0

(20− 4i + 3− 1)!

(20− 4i)!2!
=

5∑
i=0

(11− 2i)!

(20− 4i)!
= 536 trìpoi, dhl.,

diaforetikèc lÔseic.



Me pìsouc trìpouc mporoÔn na dianemhjoÔn 2n + 1
jèseic enìc sunedriakoÔ kèntrou se 3 om�dec, ¸ste o
sunaspismìc opoiwnd pote dÔo om�dwn na touc
exasfalÐsei pleioyhfÐa; Tìso oi jèseic ìso kai oi
sÔnedroi thc k�je om�dac de diakrÐnontai metaxÔ touc

I DÐnetai ìti: �tìso oi jèseic ìso kai oi sÔnedroi thc k�je

om�dac de diakrÐnontai metaxÔ touc �. Epomènwc, dianomèc
twn jèsewn pou prokÔptoun h mÐa apì thn �llh me
antallag  jèsewn sunèdrwn metaxÔ touc,   pros¸pwn
sunèdrwn, qwrÐc allag  tou arijmoÔ twn sunèdrwn thc
k�je om�dac, de metr�ne wc diaforetikèc. 'Etsi, to
prìblhma metatrèpetai se prìblhma topojèthshc mh
diakekrimènwn (dhl., Ðdiwn) antikeimènwn se diakekrimènec
upodoqèc (tic diaforetikèc omadec).



Me pìsouc trìpouc mporoÔn na dianemhjoÔn 2n + 1
jèseic enìc sunedriakoÔ kèntrou se 3 om�dec, ¸ste o
sunaspismìc opoiwnd pote dÔo om�dwn na touc
exasfalÐsei pleioyhfÐa; Tìso oi jèseic ìso kai oi
sÔnedroi thc k�je om�dac de diakrÐnontai metaxÔ touc

I Idèa: An mÐa om�da èqei n + 1 jèseic, tìte oi dÔo �llec de
mporoÔn potè na èqoun pleioyhfÐa. 'Ara gia na
apant soume sthn er¸thsh prèpei
1. να βρούμε με πόσους τρόπους μπορούν να διανεμηθούν

2n + 1 θέσεις σε 3 ομάδες χωρίς περιορισμό, και
I Trìpoi topojèthshc 2n + 1 Ðdiwn antikeimènwn se 3

upodoqèc:
(
2n+1+3−1

2n+1

)
=

(
2n+3
2n+1

)
2. να αϕαιρέσουμε από αυτούς εκείνους τους τρόπους που
δίνουν τουλάχιστον n + 1 θέσεις σε μία μόνο ομάδα

I DÐnoume n + 1 jèseic se mÐa apì tic om�dec opìte mènoun

gia dianom  2n + 1− n − 1 = n jèseic
I Trìpoi topojèthshc n Ðdiwn antikeimènwn se 3 upodoqèc:(

n+3−1
n

)
=

(
n+2
n

)
I Sunolik�, afoÔ up�rqoun 3 om�dec: 3 ·

(
n+2
n

)



Me pìsouc trìpouc mporoÔn na dianemhjoÔn 2n + 1
jèseic enìc sunedriakoÔ kèntrou se 3 om�dec, ¸ste o
sunaspismìc opoiwnd pote dÔo om�dwn na touc
exasfalÐsei pleioyhfÐa; Tìso oi jèseic ìso kai oi
sÔnedroi thc k�je om�dac de diakrÐnontai metaxÔ touc

I Opìte oi zhtoÔmenoi trìpoi eÐnai:(2n+3
2

)
− 3 ·

(n+2
2

)
= n

2 · (n + 1)



SÔnoyh-Praktik� (1)

'Eqw 10 yhfÐa (diakekrimèna antikeÐmena).

I Mpor¸ na fti�xw 10 · 9 · 8 · 7 diaforetikèc 4-�dec
(diat�xeic 4 apì 10 antikeimènwn = P(10, 4)).
PARATHRHSH: h tetr�da 1,2,3,4 eÐnai diaforetik  apì thn
tetr�da 4,3,2,1

I Mpor¸ na dialèxw
10 · 9 · 8 · 7

4!
diaforetikèc 4-�dec

(sunduasmoÐ 4 apì 10 antikeimènwn = C (10, 4) = P(10,4)
P(4,4) ).

PARATHRHSH: h tetr�da 1,2,3,4 metr�ei 1 for� kai den
eÐnai diaforetik  apì thn tetr�da 4,3,2,1



SÔnoyh-Praktik� (2)

I 'Eqw 100 mp�lec (mh diakekrimèna antikeÐmena).
Tic qwrÐzw se om�dec apì pr�sinec, kìkkinec kai mple
mp�lec.
Oi pr�sinec mp�lec eÐnai 60, oi kìkkinec 30 kai oi mple 10.

Up�rqoun
100!

60!30!10!
trìpoi na diat�xw tic 100 mp�lec.

I 'Eqw 2 diaforetik� duadik� yhfÐa (diakekrimèna
antikeÐmena): 0 kai 1.
'Eqw ìsa jèlw apì aut� (epitrèpontai oi epanal yeic).
Mpor¸ na fti�xw 25 diaforetikèc 5-�dec.

I 'Eqw 2 z�ria all� de me endiafèrei h seir� pou pèftoun
(sunduasmoÐ).
K�je z�ri èqei 6 pijanèc timèc kai mporeÐ na fèrnei thn
Ðdia tim  suneq¸c (epitrèpontai epanal yeic).
Up�rqoun sunolik� C (6 + 2− 1, 2) zarièc.



SÔnoyh-Praktik� (3)

I 'Eqw n antikeÐmena, èna apì to kajèna kai de me noi�zei h
seir�.
Up�rqoun 2n − 1 trìpoi gia na epilèxw èna   perissìtera
apì aut�.

I 2: επιλέγω/δεν επιλέγω κάποιο αντικείμενο
I -1: πρέπει να επιλέξω τουλάχιστον ένα

I 'Eqw t om�dec mh diakekrimènwn antikeimènwn, k�je mÐa me
mègejoc q1, q2, ..., qt , antÐstoiqa.

I Μπορώ να διαλέξω ένα ή περισσότερα αντικείμενα με
(q1 + 1)(q2 + 1)...(qt + 1)− 1 τρόπους.



SÔnoyh-Praktik� (4)

I n diakekrimènec upodoqèc, r diakekrimèna antikeÐmena, de
metr�ei h seir� stic upodoqèc: nr trìpoi (mporeÐ na
up�rqoun kai �deiec upodoqèc)

I n diakekrimènec upodoqèc, r diakekrimèna antikeÐmena,

metr�ei h seir� stic upodoqèc:
(n + r − 1)!

(n − 1)!
trìpoi (mporeÐ

na up�rqoun kai �deiec upodoqèc)

I n diakekrimènec upodoqèc, r mh diakekrimèna antikeÐmena:(
n + r − 1

r

)
=

(n + r − 1)!

(n − 1)!r !
trìpoi (mporeÐ na up�rqoun

kai �deiec upodoqèc)



Stoiqei¸dhc sunduastik 

I DiwnumikoÐ Suntelestèc



DiwnumikoÐ Suntelestèc

(1 + x)n =

di¸numo︷ ︸︸ ︷
(1 + x) ·(1 + x) · ... · (1 + x)︸ ︷︷ ︸

n

=
n∑

k=0

(
n

k

)
xk

I Gia ton suntelest  tou xk :
Apì k�je di¸numo mporoÔme na p�roume èna �x � gia na
sqhmatÐsoume to xk , mporeÐ kai ìqi. Epomènwc èqoume n
eukairÐec (ìsa kai ta di¸numa) na p�roume k antikeÐmena
�x �. O arijmìc twn trìpwn pou mporoÔme na p�roume k
antikeÐmena apì n qwrÐc na mac endiafèrei h seir�, eÐnai(n
k

)
.

I Genik�:

(x + y)n =
n∑

k=0

(
n

k

)
xkyn−k



Idiìthtec Diwnumik¸n Suntelest¸n

1.

(
n

k

)
=

(
n

n − k

)
Oi trìpoi pou mpor¸ na dialèxw k antikeÐmena apì n eÐnai
Ðsoi me touc trìpouc pou mpor¸ na dialèxw ta (upìloipa)
n − k antikeÐmena apì ta n.

2.

(
n + 1

k + 1

)
=

(
n

k + 1

)
+

(
n

k

)
'Estw ìti xeqwrÐzw èna antikeÐmeno apì ta n + 1. An p�rw
k + 1 antikeÐmena sunolik�, mpor¸ na sumperil�bw kai
autì pou xeq¸risa   ìqi. Sthn pr¸th perÐptwsh prèpei na
p�rw ta upìloipa k antikeÐmena apì ta (upìloipa) n, en¸
sthn deÔterh, prèpei na p�rw kai ta k + 1 antikeÐmena apì
ta n.

3.

(
n + r + 1

r

)
=

r∑
k=0

(
n + k

k

)



Idiìthtec Diwnumik¸n Suntelest¸n

4.

(
n + 1

r + 1

)
=

n∑
k=r

(
k

r

)

5.

(
n

r

)
=

n

r

(
n − 1

r − 1

)
Gia na dialèxw r antikeÐmena apì n arkeÐ na dialèxw
pr¸ta èna antikeÐmeno, kai ta upìloipa r − 1 antikeÐmena
na ta dialèxw apì ta upìloipa n − 1. To �pr¸to�
antikeÐmeno mpor¸ na to epilèxw me n trìpouc, kai ta
upìloipa r − 1 me

(n−1
r−1

)
trìpouc. Epeid  ìmwc den èqei

shmasÐa poio apì ta r antikeÐmena eÐnai pr¸to (dhlad  ja
mporouse na eÐnai pr¸to opoiod pote apì ta upìloipa
r − 1 antikeÐmena pou epelèghsan ston sunduasmì, qwrÐc
na prokÔptei diaforetikìc sunduasmìc), diair¸ me r .



Idiìthtec

I C (n, r) = C (n − 1, r) + C (n − 1, r − 1)
'Enac sunduasmìc mporeÐ eÐte na perièqei to n-stì stoiqeÐo
eÐte ìqi.
Up�rqoun C (n − 1, r) sunduasmoÐ pou den perièqoun to
n-stì stoiqeÐo kai C (n − 1, r − 1) sunduasmoÐ pou to
perièqoun.

I C (n, r) = n
r C (n − 1, r − 1)

K�je stoiqeÐo metèqei se C (n − 1, r − 1) sunduasmoÔc twn
n an� r .
Sunolikèc summetoqèc gia ta n stoiqeÐa: n · C (n − 1, r − 1)
Oi sunolikèc summetoqèc stoiqeÐwn eÐnai r · C (n, r).



DiwnumikoÐ suntelestèc

I (1 + x): di¸numo

I (1 + x)n: polu¸numo bajmoÔ n

I O suntelest c tou x r sto polu¸numo isoÔtai me to pl joc
twn trìpwn na epilèxoume r apì touc n ìrouc x pou
emfanÐzontai sto ginìmeno (1 + x)...(1 + x)︸ ︷︷ ︸

n forèc

I Epomènwc, suntelest c tou x r sto polu¸numo
(1 + x)n = C (n, r)

I an�ptugma diwnÔmou tou NeÔtwna: (1 + x)n =
n∑

r=0

C (n, r)x r

I Genik�: (s + t)n =
n∑

r=0

C (n, r)sr tn−r



Poio eÐnai o stajerìc ìroc sto an�ptugma tou
(x2 + 1

x )
12;

I IsqÔei (s + t)n =
n∑

r=0

C (n, r)sr tn−r

I Gia s = x2 kai t = 1
x = x−1 èqoume:

I (x2 + 1
x )

12 = (x2 + x−1)12 =
12∑
r=0

C (n, r)x2rx−12+r =

12∑
r=0

C (12, r)x3r−12

I O stajerìc ìroc eÐnai o sunetelest c tou x0. Dhlad ,
prèpei 3r − 12 = 0 ⇔ r = 4. Epomènwc, o zhtoÔmenoc
suntelest c eÐnai o C (12, 4) = 495



Poioc eÐnai o suntelest c tou x40 sthn par�stash
(1 + x4 + x5)100; Parathr ste ìti sthn exÐswsh
4i + 5j = 40 oi akèraiec lÔseic eÐnai oi
(i , j) ∈ {(0, 8), (5, 4), (10, 0)}

I IsqÔei (s + t)n =
n∑

r=0

C (n, r)sr tn−r

I Gia s = x5 kai t = 1 + x4 èqoume:

I (1 + x4 + x5)100 =
100∑
r=0

(
100

r

)
x5·r (1 + x4)100−r

I (1 + x4)100−j =
100−r∑
k=0

(
100− r

k

)
x4·k ⇒



I (1 + x4 + x5)100 =
100∑
r=0

(
100

r

)
x5·r

100−r∑
k=0

(
100− r

k

)
x4·k

I Gia na upologÐsoume to suntelest  tou x40 prèpei na
epilèxoume kat�llhla zeÔgh tim¸n gia k kai r tètoia ¸ste
4k + 5r = 40, me k kai r jetikoÔc akèraiouc mikrìterouc
tou 100. Aut� dÐnontai apì thn ekf¸nhsh:
{(0, 8), (5, 4), (10, 0)}

I Opìte o suntelest c tou x40 eÐnai:(100
8

)(92
0

)
+
(100

4

)(96
5

)
+
(100

0

)(100
10

)



Gia k�je fusikì arijmì n isqÔei:
n∑

i=0

(
n

i

)
= 2n

I Gia k�je x isqÔei:
n∑

i=0

(
n

i

)
x i = (1 + x)n

I Gia x = 1 h parap�nw sqèsh dÐnei:
n∑

i=0

(
n

i

)
= (1+1)n = 2n



Gia k�je fusikì arijmì n isqÔei:
n∑

i=0

(
n

i

)
2i = 3n

I Gia k�je x isqÔei:
n∑

i=0

(
n

i

)
x i = (1 + x)n

I Gia x = 2 h parap�nw sqèsh dÐnei:
n∑

i=0

(
n

i

)
2i = (1 + 2)n = 3n



Gia k�je fusikì arijmì n isqÔei:(
n
0

)
+
(
n
2

)
+
(
n
4

)
+ ... =

(
n
1

)
+
(
n
3

)
+
(
n
5

)
+ ...

I Gia k�je x isqÔei:
n∑

i=0

(
n

i

)
x i = (1 + x)n

I Gia x = −1 h parap�nw sqèsh dÐnei:
n∑

i=0

(
n

i

)
(−1)i = 0

I
(n
0

)
−
(n
1

)
+
(n
2

)
−
(n
3

)
+
(n
4

)
−
(n
5

)
+ ... = 0 ⇒

I
(n
0

)
+
(n
2

)
+
(n
4

)
+ ... =

(n
1

)
+
(n
3

)
+
(n
5

)
+ ...



Gia k�je fusikì arijmì n isqÔei:
n∑

i=0

i ·
(
n

i

)
= n2n−1

I Gia k�je x isqÔei:
n∑

i=0

(
n

i

)
x i = (1 + x)n

I ParagwgÐzoume kai ta dÔo mèlh thc isìthtac:
n∑

i=0

i ·
(
n

i

)
x i−1 = n(1 + x)n−1

I Jètoume x = 1 kai h parap�nw sqèsh dÐnei:
n∑

i=0

i ·
(
n

i

)
= n(1 + 1)n−1 = n2n−1



Gia k�je fusikì arijmì n isqÔei:
n∑

i=0

(
n

i

)2

=

(
2n

n

)

I Epeid 
(n
i

)
=
( n
n−i

)
, eÐnai

n∑
i=0

(
n

i

)2

=
n∑

i=0

(
n

i

)(
n

n − i

)
I
(2n
n

)
shmaÐnei na dialèxoume n apì 2n antikeÐmena. Autì

mporeÐ na gÐnei wc ex c:
I Χωρίζουμε τα 2n αντικείμενα σε 2 ομάδες ώστε κάθε μία να
έχει n αντικείμενα.

I Για i = 0, 1, 2, 3, ..., n, διαλέγουμε i αντικείμενα από την
πρώτη ομάδα με

(
n
i

)
τρόπους και n − i αντικείμενα από τη

δεύτερη ομάδα με
(

n
n−i

)
τρόπους.

I Για i = 0, 1, 2, 3, ..., n, υπάρχουν
(
n
i

)(
n

n−i

)
τρόποι επιλογής.

I Τα ενδεχόμενα για διαϕορετικές τιμές του i είναι αμοιβαία
αποκλειόμενα, οπότε με κανόνα αθροίσματος έχουμε:(
2n

n

)
=

n∑
i=0

(
n

i

)(
n

n − i

)



ApodeÐxte ìti:

(
m + n

r

)
=

r∑
k=0

(
m

r − k

)(
n

k

)
I
(
m + n

r

)
: me pìsouc trìpouc mpor¸ na dialèxw r apì èna

sÔnolo me m arijmhmènec pr�sinec mp�lec kai n
arijmhmènec kìkkinec mp�lec.

I EÐnai san na dialègw (1) r − k apì tic m arijmhmènec
pr�sinec mp�lec kai (2) tic upìloipec k apì tic n
arijmhmènec kìkkinec mp�lec.

I To (1) mporeÐ na gÐnei me

(
m

r − k

)
trìpouc kai to (2) me(

n

k

)
trìpouc. 'Ara sunolik� up�rqoun

(
m

r − k

)(
n

k

)
trìpoi gia k�je tim  tou k .

I Ta gegonìta eÐnai amoibaÐa apokleiìmena gia diaforetikèc
timèc tou k . Opìte apì kanìna ajroÐsmatoc, up�rqoun

sunolik�
r∑

k=0

(
m

r − k

)(
n

k

)
trìpoi.



ApodeÐxte ìti:

(
m + n

r

)
=

r∑
k=0

(
m

r − k

)(
n

k

)

I 'Amesh sunèpeia:

(
2n

n

)
=

n∑
k=0

(
n

n − k

)(
n

k

)
=

n∑
k=0

(
n

k

)2



TrÐgwno tou Pascal

I Anadromikìc trìpoc upologismoÔ diwnumik¸n suntelest¸n.

(
n

k

)
=


(
n − 1

k − 1

)
+

(
n − 1

k

)
, an 0 < k < n

1, diaforetik�.



H Ôlh sunoptik�...

I Stoiqei¸dhc sunduastik 

I Genn triec sunart seic

I Egkleismìc - Apokleismìc

I JewrÐa Polyá



H Ôlh sunoptik�...

I Genn triec sunart seic



Ti eÐnai h genn tria

I Sthn akoloujÐa twn arijm¸n

α0, α1, α2, α3, ...

antistoiqeÐ h genn tria sun�rthsh:

A(z) = α0 + α1z + α2z
2 + α3z

3 + ...

pou gr�fetai pio sÔntoma:

∞∑
n=0

αnz
n

I An h akoloujÐa eÐnai peperasmènh (stamat�ei p.q., ston
ìro α10) tìte kai h genn tria èqei peperasmèno m koc:
10∑
n=0

αnz
n



Ti eÐnai h genn tria

I 'Estw h akoloujÐa α0 = 1, α1 = 0, α2 = 2, α3 = 5 en¸ gia
n ≥ 4 eÐnai αn = 0.

I H antÐstoiqh genn tria sun�rthsh eÐnai h:

3∑
n=0

αnz
n = 1 + 2z2 + 5z3



Qrhsimìthta gennhtri¸n sunart sewn

I Se orismèna polÔploka probl mata eÐnai dÔskolo na
doulèyoume me akoloujÐec.

I Metatrèpoume tic akoloujÐec se genn triec sunart seic
(tic opoÐec mporoÔme na diaqeiristoÔme eukolìtera giatÐ
moi�zoun me polu¸numa), katal goume se mia telik 
genn tria sun�rthsh kai epistrèfoume sthn telik 
akoloujÐa pou dÐnei lÔsh sto prìblhm� mac.



Qr simec sqèseic

I Apì gewmetrikèc proìdouc ja qreiastoÔme touc tÔpouc:

1 + λ+ λ2 + λ3 + ...+ λn =
1− λn+1

1− λ

I en¸ ìtan èqoume �peirouc ìrouc:

1 + λ+ λ2 + λ3 + ... =
1

1− λ
, isqÔei mìnon ìtan λ < 1

I H ekjetik  sun�rthsh ex mporeÐ na grafeÐ kai wc �peirh
seir� wc:

ex = 1 + x +
x2

2!
+

x3

3!
+ ...



Par�deigma

Poia eÐnai h genn tria sun�rthsh thc stajer c akoloujÐac
5, 5, ...;

I Prìkeitai gia thn akoloujÐa αn = 5, gia k�je n. Epomènwc
h antÐstoiqh genn tria sun�rthsh eÐnai:

∞∑
n=0

5zn = 5+5z +5z2+5z3+ ... = 5(1+ z + z2+ z3+ ...) =

5
1

1− z
=

5

1− z



Par�deigma

Poia eÐnai h genn tria sun�rthsh thc stajer c akoloujÐac
αn = n + 1;

I Prìkeitai gia thn akoloujÐa α0 = 1, α1 = 2, α2 = 3,
α3 = 4, ... Epomènwc h antÐstoiqh genn tria sun�rthsh
eÐnai:

1 + 2z + 3z2 + 4z3 + ...

I Gia na broÔme �kleistì� tÔpo, parathroÔme ìti oi ìroi eÐnai
par�gwgoi twn dun�mewn tou z :

z ′ + (z2)′ + (z3)′ + (z4)′ + ... = (z + z2 + z3 + z4 + ...)′ =

[
z(1 + z + z2 + z3 + ...)

]′
=

[
z

1

1− z

]′
=

(
z

1− z
)′ =

1

(1− z)2



Genn triec sunart seic se probl mata sunduastik c

I Me pìsouc trìpouc mporoÔme na dialèxoume n antikeÐmena
ìtan...;

I AfoÔ k�noume diergasÐec (ja doÔme sth sunèqeia p¸c)
katal goume se mÐa genn tria sun�rthsh

α0 + α1z + α2z
2 + α3z

3 + ...

kai h ap�nthsh brÐsketai sto suntelest  tou zn, dhl.
mporoÔme na dialèxoume n antikeÐmena me αn trìpouc:
3 antikeÐmena me α3 trìpouc
100 antikeÐmena me α100 trìpouc...

I Dhl. de qrei�zetai na lÔsoume to prìblhma qwrist� gia
n = 3, gia n = 100 ktl: to lÔnoume mia kai kal  kai oi
suntelestèc αn dÐnoun thn ap�nthsh gia k�je n



Praktik� stic ask seic
'Otan epilègoume antikeÐmena enìc sugkekrimènou eÐdouc,
antistoiqeÐ ènac par�gontac pou eÐnai komm�ti tou:

z0 + z1 + z2 + z3 + z4 + ...

Oi ekjètec deÐqnoun tic epilogèc pou mporoÔme na k�noume:
I An jèloume na epilèxoume apì 3 mèqri 6 antikeÐmena:

(z3 + z4 + z5 + z6)

I An jèloume na epilèxoume apì 0 eÐte 1 eÐte 5 eÐte 7
antikeÐmena:

(z0 + z1 + z5 + z7) = (1 + z + z5 + z7)

I An jèloume na epilèxoume to polÔ 2 antikeÐmena:

(z0 + z1 + z2) = (1 + z + z2)

I An jèloume na epilèxoume toul�qiston 5 antikeÐmena:

(z5 + z6 + z7 + ...)



Praktik� stic ask seic

'Otan epilègoume antikeÐmena enìc sugkekrimènou eÐdouc,
antistoiqeÐ ènac par�gontac pou eÐnai komm�ti tou:

z0 + z1 + z2 + z3 + z4 + ...

Oi ekjètec deÐqnoun tic epilogèc pou mporoÔme na k�noume:

I An jèloume na epilèxoume perittì pl joc antikeimènwn, to
polÔ 5:

(z1 + z3 + z5) = (z + z3 + z5)

I An den up�rqei periorismìc, tìte antistoiqeÐ olìklhrh h
parap�nw par�stash.

Epanalamb�noume th diadikasÐa gia k�je eÐdoc Ðdiwn
antikeimènwn xeqwrist�, kai sto tèloc
pollaplasi�zoume touc par�gontec pou br kame.



'Eqoume 2 �sprec kai 3 maÔrec mp�lec. Jèloume na
dialèxoume merikèc mp�lec (de m�c endiafèrei h seir�)
all� me ton ex c periorismì:
na dialèxoume upoqrewtik� toul�qiston 2 maÔrec mp�lec

I Me pìsouc trìpouc mpor¸ na dialèxw 0 mp�lec;
Me kanènan afoÔ prèpei na èqw toul�qiston 2 maÔrec
mp�lec.

I Me pìsouc trìpouc mpor¸ na dialèxw 1 mp�la;
Me kanènan afoÔ prèpei na èqw toul�qiston 2 maÔrec
mp�lec.

I Me pìsouc trìpouc mpor¸ na dialèxw 2 mp�lec;
Me 1: 2 maÔrec - afoÔ prèpei na èqw toul�qiston 2
maÔrec mp�lec.



'Eqoume 2 �sprec kai 3 maÔrec mp�lec. Jèloume na
dialèxoume merikèc mp�lec (de m�c endiafèrei h seir�)
all� me ton ex c periorismì:
na dialèxoume upoqrewtik� toul�qiston 2 maÔrec mp�lec

I Me pìsouc trìpouc mpor¸ na dialèxw 3 mp�lec;
Me 2: 3 maÔrec   1 �sprh kai 2 maÔrec mp�lec.

I Me pìsouc trìpouc mpor¸ na dialèxw 4 mp�lec;
Me 2: 3 maÔrec kai 1 �sprh   2 maÔrec kai 2 �sprec.

I Me pìsouc trìpouc mpor¸ na dialèxw 5 mp�lec;
Me 1: na tic epilèxw ìlec - 3 maÔrec kai 2 �sprec.

P¸c mporoÔme na p�roume ta Ðdia apotelèsmata me mia
genn tria sun�rthsh;



'Eqoume 2 �sprec kai 3 maÔrec mp�lec. Jèloume na
dialèxoume merikèc mp�lec (de m�c endiafèrei h seir�)
all� me ton ex c periorismì:
na dialèxoume upoqrewtik� toul�qiston 2 maÔrec mp�lec

'Eqoume 2 �sprec mp�lec, �ra sthn epilog  twn �sprwn
mpal¸n antistoiqeÐ o par�gontac:

(z0 + z1 + z2) = (1 + z + z2)

'Eqoume 3 maÔrec mp�lec kai prèpei upoqrewtik� na epilèxoume
2 maÔrec mp�lec, �ra sthn epilog  twn maÔrwn mpal¸n
antistoiqeÐ o par�gontac:

(z2 + z3)

Epomènwc, h genn tria sun�rthsh eÐnai:

A(x) = (1 + z + z2)(z2 + z3) = z2 + 2z3 + 2z4 + z5 =

0z0 + 0z1 + 1z2 + 2z3 + 2z4 + 1z5



Parat rhsh

An se mia om�da èqoume �peira antikeÐmena apì ta opoÐa
mporoÔme na dialèxoume, o antÐstoiqoc par�gontac eÐnai
komm�ti tou

(1 + z + z2 + z3 + ...)

to opoÐo an to doÔme san �jroisma ìrwn gewmetrik c proìdou
isoÔtai me:

1

1− z
= (1− z)−1



'Eqoume 2 �sprec kai �peirec maÔrec mp�lec. Me pìsouc
trìpouc mporoÔme na dialèxoume n mp�lec ìtan
dialègoume upoqrewtik� toul�qiston 2 maÔrec mp�lec;

Sthn epilog  twn �sprwn mpal¸n antistoiqeÐ o par�gontac

(1 + z + z2)

Sthn epilog  twn maÔrwn mpal¸n, epeid  jèloume toul�qiston
2 maÔrec mp�lec, antistoiqeÐ o par�gontac

(z2 + z3 + z4 + ...)

Epomènwc, h genn tria sun�rthsh eÐnai:

A(x) = (1 + z + z2)(z2 + z3 + z4 + ...) =

(z2 + z3 + z4 + ...) + (z3 + z4 + z5 + ...) + (z4 + z5 + z6 + ...) =

z2 + 2z3 + 3z4 + 3z5 + 3z6 + ...

Oi sunetelestèc deÐqoun tic antÐstoiqec apant seic.



'Eqoume 2 �sprec kai �peirec maÔrec mp�lec. Me pìsouc
trìpouc mporoÔme na dialèxoume n mp�lec ìtan
dialègoume upoqrewtik� toul�qiston 2 maÔrec mp�lec;

z2 + 2z3 + 3z4 + 3z5 + 3z6 + ...

Par�deigma: Me pìsouc trìpouc mpor¸ na epilèxw 5 mp�lec;
H ap�nthsh brÐsketai sto suntelesth tou z5: me 3 trìpouc.
Pr�gmati, oi dunatèc epilogèc eÐnai:
5 maÔrec mp�lec
4 maÔrec kai 1 �sprh mp�la
3 maÔrec mp�lec kai 2 �sprec mp�lec



'Otan ta antikeÐmena èqoun k�poio mègejoc (p.q., b�roc,
nomismatik  axÐa, ktl)

Par�deigma: 'Eqoume 2 �sprec twn 5 kil¸n kai �peirec
maÔrec mp�lec twn 10 kil¸n.
All�zei k�ti sto er¸thma ��Me pìsouc trìpouc mpor¸ na
dialèxw 5 mp�lec;��
OQI, afoÔ to b�roc den paÐzei kanèna rìlo, h ap�nthsh kai
p�li eÐnai 3.
'Allo er¸thma ��Me pìsouc trìpouc mpor¸ na dialèxw mp�lec
¸ste na sugkentr¸sw b�roc 40 kil¸n;��
Praktik�, oi trìpoi eÐnai 2:
5 + 5 + 10 + 10 + 10 kai 10 + 10 + 10 + 10
P¸c ja pèrname aut  thn ap�nthsh me genn triec;



��Me pìsouc trìpouc mpor¸ na dialèxw mp�lec ¸ste na
sugkentr¸sw b�roc 40 kil¸n;��
Se k�je par�gonta thc genn triac sun�rthshc oi dun�meic tou
z ja deÐqnoun pìsa kil� mporoÔme na sugkentr¸soume:
Sthn epilog  twn 5-kilwn (�sprwn) mpal¸n antistoiqeÐ o
par�gontac

(z0 + z5 + z10)

afoÔ me dÔo 5-kilec mp�lec mporoÔme na sugkentr¸soume 0   5
  10 kil�.
Sthn epilog  twn 10-kilwn (maÔrwn) mpal¸n, epeid  jèloume
toul�qiston 2 maÔrec mp�lec, antistoiqeÐ o par�gontac

(z20 + z30 + z40 + ...)

Epomènwc, h genn tria sun�rthsh eÐnai:

A(x) = (1 + z5 + z10)(z20 + z30 + z40 + ...) =

(z20+z30+z40+...)+(z25+z35+z45+...)+(z30+z40+z50+...) =

z20 + 2z30 + z35 + 2z40 + z45 + 2z50 + ...

Pr�gmati, h sunetelest c tou z40 pou m�c endiafèrei eÐnai 2.



Qr simec sqèseic gia upologismì gennhtri¸n
sunart sewn

1. 1 + z + z2 + z3 + ...+ zn =
1− zn+1

1− z

2. (1 + z)n =
n∑

k=0

(
n

k

)
zk

3. (1 + z)−n =
n∑

k=0

(
−n

k

)
zk ìpou

(
n

k

)
=

n!

k!(n − k)!
kai(

−n

k

)
= (−1)k

(
k + n − 1

k

)
An stic parap�nw sqèseic sth jèsh tou z b�loume −z èqoume:



Qr simec sqèseic gia upologismì gennhtri¸n
sunart sewn

4. (1− z)n =
n∑

k=0

(
n

k

)
(−z)k =

n∑
k=0

(
n

k

)
(−1)kzk

5. (1− z)−n =
n∑

k=0

(
−n

k

)
(−z)k =

n∑
k=0

(−1)k
(
k + n − 1

k

)
(−1)kzk =

n∑
k=0

(
k + n − 1

k

)
zk



ParadeÐgmata

AkoloujÐa: 1, 0, 0, 1
Genn tria sun�rthsh: 1 · z0 + 0 · z1 + 0 · z2 + 1 · z3 = 1 + z3

AkoloujÐa: 1, 2, 1, 0, 0, 0, ...
Genn tria sun�rthsh:
1 · z0 +2 · z1 +1 · z2 +0 · z3 +0 · z4 + ... = 1+ 2z + z2 = (1+ z)2

AkoloujÐa: 1, 1, 1, ..., 1︸ ︷︷ ︸
n+1 ìroi

Genn tria sun�rthsh: 1 + z + z2 + z3 + ...+ zn =
1− zn+1

1− z
AkoloujÐa: 1,−1, 1,−1, ...

Genn tria sun�rthsh: 1− z + z2 − z3 + ... =
1

1 + z
AkoloujÐa:

(n
0

)
,
(n
1

)
,
(n
2

)
, ...,

(n
n

)
Genn tria sun�rthsh:(n
0

)
· z0 +

(n
1

)
· z1 +

(n
2

)
· z2 +

(n
3

)
· z3 + ...+

(n
n

)
· zn = (1 + z)n



Ta prohgoÔmena aforoÔn sta maj mata 27 kai 29/10/2010



'Eqoume 10 �sprec mp�lec kai dialègoume k�poiec apì
autèc. Me pìsouc trìpouc mporeÐ na gÐnei autì;

I MporoÔme na dialèxoume 0,1,2,...,10 �sprec mp�lec me 1
trìpo k�je for�, en¸ 10,11,... me kanènan trìpo.

I 'Ara, h antÐstoiqh genn tria sun�rthsh eÐnai:

1 + z + z2 + z3 + ...+ z10 + 0 + 0 + ... =
1− z11

1− z



'Eqoume �sprec mp�lec kai dialègoume k�poiec apì
autèc. Me pìsouc trìpouc mporeÐ na gÐnei autì;

I MporoÔme na dialèxoume 0,1,2,... �sprec mp�lec me 1
trìpo k�je for�.

I 'Ara, h antÐstoiqh genn tria sun�rthsh eÐnai:

1 + z + z2 + z3 + ... =
1

1− z



'Eqoume �sprec, pr�sinec kai kìkkinec mp�lec. Me
pìsouc trìpouc mporoÔme na dialèxoume r apì autèc;

I Apì tic �sprec mp�lec mporoÔme na dialèxoume me 1 trìpo
k�je for� 0,1,2,3,... apì autèc ⇒
Genn tria sun�rthsh gia tic �sprec mp�lec eÐnai:

1 + z + z2 + z3 + ... =
1

1− z

I Apì tic pr�sinec mp�lec mporoÔme na dialèxoume me 1
trìpo k�je for� 0,1,2,3,... apì autèc ⇒
Genn tria sun�rthsh gia tic pr�sinec mp�lec:

1 + z + z2 + z3 + ... =
1

1− z

I Apì tic kìkkinec mp�lec mporoÔme na dialèxoume me 1
trìpo k�je for� 0,1,2,3,... apì autèc ⇒
Genn tria sun�rthsh gia tic kìkkinec mp�lec:

1 + z + z2 + z3 + ... =
1

1− z



'Eqoume �sprec, pr�sinec kai kìkkinec mp�lec. Me
pìsouc trìpouc mporoÔme na dialèxoume r apì autèc;

I 'Ara, h telik  genn tria sun�rthsh gia to ��dialègw
k�poiec apì �sprec, pr�sinec kai kìkkinec mp�lec �� eÐnai

h: (
1

1− z
)3

I To pl joc twn trìpwn me touc opoÐouc mpor¸ na dialèxw

r apì autèc dÐnetai apì to suntelest  tou z r sto (
1

1− z
)3

I (
1

1− z
)3 = (1− z)−3 =

∞∑
k=0

(
2 + k

k

)
zk

I Opìte o suntelest c tou z r sto (
1

1− z
)3 eÐnai:

(
2 + r

r

)
,

pou eÐnai to pl joc twn zhtoÔmenwn trìpwn.



'Eqoume �sprec, pr�sinec kai kìkkinec mp�lec. Me
pìsouc trìpouc mporoÔme na dialèxoume r apì autèc;

Me apl  sunduastik : jèlw na dialèxw r apì 3 antikeÐmena me
epanal yeic: autì mporeÐ na gÐnei me(

3 + r − 1

r

)
=

(
2 + r

r

)
trìpouc.



'Eqoume �sprec, pr�sinec kai kìkkinec mp�lec. Me
pìsouc trìpouc mporoÔme na dialèxoume r apì autèc
ìtan prèpei na p�roume perittì arijmì apì �sprec kai
�rtio arijmì apì kìkkinec mp�lec;

I Gia tic �sprec mp�lec o aparijmht c eÐnai:

z + z3 + z5... = z(1 + z2 + z4...)

I Gia tic kìkkinec mp�lec o aparijmht c eÐnai:

1 + z2 + z4 + ...

I Gia tic pr�sinec mp�lec o aparijmht c eÐnai:

1 + z + z2 + z3 + ... =
1

1− z

I To pl joc twn trìpwn pou zht�w dÐnetai apì to
suntelest  tou z r sto

z(1 + z2 + z4...)2
1

1− z
=

z

1− z
(

1

1− z2
)2



Me pìsouc trìpouc mporoÔme na topojet soume 2n + 1
Ðdiec mp�lec se 3 diaforetik� kouti� ¸ste k�je koutÐ na
èqei to polÔ n mp�lec;

I Gia k�je koutÐ h genn tria sun�rthsh eÐnai:

1 + z + z2 + z3 + ...+ zn =
1− zn+1

1− z
I Epomènwc, h telik  genn tria sun�rthsh eÐnai:

A(z) =

(
1− zn+1

1− z

)3

I To zhtoÔmeno pl joc trìpwn dÐnetai apì to suntelest 
tou z2n+1 sthn parap�nw par�stash.

I A(z) = (1− 3zn+1 + 3z2n+2 − z3n+3)(1− z)−3 =

(1− 3zn+1 + 3z2n+2 − z3n+3)

(
1 +

∞∑
k=1

(
k + 2

2

)
zk

)

I O suntelest c tou z2n+1 eÐnai:
(2n+3

2

)
− 3
(n+2

2

)
=

n(n + 1)

2



Poioc eÐnai o arijmìc lÔsewn thc exÐswshc
z1 + z2 + z3 + z4 = 30 stouc fusikoÔc an z1 �rtioc ≤ 10,
z2 perittìc ≤ 11, 3 ≤ z3 ≤ 10, 0 ≤ z4 ≤ 15;

Oi genn triec sunart seic eÐnai:
Gia th metablht  z1: 1 + x2 + x4 + ...+ x10

Gia th metablht  z2: x + x3 + x5 + ...+ x11

Gia th metablht  z3: x
3 + x4 + x5 + ...+ x10

Gia th metablht  z4: 1 + x + x2 + x3 + x4 + ...+ x15

Dhl. telik�: (1 + x2 + x4 + ...+ x10)(x + x3 + x5 + ...+
x11)(x3 + x4 + x5 + ...+ x10)(1 + x + x2 + x3 + x4 + ...+ x15)
To zhtoÔmeno pl joc trìpwn dÐnetai apì to suntelest  tou x30

sthn parap�nw par�stash pou eÐnai 185.
PROSOQH: EÐnai diaforetikìc apì to suntelest  tou x30 sthn
par�stash: (1 + x2 + x4 + ...)(x + x3 + x5 + ...)(x3 + x4 + x5 +
...)(1 + x + x2 + x3 + x4 + ...)



'Eqoume kèrmata twn 20 lept¸n, 50 lept¸n, 1 eur¸ kai 2
eur¸. Me pìsouc trìpouc mpor¸ na dialèxw kèrmata
sunolik c axÐac n eur¸, dialègontac upoqrewtik�
toul�qiston 1 kèrma apì k�je eÐdoc;

KwdikopoioÔme ston ekjèth thn axÐa twn kerm�twn se lept�.
Oi genn triec sunart seic eÐnai:
Gia ta 20-lepta: z20 + z40 + z60 + ...
Gia ta 50-lepta: z50 + z100 + z150 + ...
Gia ta 1-eura: z100 + z200 + z300 + ...
Gia ta 2-eura: z200 + z400 + z600 + ...
Dhl. telik�: (z20 + z40 + z60 + ...)(z50 + z100 + z150 + ...)(z100 +
z200 + z300 + ...)(z200 + z400 + z600 + ...)
To zhtoÔmeno pl joc trìpwn dÐnetai apì to suntelest  tou
z100n sthn parap�nw par�stash.



'Eqoume 20 markadìrouc, 6 maÔrouc, 10 pr�sinouc kai 4
kìkkinouc. Me pìsouc trìpouc mporoÔme na touc
moir�soume se 2 �toma ¸ste kajèna na p�rei 10
markadìrouc kai toul�qiston 1 apì k�je qr¸ma;

UpologÐzoume me pìsouc trìpouc mporoÔme na d¸soume
markadìrouc sto 1o �tomo sÔmfwna me touc periorismoÔc afoÔ
autì kajorÐzei monadik� autoÔc pou ja p�rei to 2o �tomo.
Oi genn triec sunart seic eÐnai:
Gia touc maÔrouc markadìrouc: z + z2 + z3 + ...+ z5

Gia touc pr�sinouc markadìrouc: z + z2 + z3 + ...+ z9

Gia touc kìkkinouc markadìrouc: z + z2 + z3

Dhl. telik�:
(z + z2 + z3 + ...+ z5)(z + z2 + z3 + ...+ z9)(z + z2 + z3)
To zhtoÔmeno pl joc trìpwn dÐnetai apì to suntelest  tou z10

sthn parap�nw par�stash pou eÐnai 15.



Me pìsouc trìpouc 100 Ðdioi epib�tec mporoÔn na
kateboÔn se 4 diaforetikèc st�seic;

I AnazhtoÔme tic akèraiec lÔseic thc exÐswshc
x1 + x2 + x3 + x4 = 100 me x1, x2, x3, x4 ≥ 0

I H genn tria sun�rthsh gia k�je st�sh eÐnai:
1 + z + z2 + z3 + ... - de stamat�w sto 100 giatÐ mporeÐ na
up�rqoun ki �lloi epib�tec

I H telik  genn tria sun�rthsh eÐnai:

(1 + z + z2 + z3 + ...)4 =

(
1

1− z

)4

=
1

(1− z)4

I To zhtoÔmeno pl joc trìpwn dÐnetai apì to suntelest 
tou z100 sthn parap�nw par�stash pou eÐnai C (103, 100).



Me pìsouc trìpouc 100 Ðdioi epib�tec mporoÔn na
kateboÔn se 4 diaforetikèc st�seic ìtan prèpei pl joc
epibat¸n sthn 3h st�sh ≥ pl joc epibat¸n sthn 2h
st�sh ≥ pl joc epibat¸n sthn 1h st�sh;

I Prèpei x2 = x1 + k, k ≥ 0, x3 = x2 + λ = x1 + k + λ, λ ≥ 0

I AnazhtoÔme tic akèraiec lÔseic thc exÐswshc
3x1 + 2k + λ+ x4 = 100 me x1, k , λ, x4 ≥ 0

I H genn tria sun�rthsh eÐnai:
(1 + z3 + z6 + ...+ z99)(1 + z2 + z4 + ...+ z100)(1 + z + z2 +
z3 + ...+ z100)(1 + z + z2 + z3 + ...+ z100) = (1 + z3 + z6 +
...+ z99)(1+ z2+ z4+ ...+ z100)(1+ z + z2+ z3+ ...+ z100)2

I To zhtoÔmeno pl joc trìpwn dÐnetai apì to suntelest 
tou z100 sthn parap�nw par�stash pou eÐnai 30.787.



Ekjetikèc genn triec sunart seic
'Otan endiaferìmaste gia DIATAXEIS kai ìqi gia
SUNDUASMOUS qrhsimopoioÔme ekjetik  genn tria

sun�rthsh.
Skeftìmaste akrib¸c ìpwc prin mìno pou t¸ra paÐrnoume
komm�tia thc seir�c:

1 + z +
z2

2!
+

z3

3!
+ ... = ex

GIATI; Se ì,ti èqoume dei èwc t¸ra, o suntelest c tou z r deÐqnei
to pl joc twn sunduasm¸n r antikeimènwn apì n antikeÐmena.

'Omwc C (n, k) =
P(n, r)

P(r , r)
.

Opìte gia na deÐqnei o suntelest c tou z r diat�xeic prèpei na
diairoÔme me P(r , r).
'Otan upologÐsoume thn telik  ekjetik  genn tria sun�rthsh, h
ap�nthsh sto er¸thma ��me pìsouc trìpouc mporoÔme na

diat�xoume n antikeÐmena ìtan...�� ja brÐsketai sto

suntelest  tou
zn

n!



Me pìsouc trìpouc mporoÔme na ektup¸soume 25
diaforetik� arqeÐa se 3 diaforetikoÔc ektupwtèc me ton
periorismì ìti k�je ektupwt c prèpei na ektup¸sei
toul�qiston èna arqeÐo;

I Ousiastik� y�qnoume to pl joc twn trìpwn me touc
opoÐouc mporoÔme na diat�xoume 25 antikeÐmena
epilegmèna apì 3 antikeÐmena ìtan epitrèpontai
epanal yeic twn 3 antikeimènwn.

I Gia ton 1o ektupwt  - afoÔ prèpei opwsd pote na l�bei
èna toul�qiston arqeÐo - h genn tria sun�rthsh eÐnai:

z +
z2

2!
+

z3

3!
+ ...+

z25

25!
= ez − 1.

'Omoia gia to 2o kai 3o ektupwt .

I H telik  genn tria sun�rthsh gia ìlouc touc ektupwtèc
eÐnai: (ez − 1)3 kai to pl joc twn zhtoÔmenwn trìpwn

dÐnetai apì to suntelest  tou
z25

25!
sto (ez − 1)3.



Me pìsouc trìpouc mporoÔme na ektup¸soume 25
diaforetik� arqeÐa se 3 diaforetikoÔc ektupwtèc me ton
periorismì ìti k�je ektupwt c prèpei na ektup¸sei
toul�qiston èna arqeÐo;

K�noume pr�xeic:

(ez − 1)3 = 33z − 3e2z + 3ez − 1 =

∞∑
r=0

3r
z r

r !
− 3

∞∑
r=0

2r
z r

r !
+ 3

∞∑
r=0

z r

r !
− 1 =

∞∑
r=0

(3r − 3 · 2r + 3)
z r

r !
− 1

Epomènwc, o suntelest c tou
z25

25!
eÐnai 325 − 3 · 225 + 3.



Poio eÐnai to pl joc twn pentadik¸n sumboloseir¸n
m kouc n me �rtio pl joc 1 kai perittì pl joc 0 stic
opoÐec ta yhfÐa 2,3,4 emfanÐzontai toul�qiston 1 for�;

Ekjetikìc aparijmht c gia ta yhfÐa 2,3,4: (ex − 1)3

Ekjetikìc aparijmht c gia to yhfÐo 1:

x0 +
x2

2!
+

x4

4!
+

x6

6!
+ ... =

(ex + e−x)

2
Ekjetikìc aparijmht c gia to yhfÐo 0:

x +
x3

3!
+

x5

5!
+

x7

7!
+ ... =

(ex − e−x)

2
H telik  genn tria sun�rthsh eÐnai:

(ex − 1)3 · (e
x + e−x)

2
· (e

x − e−x)

2

O suntelest c tou
xn

n!
pou deÐqnei to zhtoÔmeno pl joc trìpwn

eÐnai: 5n − 3 · 4n + 3n+1 − 2n + (−2)n − 3 · (−1)n − 1



Qr simoi tÔpoi

I 'Ajroisma n arqik¸n ìrwn gewmetrik c proìdou:

1 + x + x2 + x3 + ...+ xn =
1− xn+1

1− x
I 'Ajroisma �peirwn ìrwn gewmetrik c proìdou (ìtan x ≤ 1):

1 + x + x2 + x3 + ... =
1

1− x

I Diwnumikì an�ptugma: (1 + x)n =
∞∑
k=0

(
n

k

)
xk

I Gia −n: (1 + x)−n =
∞∑
k=0

(
−n

k

)
xk

I 'Otan n < 0:

(
n

k

)
= (−1)k

(
k − n − 1

k

)
 (

−n

k

)
= (−1)k

(
k + n − 1

k

)



Qr simoi tÔpoi

I Gia −x :

(1− x)n = (1 + (−x))n =
∞∑
k=0

(
n

k

)
(−x)k =

∞∑
k=0

(−1)k
(
n

k

)
xk

I (1− x)−n = (1 + (−x))−n =
∞∑
k=0

(
−n

k

)
(−x)k =

∞∑
k=0

(−1)k
(
−n

k

)
xk =

∞∑
k=0

(−1)k(−1)k
(
k + n − 1

k

)
xk =

∞∑
k=0

(−1)2k

(
k + n − 1

k

)
xk =

∞∑
k=0

(
k + n − 1

k

)
xk



Qr simoi tÔpoi

I 1 +
x1

1!
+

x2

2!
+

x3

3!
+

x4

4!
+ ... =

∞∑
r=0

x r

r !
= ex

I eαx =
∞∑
r=0

αr x
r

r !

I 1 +
x2

2!
+

x4

4!
+ ... =

ex + e−x

2

I x +
x3

3!
+

x5

5!
+ ... =

ex − e−x

2



Poio eÐnai to pl joc twn pentadik¸n sumboloseir¸n
m kouc n me �rtio pl joc 1;

Ekjetikìc aparijmht c gia ta yhfÐa 0,2,3,4:

(1 +
x1

1!
+

x2

2!
+

x3

3!
+

x4

4!
+ ...)4 = (ex)4

Ekjetikìc aparijmht c gia to yhfÐo 1:

x0 +
x2

2!
+

x4

4!
+

x6

6!
+ ... =

(ex + e−x)

2

H telik  genn tria sun�rthsh eÐnai: e4x · (e
x + e−x)

2
=

(e5x + e3x)

2
=

1

2
(
∞∑
k=0

5k
xk

k!
+

∞∑
k=0

3k
xk

k!
) =

1

2

∞∑
k=0

(5k + 3k)
xk

k!

O suntelest c tou
xn

n!
pou deÐqnei to zhtoÔmeno pl joc trìpwn

eÐnai:
1

2
(5n + 3n)



Me pìsouc trìpouc èna sÔnolo apì r ≥ 6 Ðdia
antikeÐmena mporeÐ na diaqwristeÐ se 3 diaforetik�
uposÔnola, an� dÔo xèna metaxÔ touc, ¸ste k�je
uposÔnolo na èqei toul�qiston 2 antikeÐmena (h ènwsh
twn 3 uposunìlwn ja perièqei ìla ta r antikeÐmena);

I Gia na èqei k�je èna apì ta 3 uposÔnola toul�qiston dÔo
antikeÐmena, paÐrnoume 6 antikeÐmena kai ta topojetoÔme
apì 2 se k�je uposÔnolo. AfoÔ ta antikeÐmena eÐnai Ðdia,
de m�c endiafèrei poia antikeÐmena ja topojet soume se
k�je uposÔnolo, arkeÐ na eÐnai 2.

I O sunolikìc arijmìc twn trìpwn na moir�soume ta
upìloipa r − 6 Ðdia antikeÐmena prokÔptei wc ex c:

I Σε κάθε αντικείμενο από τα r − 6 αναθέτουμε ένα
υποσύνολο από τα 3.

I Αυτό γίνεται με τους τρόπους που μπορούμε να διαλέξουμε
(r − 6) αντικείμενα από 3 με επανάληψη:(
r − 6 + 3− 1

r − 6

)
=

(
r − 4

r − 6

)
=

(r − 4)(r − 5)

2



Me pìsouc trìpouc èna sÔnolo apì r ≥ 6 Ðdia
antikeÐmena mporeÐ na diaqwristeÐ se 3 diaforetik�
uposÔnola, an� dÔo xèna metaxÔ touc, ¸ste k�je
uposÔnolo na èqei toul�qiston 2 antikeÐmena (h ènwsh
twn 3 uposunìlwn ja perièqei ìla ta r antikeÐmena);

I H genn tria sun�rthsh èqei sa suntelestèc ton arijmì
twn trìpwn pou mporoÔme na topojet soume ta r
antikeÐmena sta 3 uposÔnola, me ton periorismì ìti k�je
uposÔnolo èqei toul�qiston 2 antikeÐmena.

A(x) = (x2+x3+x4+ ...)(x2+x3+x4+ ...)(x2+x3+x4+ ...)

A(x) = x6(1+x+x2+...)(1+x+x2+...)(1+x+x2+...) = x6
(

1

1− x

)3

=

x6(1− x)−3 = x6
∞∑
k=0

(−1)k
(
−3

k

)
xk = x6

∞∑
k=0

(
3 + k − 1

k

)
xk



Me pìsouc trìpouc èna sÔnolo apì r ≥ 6 Ðdia
antikeÐmena mporeÐ na diaqwristeÐ se 3 diaforetik�
uposÔnola, an� dÔo xèna metaxÔ touc, ¸ste k�je
uposÔnolo na èqei toul�qiston 2 antikeÐmena (h ènwsh
twn 3 uposunìlwn ja perièqei ìla ta r antikeÐmena);

A(x) = x6
∞∑
k=0

(
3 + k − 1

k

)
xk

I Gia na broÔme to suntelest  tou x r pou eÐnai h ap�nthsh
sthn er¸thsh jètoume k = r − 6 kai èqoume(
r − 6 + 3− 1

r − 6

)
=

(
r − 4

r − 6

)
=

(r − 4)(r − 5)

2
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DeÐxte ìti h genn tria sun�rthsh thc akoloujÐac

αr =
(
2r
r

)
eÐnai h A(x) = (1− 4x)−1/2.

Apì to diwnumikì an�ptugma èqoume: (1 + x)n =

1 +
∞∑
r=1

n(n − 1)(n − 2)...(n − r + 1)

r !
x r ⇒ (1− 4x)−1/2 =

1 +
∞∑
r=1

(−1
2)(−

1
2 − 1)(−1

2 − 2)...(−1
2 − r + 1)

r !
(−4x)r =

1 +
∞∑
r=1

4r (12)(
3
2)(

5
2)...(

2r−1
2 )

r !
x r =

1 +
∞∑
r=1

2r (1 · 3 · 5 · ... · (2r − 1))

r !
x r =

1 +
∞∑
r=1

2r r !(1 · 3 · 5 · ... · (2r − 1))

r !r !
x r =



DeÐxte ìti h genn tria sun�rthsh thc akoloujÐac

αr =
(
2r
r

)
eÐnai h A(x) = (1− 4x)−1/2.

1 +
∞∑
r=1

(2 · 4 · 6 · ... · 2r)(1 · 3 · 5 · ... · (2r − 1))

r !r !
x r =

1 +
∞∑
r=1

(2r)!

r !r !
x r =

1 +
∞∑
r=1

(
2r

r

)
x r =

∞∑
r=0

(
2r

r

)
x r

'Ara h akoloujÐa αr =
(2r
r

)
èqei genn tria sun�rthsh th

A(x) = (1− 4x)−1/2



Poia akoloujÐa antistoiqeÐ sth genn tria sun�rthsh
1

1 + x
;

I Apì to diwnumikì an�ptugma èqoume:

(1 + x)n = 1 +
∞∑
r=1

n(n − 1)(n − 2)...(n − r + 1)

r !
x r ⇒

(1 + x)−1 =

1 +
∞∑
r=1

(−1)(−1− 1)(−1− 2)...(−1− r + 1)

r !
x r ⇒

(1 + x)−1 = 1 +
∞∑
r=1

(−1)(−2)(−3)...(−r)

r !
x r ⇒

(1 + x)−1 = 1 +
∞∑
r=1

(−1)r
1 · 2 · 3 · ... · r

r !
x r ⇒

(1 + x)−1 =
∞∑
r=0

(−1)rx r

I 'Ara, h zhtoÔmenh akoloujÐa eÐnai: 1,−1, 1,−1, ..., (−1)n, ...



'Eqoume aperiìristo arijmì kerm�twn twn 50, 20 kai 10
lept¸n kai jèloume na dialèxoume 10 kèrmata. D¸ste
th genn tria sun�rthsh kai to pl joc twn trìpwn gia
aut  thn epilog .

I 'Estw αk o arijmìc twn diaforetik¸n trìpwn na
dialèxoume k kèrmata.

I Gia k�je eÐdoc kerm�twn, mporoÔme na dialèxoume kanèna,
1,2,.... Autì kwdikopoieÐtai sth GS
1 + x + x2 + x3 + ... = 1

1−x .
I AfoÔ èqoume 3 diaforetik� eÐdh kerm�twn, h GS gia thn αk

eÐnai (1− x)−3.
I To zhtoÔmeno dÐnetai apì to α10 pou eÐnai o suntelest c

tou x10 sto an�ptugma thc GS.
I Efarmìzoume to diwnumikì an�ptugma kai brÐskoume ìti o

zhtoÔmenoc suntelest c eÐnai:
(3+10−1

10

)
=
(12
2

)
= 12·11

2 = 66
I H lÔsh prokÔptei kai me sunduasmoÔc antikeimènwn me

epan�lhyh.
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'Eqoume aperiìristo arijmì kerm�twn twn 50, 20 kai 10
lept¸n kai jèloume na dialèxoume 10 kèrmata ¸ste na
èqoume toul�qiston 1 kèrma kai to polÔ 8 kèrmata twn
50 lept¸n, �rtio arijmì kerm�twn twn 10 lept¸n kai o
arijmìc twn kerm�twn twn 20 lept¸n na eÐnai perittìc
kai na mhn xepern� to 5. D¸ste th genn tria sun�rthsh
kai to pl joc twn trìpwn gia aut  thn epilog .

I 'Estw αk o arijmìc twn diaforetik¸n trìpwn na
dialèxoume k kèrmata me touc parap�nw periorismoÔc.

I Gia ta 50-lepta, h GS eÐnai: x + x2 + x3 + ...+ x8.

I Gia ta 10-lepta, h GS eÐnai: 1 + x2 + x4 + x6 + ....

I Gia ta 20-lepta, h GS eÐnai: x + x3 + x5.



'Eqoume aperiìristo arijmì kerm�twn twn 50, 20 kai 10
lept¸n kai jèloume na dialèxoume 10 kèrmata ¸ste na
èqoume toul�qiston 1 kèrma kai to polÔ 8 kèrmata twn
50 lept¸n, �rtio arijmì kerm�twn twn 10 lept¸n kai o
arijmìc twn kerm�twn twn 20 lept¸n na eÐnai perittìc
kai na mhn xepern� to 5. D¸ste th genn tria sun�rthsh
kai to pl joc twn trìpwn gia aut  thn epilog .

I Pollaplasi�zontac tic GS gia k�je eÐdoc kerm�twn
èqoume th GS gia thn akoloujÐa αk

(x + x2 + x3 + ...+ x8)(1 + x2 + x4 + x6 + ...)(x + x3 + x5)

I To zhtoÔmeno dÐnetai apì to suntelest  tou x10 sto
an�ptugma thc GS pou (k�nontac pr�xeic) eÐnai 11.



'Eqoume aperiìristo arijmì kerm�twn twn 50, 20 kai 10
lept¸n. D¸ste th genn tria sun�rthsh kai to pl joc
twn trìpwn gia na sqhmatÐsoume to posì twn 2 eur¸.

I 'Estw αk o arijmìc twn diaforetik¸n trìpwn na
sqhmatÐsoume to posì twn k lept¸n dialègontac apì ta
parap�nw kèrmata.

I Gia ta 50-lepta, h GS eÐnai: 1 + x50 + x100 + ... = 1
1−x50

.

I Gia ta 10-lepta, h GS eÐnai: 1 + x20 + x40 + ... = 1
1−x20

.

I Gia ta 20-lepta, h GS eÐnai: 1 + x10 + x20 + ... = 1
1−x10

.
I Pollaplasi�zontac tic GS gia k�je eÐdoc kerm�twn

èqoume th GS gia thn akoloujÐa αk

(
1

1− x50
)(

1

1− x20
)(

1

1− x10
)

I AfoÔ jèloume na sqhmatÐsoume to posì twn 200 lept¸n
(=2 eur¸), to zhtoÔmeno dÐnetai apì to suntelest  tou
x200 sto an�ptugma thc GS pou (k�nontac pr�xeic) eÐnai
29. GiatÐ;



(
1

1− x50
)(

1

1− x20
)(

1

1− x10
) =

∞∑
k=0

(
−1

k

)
(−1)kx50k +

∞∑
l=0

(
−1

l

)
(−1)lx20l +

∞∑
r=0

(
−1

r

)
(−1)rx10r =

∞∑
k=0

x50k +
∞∑
l=0

x20l +
∞∑
r=0

x10r =

∞∑
k,l ,r=0

x50k+20l+10r

Ousiastik� anazht¸ to suntelest  tou x200 sto parap�nw
an�ptugma, dhl., tic akèraiec lÔseic thc exÐswshc:
50k + 20l + 10r = 200 ⇒ 5k + 2l + r = 20 me
0 ≤ k ≤ 4, 0 ≤ l ≤ 10, 0 ≤ r ≤ 20.
Gia k = 0, prokÔptoun 11 lÔseic
Gia k = 1, prokÔptoun 8 lÔseic
Gia k = 2, prokÔptoun 6 lÔseic
Gia k = 3, prokÔptoun 3 lÔseic
Gia k = 4, prokÔptoun 1 lÔsh
'Ara, sunolik�: 11 + 8 + 6 + 3 + 1 = 29 lÔseic.



Mia om�da dÐnei 30 ag¸nec. Ta dunat� apotelèsmata
gia k�je ag¸na eÐnai nÐkh,  tta, isopalÐa. Me qr sh
gennhtri¸n sunart sewn na upologisteÐ o arijmìc twn
diaforetik¸n apotelesm�twn an o sunolikìc arijmìc twn
nik¸n eÐnai perittìc, o sunolikìc arijmìc twn htt¸n eÐnai
�rtioc, en¸ oi isopalÐec eÐnai toul�qiston 2.

I 'Estw αk o arijmìc twn diaforetik¸n apotelesm�twn me
touc parap�nw periorismoÔc gia k ag¸nec sunolik�.

I Gia tic nÐkec h GS eÐnai: z + z3 + z5 + ...z29.
I Gia tic  ttec h GS eÐnai: 1 + z2 + z4 + ...z30.
I Gia tic isopalÐec h GS eÐnai: z2 + z3 + z4 + ...z30.
I Pollaplasi�zontac tic GS gia k�je eÐdoc kerm�twn

èqoume th GS gia thn akoloujÐa αk

(z+ z3+ z5+ ...z29)(1+ z2+ z4+ ...z30)(z2+ z3+ z4+ ...z30)

I To zhtoÔmeno prokÔptei apì to suntelest  tou x30 sto
an�ptugma thc parap�nw GS.



Mia om�da dÐnei 30 ag¸nec. Ta dunat� apotelèsmata
gia k�je ag¸na eÐnai nÐkh,  tta, isopalÐa. Me qr sh
gennhtri¸n sunart sewn na upologisteÐ o arijmìc twn
diaforetik¸n apotelesm�twn an o sunolikìc arijmìc twn
nik¸n eÐnai perittìc, o sunolikìc arijmìc twn htt¸n eÐnai
�rtioc, en¸ oi isopalÐec eÐnai toul�qiston 2.

I Gia na upologÐsoume to suntelest , epekteÐnoume to
�jroisma mèqri to �peiro (kai èqoume �peirouc ìrouc
gewmetrik c proìdou). Autì den ephre�zei to suntelest 
tou z30 epeid  oi ìroi pou prostÐjentai èqoun ekjèth
megalÔtero tou 30. 'Etsi h GS gÐnetai:
A(z) = (z+z3+z5+ ...)(1+z2+z4+ ...)(z2+z3+z4+ ...) =

z

1− z2
· z2

1− z
· 1

1− z2
=

z3

(1− z)3(1 + z)2
=

z3(1 + z)

(1− z)3(1 + z)3
=

z3 + z4

(1− z2)3
=

z3

(1− z2)3
+

z4

(1− z2)3



Mia om�da dÐnei 30 ag¸nec. Ta dunat� apotelèsmata
gia k�je ag¸na eÐnai nÐkh,  tta, isopalÐa. Me qr sh
gennhtri¸n sunart sewn na upologisteÐ o arijmìc twn
diaforetik¸n apotelesm�twn an o sunolikìc arijmìc twn
nik¸n eÐnai perittìc, o sunolikìc arijmìc twn htt¸n eÐnai
�rtioc, en¸ oi isopalÐec eÐnai toul�qiston 2.

I Efarmìzoume to diwnumikì an�ptugma kai èqoume:

z3

(1− z2)3
=

∞∑
k=0

(
k + 2

2

)
z2k+3 kai

z4

(1− z2)3
=

∞∑
k=0

(
k + 2

2

)
z2k+4

I Sto pr¸to an�ptugma den up�rqei to z30, en¸ sto deÔtero
to z30 emfanÐzetai gia k = 13 kai o antÐstoiqoc
suntelest c eÐnai

(15
2

)
= 15·14

2 = 105 dÐnei to sunolikì
arijmì apotelesm�twn gia 30 ag¸nec me touc dosmènouc
periorismoÔc.



Jèloume na moir�soume 24 karamèlec se 4 paidi� ¸ste
k�je paidÐ na p�rei toul�qiston 3 kai to polÔ 8
karamèlec. D¸ste th genn tria sun�rthsh kai to
pl joc twn trìpwn gia na gÐnei autì.

I H GS gia kajèna apì ta 4 paidi� eÐnai: z3 + z4 + ...+ z8.

I H telik  GS eÐnai:

(z3+z4+...+z8)4 = z12(1+z+z2+...+z5)4 = z12
(
1− z6

1− z

)4

.

I To zhtoÔmeno pl joc trìpwn dÐnetai apì to suntelest 
tou z24 sto an�ptugma thc parap�nw GS o opoÐoc eÐnai
Ðdioc me to suntelest  tou z12 sto an�ptugma thc

sun�rthshc

(
1− z6

1− z

)4

.

I PROSOQH: De mporoÔme na epekteÐnoume to �jroisma sto
�peiro giatÐ ta z9, ..., z24 suneisfèroun sto suntelest  tou
z24.



Jèloume na moir�soume 24 karamèlec se 4 paidi� ¸ste
k�je paidÐ na p�rei toul�qiston 3 kai to polÔ 8
karamèlec. D¸ste th genn tria sun�rthsh kai to
pl joc twn trìpwn gia na gÐnei autì.

I Efarmìzoume to diwnumikì an�ptugma gia th sun�rthsh:(
1− z6

1− z

)4

.

I (1− z6)4(1− z)−4 = (1− 4z6 + 6z12 + ...)
∞∑
k=0

(
k + 3

3

)
zk

I To z12 sqhmatÐzetai apì to z0 ston pr¸to ìro kai apì to
z12 sto deÔtero ìro (suntelest c

(15
3

)
), apì to z6 apì

k�je ìro (suntelest c −4
(9
3

)
) kai to z12 ston pr¸to ìro

kai to z0 sto deÔtero ìro (suntelest c 6).

I 'Ara o zhtoÔmenoc suntelest c eÐnai:(15
3

)
+ (−4)

(9
3

)
+ 6 = 125.



Me pìsouc trìpouc mporeÐ k�poioc na moir�sei 24 (Ðdia)
antikeÐmena se 4 �toma ètsi ¸ste k�je �tomo na p�rei
toul�qiston 3 kai ìqi parap�nw apì 8 antikeÐmena;

I Gia k�je �tomo h GS eÐnai: x3 + x4 + ...+ x8, opìte kai gia
ta 4 �toma h GS eÐnai: (x3 + x4 + ...+ x8)4

I To pl joc twn zhtoÔmenwn trìpwn dÐnetai apì to
suntelest  tou x24 sto an�ptugma thc parap�nw GS.

I (x3+x4+ ...+x8)4 = x12(1+x+x2+ ...+x5)4 = x12
(
1−x6

1−x

)4
I 'Ara anazhtoÔme to suntelest  tou x24 sto an�ptugma

tou
(
1−x6

1−x

)4
= (1− x6)4(1− x)−4 =

[1−
(4
1

)
x6+

(4
2

)
x12−...+x24][

(−4
0

)
+
(−4

1

)
(−x)+

(−4
2

)
(−x)2+...]

I O suntelest c tou x12 eÐnai:

[

(
−4

12

)
(−1)12 −

(
4

1

)(
−4

6

)
(−1)6 +

(
4

2

)(
−4

0

)
] =

[

(
15

12

)
−
(
4

1

)(
9

6

)
+

(
4

2

)
] = 125



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
1 + 2x − x2 − x3

1 + x − x2 − x3

I A(x) =
1 + x − x2 − x3

1 + x − x2 − x3
+

x

1 + x − x2 − x3
=

1 +
x

1 + x − x2(1 + x)
= 1 +

x

(1 + x)(1− x2)
=

1 +
x

(1 + x)2(1− x)
I AnalÔoume to kl�sma x

(1+x)2(1−x)
se �jroisma apl¸n

klasm�twn (to p¸c sthn epìmenh diaf�neia). 'Eqoume:

I A(x) = 1 +
1

4
(1− x)−1 +

1

4
(1 + x)−1 − 1

2
(1 + x)−2 =

1+
1

4

∞∑
k=0

(
−1

k

)
(−1)kxk +

1

4

∞∑
k=0

(
−1

k

)
xk − 1

2

∞∑
k=0

(
−2

k

)
xk =

1 +
1

4

∞∑
k=0

xk +
1

4

∞∑
k=0

(−1)kxk − 1

2

∞∑
k=0

(−1)k(k + 1)xk =





Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
1 + 2x − x2 − x3

1 + x − x2 − x3

I

1 +
∞∑
k=0

[
1

4
+

1

4
(−1)k − 1

2
(−1)k(1 + k)

]
xk =

1 + x − x2 + 2x3 − 2x4 + 3x5 − 3x6 + ...



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
2 + 3x − 6x2

1 + 2x

I A(x) =
2 + 3x − 6x2

1 + 2x
=

3− 1 + 6x − 3x − 6x2

1 + 2x
=

−3x + 3− 1

1 + 2x
=

3− 3x − (1 + 2x)−1 = 3− 3x −
∞∑
k=0

(
−1

k

)
2kxk =

3− 3x −
∞∑
k=0

(−1)k2kxk = 2− x − 4x2 + 8x3 − 16x4 + ...



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
2

1− 4x2

I A(x) =
2

1− 4x2
= 2(1−4x2)−1 = 2

∞∑
k=0

(
−1

k

)
(−1)k(4x2)k =

2
∞∑
k=0

4kx2k = 2 + 0 · x + 8x2 + 0 · x3 + 32x4 + ...



Na upologisteÐ h genn tria sun�rthsh thc akoloujÐac
2, 5, 13, 35, ..., 2n + 3n, ...

I A(x) = 20 + 30 + (21 + 31)x + (22 + 32)x + ... =

(20 + 2x + 22x2 + ...) + (30 + 3x + 23x2 + ...)

[(2x)0 + (2x)1 + (2x)2 + ...] + [(3x)0 + (3x)1 + (3x)2 + ...] =

1

1− 2x
+

1

1− 3x
=

1− 3x + 1− 2x

1− 5x + 6x2
=

2− 5x

1− 5x + 6x2



Na upologisteÐ h genn tria sun�rthsh thc akoloujÐac
1, 2, 3, ..., r , ...

I A(x) = 1 + 2x + 3x2 + ...+ rx r−1 + ... =

(x+x2+x3+...+x r+...)′ = [(1+x+x2+x3+...+x r+...)−1]′ =(
1

1− x
− 1

)′
=

1

(1− x)2



Na apodeiqjeÐ me qr sh gennhtri¸n sunart sewn h

sqèsh
(
n
k

)
=
(
n−1
k

)
+
(
n−1
k−1

)
.

I
(n
r

)
eÐnai oi suntelestèc tou z r sto an�ptugma tou (1+ z)n.

I 'Omwc
(1 + z)n = (1 + z)(1 + z)n−1 = (1 + z)n−1 + z(1 + z)n−1

I Sto parap�nw �jroisma, oi suntelestèc tou z r eÐnai:(n−1
k

)
apì ton pr¸to ìro kai

(n−1
k−1

)
apì to deÔtero ìro,

dhl. sunolik�
(n−1

k

)
+
(n−1
k−1

)



Na brejeÐ h genn tria sun�rthsh thc akoloujÐac
α0, α1, ..., ìpou αr eÐnai o arijmìc twn trìpwn na
epilèxoume (me epanal yeic) r gr�mmata apì to
alf�bhto 0, 1, 2 me ton periorismì ìti to gr�mma 0 ja
epilegeÐ �rtio arijmì for¸n. Me b�sh th genn tria
sun�rthsh upologÐste to αr .

I H GS eÐnai:

A(x) = (1 + x2 + x4 + ...)︸ ︷︷ ︸
gia to 0

(1 + x + x2 + ...)︸ ︷︷ ︸
gia to 1

(1 + x + x2 + ...)︸ ︷︷ ︸
gia to 2

=

1

1− x2
1

(1− x)2
=

1

1 + x

1

(1− x)3

I AnalÔontac se apl� kl�smata (to p¸c sthn epìmenh
diaf�neia):
A(x) = 1

8(1+ x)−1+ 1
8(1− x)−1+ 1

4(1− x)−2+ 1
2(1− x)−3 =





1

8

∞∑
k=0

(
−1

k

)
xk +

1

8

∞∑
k=0

(
−1

k

)
(−1)kxk +

1

4

∞∑
k=0

(
−2

k

)
(−1)kxk

+
1

2

∞∑
k=0

(
−3

k

)
(−1)kxk =

1

8

∞∑
k=0

(−1)kxk+
1

8

∞∑
k=0

xk+
1

4

∞∑
k=0

(k+1)xk+
1

2

∞∑
k=0

(k + 1)(k + 2)

2
xk ⇒

αr =
1

8
(−1)r +

1

8
+

r + 1

4
+

(r + 1)(r + 2)

4
=

1

8
[1 + (−1)r ] +

(r + 1)(r + 3)

4



Na brejeÐ h genn tria sun�rthsh thc akoloujÐac
α0, α1, ..., ìpou o ìroc αr isoÔtai me ton arijmì twn
trìpwn na epilèxoume (me epanal yeic) r apì 10
sunolik� antikeÐmena, metaxÔ twn opoÐwn to antikeÐmeno
Q mporeÐ na epilegeÐ to polÔ 2 forèc, to antikeÐmeno U
to polÔ 3 forèc kai ta upìloipa antikeÐmena apì mÐa
for� to polÔ.

I GS gia to Q: z0 + z1 + z2 = 1 + z + z2

I GS gia to U: z0 + z1 + z2 + z3 = 1 + z + z2 + z3

I GS gia kajèna apì ta upìloipa 8 antikeÐmena:
z0 + z1 = 1 + z

I H telik  GS eÐnai:
A(z) = (1 + z + z2)(1 + z + z2 + z3)(1 + z)8

I To pl joc twn trìpwn na epilèxoume r apì ta antikeÐmena
aut� dÐnetai apì to suntelest  tou z r sto an�ptugma thc
A(z).



Na brejeÐ me qr sh aparijmht¸n o arijmìc twn trìpwn
na epilèxoume r antikeÐmena me aperiìristec epanal yeic
apì n antikeÐmena.

I GS gia kajèna apì ta n antikeÐmena: 1 + x + x2 + x3 + ...

I H telik  GS eÐnai: A(x) = (1 + x + x2 + x3 + ...)n

A(x) = (1 + x + x2 + ...)n = ( 1
1−x )

n = (1− x)−n =∑∞
k=0

(−n
k

)
(−1)kxk =

∑∞
k=0

(−n)(−n−1)...(−n−k+1)
k! (−1)kxk =∑∞

k=0
(n)(n+1)...(n+k−1)

k! xk =
∑∞

k=0
(n+k−1)!
k!(n−1)! x

k =∑∞
k=0

(n+k−1
k

)
xk

I To pl joc twn trìpwn na epilèxoume r apì ta antikeÐmena
aut� dÐnetai apì to suntelest  tou x r sto an�ptugma thc
A(x) pou eÐnai

(n+r−1
r

)
.



Na brejeÐ o aparijmht c gia tic epilogèc r antikeimènwn
apì n antikeÐmena (r ≥ n) me aperiìristec epanal yeic
ìtan k�je antikeÐmeno epilègetai toul�qiston mÐa for�.

I H GS gia kajèna apì ta n antikeÐmena eÐnai:
x + x2 + x3 + ...

I H telik  GS eÐnai:

A(x) = (x + x2 + ...)n = ( 1
1−x − 1)n =

(
1−1+x
1−x

)n
=(

x
1−x

)n
= xn(1− x)−n = xn

∞∑
k=0

(
−n

k

)
(−1)kxk =

∞∑
k=0

(
n + k − 1

k

)
xn+k

I To pl joc twn trìpwn na epilèxoume r apì ta antikeÐmena
aut� dÐnetai apì to suntelest  tou x r sto an�ptugma thc

A(x) pou prokÔptei gia k = r − n kai eÐnai

(
r − 1

r − n

)
.



Ta prohgoÔmena aforoÔn sto m�jhma 19/11/2010



Na prosdioristeÐ o suntelest c tou x15 sto an�ptugma
thc f (x) = (x2 + x3 + x4 + ...)4.

I (x2 + x3 + x4 + ...)4 =
[
x2(1 + x + x2 + ...)

]4
=[

x2( 1
1−x )

]4
= x8( 1

1−x )
4 = x8(1− x)−4 =

x8
∑∞

k=0(−1)k
(−4

k

)
xk = x8

∑∞
k=0

(3+k
k

)
xk

I Ousiastik� anazht¸ to suntelest  tou x7 ston ìro∑∞
k=0

(3+k
k

)
xk pou eÐnai:

(10
7

)
= 120



Me pìsouc trìpouc mporoÔme na topojet soume 25
(Ðdia) antikeÐmena se 7 diaforetik� kouti� me ton
periorismì ìti to pr¸to koutÐ den epitrèpetai na èqei
p�nw apì 10 antikeÐmena;

I H GS gia to 1o koutÐ eÐnai: 1 + x + x2 + ...+ x10

I H GS gia kajèna apì ta upìloipa 6 kouti� eÐnai:
1 + x + x2 + ...

I Opìte, h telik  GS gia ta 7 kouti� eÐnai:
(1 + x + x2 + ...+ x10)(1 + x + x2 + ...)6 =(
1− x11

1− x

)(
1

1− x

)6

= (1− x)−7(1− x11) =[ ∞∑
k=0

(−1)k
(
−7

k

)
xk

]
(1− x11) =

[ ∞∑
k=0

(
6 + k

k

)
xk

]
(1− x11)



Me pìsouc trìpouc mporoÔme na topojet soume 25
(Ðdia) antikeÐmena se 7 diaforetik� kouti� me ton
periorismì ìti to pr¸to koutÐ den epitrèpetai na èqei
p�nw apì 10 antikeÐmena;

I To zhtoÔmeno pl joc trìpwn dÐnetai apì to suntelest 

tou x25 sto an�ptugma tou

[ ∞∑
k=0

(
6 + k

k

)
xk

]
(1− x11)

I Autìc mporeÐ na prokÔyei eÐte gia k = 25 eÐte gia k = 14
kai eÐnai:

(6+25
25

)
−
(6+14

14

)
=
(31
25

)
−
(20
14

)
= 697521



Me pìsouc trìpouc mporoÔme na epilèxoume 25 paiqnÐdia
apì 7 diaforetik� pou up�rqoun sunolik� ìtan
mporoÔme na epilèxoume apì 2 èwc 6 komm�tia apì k�je
paiqnÐdi;

I H GS gia k�je paiqnÐdi eÐnai: x2 + x3 + x4 + x5 + x6

I H GS gia ìla ta paiqnÐdia eÐnai:
(x2 + x3 + x4 + x5 + x6)7 =

(
x2(1 + x + x2 + x3 + x4)

)7
=

x14(1 + x + x2 + x3 + x4)7 = x14
(
1− x5

1− x

)7

= x14(1−

x)−7(1− x5)7 = x14
∑∞

k=0(−1)k
(−7

k

)
xk
∑∞

r=0(−1)r
(−7

r

)
x5r

I Ousiastik� anazht¸ to suntelest  tou x11 ston ìro∑∞
k=0(−1)k

(−7
k

)
xk
∑∞

r=0(−1)r
(7
r

)
x5r =∑∞

k=0

(6+k
k

)
xk
∑∞

r=0(−1)r
(7
r

)
x5r

I Autìc prokÔptei eÐte gia k = 11, r = 0, eÐte gia
k = 6, r = 1, eÐte gia k = 1, r = 2.

I 'Ara:(17
11

)
+
(12
6

)
(−1)

(7
1

)
+
(7
1

)(7
2

)
= 12.376− 6.468 + 147 = 6.055



Na brejeÐ genn tria sun�rthsh gia thn akoloujÐa αr

pou èqei wc ìrouc thc touc arijmoÔc twn trìpwn
èkfrashc tou r san �jroisma diaforetik¸n akeraÐwn.

I Gia k�je akèraio k , to �jroisma 1 + xk ekfr�zei to ìti
mporoÔme na qrhsimopoi soume ton akèraio k kamÐa   mÐa
for� sto �jroisma gia to sqhmatismì tou akeraÐou r .

I Opìte, gia ìlouc touc akèraiouc h GS eÐnai:
(1 + x)(1 + x2)(1 + x3)(1 + x4)...(1 + xk)...

I H GS deÐqnei ìti o r mporeÐ na sqhmatisteÐ me qr sh k�je
akeraÐou to polÔ mÐa for�.



Na brejeÐ h ekjetik  genn tria sun�rthsh gia ton arijmì
αr twn diaforetik¸n metajèsewn r antikeimènwn pou
epilègontai apì 4 diaforetikoÔc tÔpouc antikeimènwn, ek
twn opoÐwn ta antikeÐmena k�je tÔpou epilègontai
toul�qiston 2 kai ìqi perissìterec apì 5 forèc.

I H GS gia k�je antikeÐmeno k�je tÔpou eÐnai:
x2

2!
+

x3

3!
+

x4

4!
+

x5

5!
I H GS gia touc 4 tÔpouc antikeimènwn eÐnai:(

x2

2!
+

x3

3!
+

x4

4!
+

x5

5!

)4

I O zhtoÔmenoc arijmìc αr dÐnetai apì to suntelest  tou
x r

r !
sto an�ptugma thc parap�nw sun�rthshc.



Na brejeÐ h ekjetik  genn tria sun�rthsh gia ton
arijmì αr twn trìpwn topojèthshc r (diaforetik¸n)
anjr¸pwn se 3 diaforetikèc aÐjousec me 1 toul�qiston
�njrwpo se k�je aÐjousa. Poia eÐnai h genn tria
sun�rthsh ìtan tejeÐ o periorismìc ìti prèpei na
topojethjeÐ �rtioc arijmìc anjr¸pwn se k�je aÐjousa;

Kai oi �njrwpoi kai oi aÐjousec eÐnai diaforetikèc, opìte
anazhtoÔme diat�xeic me ton periorismì ìti 1 toul�qiston
�tomo ja p�ei se k�je aÐjousa.

I H GS gia k�je aÐjousa eÐnai:
x + x2

2! +
x3

3! + ... = 1 + x + x2

2! +
x3

3! + ...− 1 = ex − 1

I Epomènwc, h GS gia tic 3 aÐjousec eÐnai:
(ex − 1)3 = e3x − 3e2x + 3ex − 1 =
∞∑
k=0

3k
xk

k!
−3

∞∑
k=0

2k
xk

k!
+3

∞∑
k=0

xk

k!
−1 =

∞∑
k=0

(3k−3·2k+3)
xk

k!
−1



Na brejeÐ h ekjetik  genn tria sun�rthsh gia ton
arijmì αr twn trìpwn topojèthshc r (diaforetik¸n)
anjr¸pwn se 3 diaforetikèc aÐjousec me 1 toul�qiston
�njrwpo se k�je aÐjousa. Poia eÐnai h genn tria
sun�rthsh ìtan tejeÐ o periorismìc ìti prèpei na
topojethjeÐ �rtioc arijmìc anjr¸pwn se k�je aÐjousa;

Kai oi �njrwpoi kai oi aÐjousec eÐnai diaforetikèc, opìte
anazhtoÔme diat�xeic me ton periorismì ìti 1 toul�qiston
�tomo ja p�ei se k�je aÐjousa.

I H GS gia k�je aÐjousa eÐnai:
x + x2

2! +
x3

3! + ... = 1 + x + x2

2! +
x3

3! + ...− 1 = ex − 1
I Epomènwc, h GS gia tic 3 aÐjousec eÐnai:

(ex − 1)3 = e3x − 3e2x + 3ex − 1 =
∞∑
k=0

3k
xk

k!
− 3

∞∑
k=0

2k
xk

k!
+

3
∞∑
k=0

xk

k!
− 1 =

∞∑
k=0

(3k − 3 · 2k + 3)︸ ︷︷ ︸
αrgia k=r

xk

k!
− 1



Na brejeÐ h ekjetik  genn tria sun�rthsh gia ton
arijmì αr twn trìpwn topojèthshc r (diaforetik¸n)
anjr¸pwn se 3 diaforetikèc aÐjousec me 1 toul�qiston
�njrwpo se k�je aÐjousa. Poia eÐnai h genn tria
sun�rthsh ìtan tejeÐ o periorismìc ìti prèpei na
topojethjeÐ �rtioc arijmìc anjr¸pwn se k�je aÐjousa;

Kai oi �njrwpoi kai oi aÐjousec eÐnai diaforetikèc, opìte
anazhtoÔme diat�xeic me ton periorismì ìti �rtio pl joc
atìmwn ja p�ei se k�je aÐjousa.

I H GS gia k�je aÐjousa eÐnai:
1 + x2

2! +
x4

4! + ... = ex+e−x

2 = 1
2(e

x + e−x)

I Epomènwc, h GS gia tic 3 aÐjousec eÐnai:
[12(e

x + e−x)]3 = 1
8(e

3x − 3ex + 3e−x − e−3x) =

1

8
(
∞∑
k=0

3k
xk

k!
− 3

∞∑
k=0

xk

k!
+ 3

∞∑
k=0

(−1)k
xk

k!
−

∞∑
k=0

3k(−1)k
xk

k!
)



Na brejeÐ h ekjetik  genn tria sun�rthsh gia ton
arijmì αr twn trìpwn topojèthshc r (diaforetik¸n)
anjr¸pwn se 3 diaforetikèc aÐjousec me 1 toul�qiston
�njrwpo se k�je aÐjousa. Poia eÐnai h genn tria
sun�rthsh ìtan tejeÐ o periorismìc ìti prèpei na
topojethjeÐ �rtioc arijmìc anjr¸pwn se k�je aÐjousa;

I
1

8
(
∞∑
k=0

3k
xk

k!
− 3

∞∑
k=0

xk

k!
+ 3

∞∑
k=0

(−1)k
xk

k!
−

∞∑
k=0

3k(−1)k
xk

k!
) =

1

8

( ∞∑
k=0

[3k − 3 + 3(−1)k − 3k(−1)k ]
xk

k!

)



Na brejeÐ h ekjetik  genn tria sun�rthsh gia ton
arijmì αr twn trìpwn topojèthshc r (diaforetik¸n)
anjr¸pwn se 3 diaforetikèc aÐjousec me 1 toul�qiston
�njrwpo se k�je aÐjousa. Poia eÐnai h genn tria
sun�rthsh ìtan tejeÐ o periorismìc ìti prèpei na
topojethjeÐ �rtioc arijmìc anjr¸pwn se k�je aÐjousa;

I
1

8
(
∞∑
k=0

3k
xk

k!
− 3

∞∑
k=0

xk

k!
+ 3

∞∑
k=0

(−1)k
xk

k!
−

∞∑
k=0

3k(−1)k
xk

k!
) =

1

8

 ∞∑
k=0

[3k − 3 + 3(−1)k − 3k(−1)k ]︸ ︷︷ ︸
αrgia k=r

xk

k!





BreÐte mia apl  èkfrash gia th genn tria sun�rthsh
thc arijmhtik c akoloujÐac 1, 1, 2, 2, 3, 3, 4, 4, ....

⇒ (1− z2)A(z) =
1

1− z

⇒ A(z) =
1

(1− z2)(1− z)
=

1

(1 + z)(1− z)2

I 'Ara h genn tria sun�rthsh thc akoloujÐac dÐnetai apì th
sqèsh:

A(z) =
1

(1 + z)(1− z)2



Me pìsouc trìpouc mporoÔme na diat�xoume r
diaforetik� antikeÐmena pou epilègontai apì
aperiìristo arijmì antikeimènwn n diaforetik¸n eid¸n;

I H GS gia k�je eÐdoc antikeimènwn eÐnai: 1+ x + x2

2! +
x3

3! + ...

I Epomènwc, h GS gia ìla ta n eÐdh antikeimènwn eÐnai:(
1 + x + x2

2! +
x3

3! + ...
)n

= (ex)n = exn

I IsqÔei ìti: eαx =
∞∑
r=0

αr x
r

r !
, opìte:

I exn =
∞∑
r=0

nr
x r

r !

I To zhtoÔmeno pl joc diat�xewn dÐnetai apì to suntelest 
tou x r

r ! sto parap�nw an�ptugma pou eÐnai nr .



'Ena ploÐo èqei 48 shmaÐec, apì tic opoÐec 12 kìkkinec, 12
�sprec, 12 mple kai 12 maÔrec. 12 apì autèc tic shmaÐec
topojetoÔntai se ènan katakìrufo istì gia na
antall�ssontai mhnÔmata me �lla ploÐa. Pìsa apì
aut� ta mhnÔmata qrhsimopoioÔn �rtio arijmì mple
shmai¸n kai perittì arijmì maÔrwn shmai¸n;

I GS gia �rtio arijmì mple shmai¸n: 1 + x2

2! +
x4

4! + ...

I GS gia perittì arijmì maÔrwn shmai¸n: x + x3

3! +
x5

5! + ...
I GS gia kìkkinec kai �sprec (den up�rqei k�poioc

periorismìc): (1 + x + x2

2! +
x3

3! +
x4

4! +
x5

5! + ...)2

I Epomènwc, h telik  GS eÐnai:

f (x) = (ex)2(
ex + e−x

2
)(
ex − e−x

2
) =

1

4
e2x(e2x − e−2x)

=
1

4
(e4x − 1) =

1

4

( ∞∑
i=0

(4x)i

i !
− 1

)
=

1

4

∞∑
i=1

(4x)i

i !



'Ena ploÐo èqei 48 shmaÐec, apì tic opoÐec 12 kìkkinec, 12
�sprec, 12 mple kai 12 maÔrec. 12 apì autèc tic shmaÐec
topojetoÔntai se ènan katakìrufo istì gia na
antall�ssontai mhnÔmata me �lla ploÐa. Pìsa apì
aut� ta mhnÔmata qrhsimopoioÔn �rtio arijmì mple
shmai¸n kai perittì arijmì maÔrwn shmai¸n;

I Epomènwc, o suntelest c tou x12

12! sth sun�rthsh
∞∑
i=1

(4x)i

i !

pou dÐnei to zhtoÔmeno arijmo mhnum�twn eÐnai:
1
44

12 = 411 = 4.194.304



Mia etaireÐa proslamb�nei 11 nèouc upall louc. K�je
up�llhloc topojeteÐtai se èna apì ta 4
upokatast mata thc etaireÐac kai k�je upokat�sthma
enisqÔetai me ènan toul�qiston nèo up�llhlo. Me
pìsouc trìpouc mporoÔn na gÐnoun oi topojet seic twn
neoproslhfjèntwn upall lwn;

I Onom�zoume A, B, G kai D ta 4 upokatast mata.

I Oi zhtoÔmenoi trìpoi eÐnai ousiastik� apant seic sthn
er¸thsh: kajènac apì touc upall louc se poio
kat�sthma phgaÐnei (upì touc dosmènouc periorismoÔc).

I 'Ara anazhtoÔme to pl joc twn diaforetik¸n 11-�dwn pou
mporoÔme na p�roume qrhsimopoi¸ntac ta ��gr�mmata�� A,
B, G kai D, me ton periorismì ìti to kajèna prèpei na
emfanÐzetai opwsd pote mÐa for� sthn 11-�da.
Profan¸c, h seir� èqei shmasÐa, �ra anazhtoÔme
diat�xeic kai epomènwc ekjetik  genn tria sun�rthsh.



Mia etaireÐa proslamb�nei 11 nèouc upall louc. K�je
up�llhloc topojeteÐtai se èna apì ta 4
upokatast mata thc etaireÐac kai k�je upokat�sthma
enisqÔetai me ènan toul�qiston nèo up�llhlo. Me
pìsouc trìpouc mporoÔn na gÐnoun oi topojet seic twn
neoproslhfjèntwn upall lwn;

I Gia to ��gr�mma�� A (ìmoia kai gia ta upìloipa) h GS

eÐnai: x + x2

2! +
x3

3! + ...
I 'Ara telik� h GS eÐnai:(

x +
x2

2!
+

x3

3!
+ ...

)4

= (ex−1)4 = e4x−4e3x+6e2x−4ex+1

I O zhtoÔmenoc arijmìc topojet sewn dÐnetai apì to
suntelest  tou x11

11! sto an�ptugma thc GS.

I
∞∑
r=0

4r
x r

r !
− 4

∞∑
r=0

3r
x r

r !
+ 6

∞∑
r=0

2r
x r

r !
− 4

∞∑
r=0

1r
x r

r !
+ 1 =



Mia etaireÐa proslamb�nei 11 nèouc upall louc. K�je
up�llhloc topojeteÐtai se èna apì ta 4
upokatast mata thc etaireÐac kai k�je upokat�sthma
enisqÔetai me ènan toul�qiston nèo up�llhlo. Me
pìsouc trìpouc mporoÔn na gÐnoun oi topojet seic twn
neoproslhfjèntwn upall lwn;

I
∞∑
r=0

(4r − 4 · 3r + 6 · 2r − 4r)
x r

r !
+ 1

I UpologÐzoume to suntelest  tou x11

11! jètontac r = 11 sthn
par�stash: (4r − 4 · 3r + 6 · 2r − 4r)

I 4r − 4 · 3r + 6 · 2r − 4r =
411 − 4 · 311 + 6 · 211 − 4 · 11



Na brejeÐ o arijmìc twn trìpwn na rÐxoume k
diakekrimèna antikeÐmena se n diakekrimènec upodoqèc
ètsi ¸ste k�je upodoq  na deqjeÐ toul�qiston èna
antikeÐmeno.

Se k�je upodoq  prèpei na up�rqei toul�qiston èna
antikeÐmeno kai metr�ei h seir�.

I H GS gia k�je upodoq  eÐnai: x + x2

2! +
x3

3! + ... = ex − 1

I H GS gia ìlec tic n upodoqèc eÐnai:

(ex − 1)n =
n∑

k=0

(
n

k

)
(−1)k(ex)n−k =

n∑
k=0

(
n

k

)
(−1)kex(n−k) =

n∑
k=0

(
n

k

)
(−1)k

∞∑
r=0

(n − k)r
x r

r !
=

∞∑
r=0

(
n∑

k=0

(
n

k

)
(−1)k(n − k)r

)
x r

r !



Na brejeÐ o arijmìc twn trìpwn na diamerÐsw èna
sÔnolo apì k diakekrimèna antikeÐmena se n uposÔnola
mh ken� kai an� duo xèna.

I An jewr soume ìti ta n uposÔnola antistoiqoÔn se n
upodoqèc, tìte oi apait seic gia ta uposÔnola na eÐnai
an� duo xèna kai mh ken� metatrèpontai stouc
periorismoÔc gia tic upodoqèc na eÐnai diakekrimènec kai na
èqoun toul�qiston èna antikeÐmeno antÐstoiqa.

I Epomènwc, o arijmìc pou y�qnoume eÐnai to apotèlesma
tou prohgoÔmenou paradeÐgmatoc, me th diafor� ìti afoÔ
den mac endiafèrei h seir� twn stoiqeÐwn mèsa sta
uposÔnola (  twn antikeimènwn stic upodoqèc antÐstoiqa),
ja prèpei na diairèsoume me n!. 'Ara:(

n∑
k=0

(
n

k

)
(−1)k(n − k)r

)
1

n!



Na brejeÐ o arijmìc twn trìpwn na diamerÐsw èna
sÔnolo apì k diakekrimèna antikeÐmena se n uposÔnola
mh ken� kai an� duo xèna.

I O prohgoÔmenoc arijmìc lègetai kai arijmìc Stirling
deutèrou eÐdouc kai sumbolÐzetai me:

S(k, n) = { n
k

} =

(
n∑

i=1

(
n

i

)
(n − 1)k(−1)i

)
1

n!

I Gia touc arijmoÔc Stirling deutèrou eÐdouc isqÔei o
parak�tw anadromikìc tÔpoc:
S(k + 1, n + 1) = S(k , n) + (n + 1)S(k, n + 1)



Idiìthtec gennhtri¸n sunart sewn

JewroÔme akoloujÐec α = (α0, α1, α2, ..., αn, ...) kai
β = (β0, β1, β2, ..., βn, ... me genn triec sunart seic A(x) kai
B(x) antÐstoiqa.
IsqÔoun oi akìloujec idiìthtec:

I Grammik  idiìthta

I Idiìthta klÐmakac

I Idiìthta olÐsjhshc

I Idiìthta merik¸n ajroism�twn

I Idiìthta sumplhrwmatik¸n merik¸n ajroism�twn

I Idiìthta parag¸gou

I Idiìthta olokl rwshc

I Idiìthta sunèlixhc



Grammik  idiìthta

H akoloujÐa α = (α0, α1, α2, ..., αn, ...) èqei genn tria

sun�rthsh thn A(x) =
∞∑
r=0

αrx
r .

H akoloujÐa β = (β0, β1, β2, ..., βn, ... èqei genn tria sun�rthsh

th B(x) =
∞∑
r=0

brx
r .

'Estw c , d stajerèc.
H GS thc akoloujÐac c ·α+d ·β eÐnai h c ·A(x)+d ·B(x). GiatÐ;
H GS thc c · α+ d · β ja eÐnai h

Γ(x) =
∞∑
r=0

(c · αr + d · βr )x r =
∞∑
r=0

(c · αrx
r + d · βrx r ) =

∞∑
r=0

c ·αrx
r+

∞∑
r=0

d ·βrx r = c ·
∞∑
r=0

αrx
r+d ·

∞∑
r=0

βrx
r = cA(x)+dB(x)



Grammik  idiìthta

I H GS thc akoloujÐac 4n + 9 · 2n eÐnai h
1

1− 4x
+

9

1− 2x
=

10− 38x

1− 6x + 8x2

I AntÐstrofa, h akoloujÐa me GS
9− 47x

1− 10x + 21x2
prokÔptei

an analÔsoume th GS se merik� kl�smata
5

1− 3x
+

4

1− 7x
. H akoloujÐa eÐnai h 5 · 3n + 4 · 7n.



Idiìthta klÐmakac

H akoloujÐa α = (α0, α1, α2, ..., αn, ...) èqei genn tria

sun�rthsh thn A(x) =
∞∑
r=0

αrx
r .

H GS thc akoloujÐac br = λrαr eÐnai h A(λx). GiatÐ;
B(x) = λ0α0x

0 + λ1α1x
1 + λ2α2x

2 + ...+ λrαrx
r + ... =

α0λ
0x0 + α1λ

1x1 + α2λ
2x2 + ...+ αrλ

rx r + ... =
α0(λx)

0 + α1(λx)
1 + α2(λx)

2 + ...+ αr (λx)
r + ... =

∞∑
r=0

αr (λx)
r = A(λx)



Idiìthta olÐsjhshc

H akoloujÐa α = (α0, α1, α2, ..., αn, ...) èqei genn tria

sun�rthsh thn A(x) =
∞∑
r=0

αrx
r .

H GS thc akoloujÐac:
br = 0 gia r = 0, ..., n − 1 kai
br = αr−n gia r = n, n + 1, ...
eÐnai h B(x) = xnA(x). GiatÐ;

B(x) =
∞∑
r=0

brx
r =

n−1∑
r=0

brx
r +

∞∑
r=n

brx
r = 0 +

∞∑
r=n

αr−nx
r

Jètoume r − n = k , opìte:

B(x) =
∞∑
k=0

αkx
n+k =

∞∑
k=0

αkx
kxn = xn

∞∑
k=0

αkx
k = xnA(x)



Idiìthta olÐsjhshc

I H akoloujÐa 0,0,0,0,1,1,1,1,... prokÔptei apì thn 1,1,1,1,...
an thn olisj soume proc ta dexi� kat� 4 jèseic:
0,0,0,0,1,1,1,1,...
Opìte, h GS thc akoloujÐac 0,0,0,0,1,1,1,1,... eÐnai
x4A(x) = x4 1

1−x = x4

1−x

I H akoloujÐa 0,0,1,2,4,8,...,2n,... prokÔptei apì thn
1,2,4,8,...,2n,... an thn olisj soume proc ta dexi� kat� 2
jèseic: 0,0,1,2,4,8,...,2n,...
Opìte, h GS thc akoloujÐac 0,0,1,2,4,8,...,2n,... eÐnai
x2A(x) = x2 1

1−2x = x2

1−2x



BreÐte th diakrit  arijmhtik  sun�rthsh pou antistoiqeÐ

sth genn tria sun�rthsh A(z) =
z5

5− 6z + z2
.

I H genn tria sun�rthsh A(z) isoÔtai me z5B(z) ìpou

B(z) =
1

5− 6z + z2
.

I An broÔme thn arijmhtik  sun�rthsh bn pou antistoiqeÐ
sth genn tria sun�rthsh B(z), h arijmhtik  sun�rthsh αn

pou antistoiqeÐ sth genn tria sun�rthsh A(z) ja eÐnai h
αn = S5bn.

I B(z) =
1

5− 6z + z2
=

1

(5− z)(1 + z)
=

−1

4
· 1

5− z
+

1

4
· 1

1− z
= − 1

20
· 1

1− 1
5z

+
1

4
· 1

1− z



BreÐte th diakrit  arijmhtik  sun�rthsh pou antistoiqeÐ

sth genn tria sun�rthsh A(z) =
z5

5− 6z + z2
.

I B(z) =
1

5− 6z + z2
=

1

(5− z)(1 + z)
=

−1

4
· 1

5− z
+

1

4
· 1

1− z
= − 1

20
· 1

1− 1
5z

+
1

4
· 1

1− z

I H genn tria sun�rthsh 1
1− 1

5
z
antistoiqeÐ sthn arijmhtik 

sun�rthsh
(
1
5

)n
, n ≥ 0

I H genn tria sun�rthsh 1
1−z antistoiqeÐ sthn (stajer )

arijmhtik  sun�rthsh 1

I 'Ara: bn = − 1
20

(
1
5

)n
+ 1

4 , n ≥ 0

I Epomènwc: αn =

{
0, 0 ≤ n ≤ 4,

− 1
20

(
1
5

)n−5
+ 1

4 , n ≥ 5.



Idiìthta merik¸n ajroism�twn

H akoloujÐa α = (α0, α1, α2, ..., αn, ...) èqei genn tria

sun�rthsh thn A(x) =
∞∑
r=0

αrx
r .

H GS thc akoloujÐac bk =
k∑

r=0

αr , k = 0, 1, 2, ... eÐnai

B(x) =
A(x)

1− x
. GiatÐ;

αk = bk − bk−1 =⇒
grammik  idiìthta

∞∑
k=0

αkx
k =

∞∑
k=0

bkx
k −

∞∑
k=0

bk−1x
k =⇒
idiìthta olÐsjhshc

A(x) = B(x)− xB(x) ⇒ B(x) =
A(x)

1− x



Idiìthta merik¸n ajroism�twn

I H akoloujÐa γn = n + 1 mporeÐ na jewrhjeÐ san h
akoloujÐa twn merik¸n ajroism�twn thc αn = 1:
γn = 1, 1 + 1, 1 + 1 + 1, ...

I H GS thc αn = 1 eÐnai h A(x) = 1
1−x

I Opìte h GS thc γn = n + 1 ja eÐnai h A(x)
1−x = 1

(1−x)2

I Qrhsimopoi¸ntac thn idiìthta thc olÐsjhshc, èqoume ìti h
GS thc akoloujÐac γn−1 = n eÐnai h xΓ(x) = x

(1−x)2

I Qrhsimopoi¸ntac xan� thn idiìthta twn merik¸n
ajroism�twn, èqoume ìti h akoloujÐa δn =

∑n
i=0 i èqei sa

GS th ∆(x) = x
(1−x)3



D¸ste kleistì tÔpo gia thn akoloujÐa ∆(x) = x
(1−x)3

I H ∆(x) = x
(1−x)3

eÐnai GS thc akoloujÐac δn =
∑n

i=0 i

(ìpwc deÐxame se prohgoÔmenh �skhsh)

I Efarmìzoume to diwnumikì an�ptugma kai èqoume:

(1− x)−3 = 1 +
∞∑
k=1

(
3 + k − 1

k

)
xk = 1 +

∞∑
k=1

(
k + 2

2

)
xk

I Apì thn idiìthta olÐsjhshc:

x(1− x)−3 = 0x0 + 1x +
∞∑
k=1

(
k + 2

2

)
xk+1

= 0 + x +
∞∑

k ′=2

(
k ′ + 1

2

)
xk

′
=

∞∑
k ′=1

(
k ′ + 1

2

)
xk

′

I O ìroc δn eÐnai o suntelest c tou xn sto parap�nw
an�ptugma, dhl.

(n+1
2

)
.



Na upologisteÐ kleistìc tÔpoc gia to �jroisma
12 + 22 + 32 + ...+ n2 me qr sh gennhtri¸n sunart sewn.
Upìdeixh: BreÐte pr¸ta th genn tria sun�rthsh thc
akoloujÐac αk = k2.

Idèa:

I BrÐskw pr¸ta th genn tria sun�rthsh A(x) thc
akoloujÐac αk = k2

I Parathr¸ ìti to zhtoÔmeno �jroisma eÐnai o n-stìc ìroc

thc akoloujÐac bk =
k∑

r=0

αr , k = 0, 1, 2, ... twn merik¸n

ajroism�twn thc αk = k2

I H genn tria sun�rthsh thc bk eÐnai B(x) =
A(x)

1− x
(èqei

apodeiqjeÐ h sqetik  idiìthta)

I Opìte to zhtoÔmeno �jroisma isoÔtai me to suntelest 
tou xn sth genn tria sun�rthsh B(x)



Na upologisteÐ kleistìc tÔpoc gia to �jroisma
12 + 22 + 32 + ...+ n2 me qr sh gennhtri¸n sunart sewn.
Upìdeixh: BreÐte pr¸ta th genn tria sun�rthsh thc
akoloujÐac αk = k2.

Gia th genn tria sun�rthsh thc akoloujÐac αk = k2 èqoume:

A(x) = 0 + 12x + 22x2 + 32x3 + 42x4 + ... =

x(12 + 22x + 32x2 + 42x3 + ...) = x(x + 2x2 + 3x3 + 4x4 + ...)′ =

x
[
x(1 + 2x + 3x2 + 4x3 + ...)

]′
= x

[
x(x + x2 + x3 + x4...)′

]′
=

x

[
x

(
1

1− x
− 1

)′]′
= x

[
x

x

(1− x)2

]′
=

x(1 + x)

(1− x)3



Na upologisteÐ kleistìc tÔpoc gia to �jroisma
12 + 22 + 32 + ...+ n2 me qr sh gennhtri¸n sunart sewn.
Upìdeixh: BreÐte pr¸ta th genn tria sun�rthsh thc
akoloujÐac αk = k2.

Apì thn idiìthta twn merik¸n ajroism�twn prokÔptei ìti h
genn tria sun�rthsh thc akoloujÐac
b = 02, 02 + 12, 02 + 12 + 22, ..., 02 + 12 + ...+ r2, ... gia thn

opoÐa eÐnai bk =
k∑

r=0

αr eÐnai h S(x) =
A(x)

1− x
=

x(1 + x)

(1− x)4

Opìte gia na upologÐsoume to zhtoÔmeno �jroisma, prèpei na
upologÐsoume to suntelest  tou x r sthn parap�nw sun�rthsh.
Apì to diwnumikì an�ptugma èqoume gia to suntelest  tou x r

sto (1− x)−4:

(−4)(−4− 1)...(−4− r + 1)

r !
(−1)r =

4 · 5 · ... · (r + 3)

r !

=
(r + 1)(r + 2)(r + 3)

1 · 2 · 3



Na upologisteÐ kleistìc tÔpoc gia to �jroisma
12 + 22 + 32 + ...+ n2 me qr sh gennhtri¸n sunart sewn.
Upìdeixh: BreÐte pr¸ta th genn tria sun�rthsh thc
akoloujÐac αk = k2.

P¸c mporoÔme na èqoume x r sth dik  mac par�stash; EÐte san
x r = x1 · x r−1 eÐte san x r = x2 · x r−2

Opìte o suntelest c tou x r sth sun�rthsh S(x) =
x(1 + x)

(1− x)4

eÐnai o:

r(r + 1)(r + 2)

1 · 2 · 3
+

(r − 1)r(r + 1)

1 · 2 · 3
=

r(r + 1)(2r + 1)

6

'Ara: 12 + 22 + 32 + ...+ r2 =
r(r + 1)(2r + 1)

6



Idiìthta sumplhrwmatik¸n merik¸n ajroism�twn
H akoloujÐa α = (α0, α1, α2, ..., αn, ...) èqei genn tria

sun�rthsh thn A(x) =
∞∑
r=0

αrx
r .

H GS thc akoloujÐac bk =
∞∑
r=k

αr , k = 0, 1, 2, ... eÐnai

B(x) =
A(1)− xA(x)

1− x
. GiatÐ;

bk =
∞∑
r=k

αr =
∞∑
r=0

αr −
k−1∑
r=0

αr ⇒

bk = A(1)−
k−1∑
r=0

αr ⇒
∞∑
k=0

bkx
k =

∞∑
k=0

A(1)xk −
∞∑
k=0

(
k−1∑
r=0

αr )x
k =

A(1)
∞∑
k=0

xk − x
∞∑
k=0

(
k−1∑
r=0

αr )x
k−1 ⇒

B(x) = A(1)
1

1− x
− xA(x)

1− x
=

A(1)− xA(x)

1− x



Idiìthta parag¸gou

I H akoloujÐa γn = nαn èqei GS th Γ(x) = xA′(x), ìpou
A′(x) eÐnai h pr¸th par�gwgoc thc sun�rthshc A(x).

I GIATI;

Γ(x) = xA′(x) = x
∞∑
n=0

(αnx
n)′ = x

∞∑
n=0

nαnx
n−1 =

∞∑
n=0

(nαn)x
n



Idiìthta oloklhr¸matoc

I H akoloujÐa δn = αn
n+1 èqei GS th ∆(x) = 1

x

∫ x
0 A(z)dz .

I H par�gousa tou zn eÐnai zn+1

n+1 , opìte èqoume:

∆(x) =
1

x

∫ x

0
A(z)dz =

1

x

∞∑
n=0

∫ x

0
αnz

ndz =

1

x

∞∑
n=0

αn

n + 1
xn+1 =

∞∑
n=0

αn

n + 1
xn



Na upologisteÐ h GS thc akoloujÐac αn = n(n + 1).

I H akoloujÐa βn = n èqei GS th B(x) = x
(1−x)2

(ìpwc

deÐxame se prohgoÔmenh �skhsh).

I Apì thn idiìthta thc parag¸gou, h γn = n2 = nbn èqei GS
Γ(x) = xB ′(x) = x(x+1)

(1−x)3
.

I Apì th grammik  idiìthta, h akoloujÐa
αn = n(n + 1) = n2 + n èqei GS th

Γ(x) + B(x) =
x(x + 1)

(1− x)3
+

x

(1− x)2
=

2x

(1− x)3



Idiìthta sunèlixhc

I 'Estw akoloujÐa α me ìrouc: α0, α1, α2, α3, α4, ...

I 'Estw akoloujÐa β me ìrouc: b0, b1, b2, b3, b4, ...

I H sunèlix  touc eÐnai h akoloujÐa me ìrouc:

I γ0 = α0 · b0
I γ1 = α0 · b1 + α1 · b0
I γ2 = α0 · b2 + α1 · b1 + α2 · b0
I γ3 = α0 · b3 + α1 · b2 + α2 · b1 + α3 · b0
I ...

I DHLADH: Sunèlixh twn akolouji¸n α kai β eÐnai h
akoloujÐa dk =

∑k
r=0 αrβk−r , k = 0, 1, 2, ...



Idiìthta sunèlixhc

H akoloujÐa dk =
∑k

r=0 αrβk−r , k = 0, 1, 2, ... onom�zetai
sunèlixh twn akolouji¸n α kai β kai sumbolÐzetai α ∗ β.
H GS thc akoloujÐac dk eÐnai h D(x) = A(x)B(x), ìpou A(x)
eÐnai h GS thc akoloujÐac αr kai B(x) eÐnai h GS thc
akoloujÐac br . GiatÐ;
A(x)B(x) = (α0 + α1x + α2x

2 + ...)(b0 + b1x + b2x
2 + ...) =

(α0b0)+ (α0b1)x +(α0b2)x
2+ ...(α1b0)x +(α1b1)x

2+(α1b2)x
3+

...+ (α2b0)x
2 + (α2b1)x

3 + (α2b2)x
4 + ... =

∞∑
k=0

dkx
k = D(x)



Idiìthta sunèlixhc

I H akoloujÐa γn =
∑n

i=1 αiβn−1 onom�zetai sunèlixh twn
akolouji¸n α kai β kai sumbolÐzetai α ∗ β.

I 'Estw Γ(x) h GS thc akoloujÐac γ. EÐnai Γ(x) = A(x)B(x)
  pio apl� h GS thc sunèlixhc dÔo akolouji¸n dÐnetai apì
to ginìmeno twn GS touc.

I Autì prokÔptei eÔkola apì ton orismì tou ginomènou
poluwnÔmwn: o sunetelest c tou xn sto ginìmeno
A(x)B(x) isoÔtai me

∑n
i=0 αiβn−i epeid  ìloi oi dunatoÐ

trìpoi na p�roume to xn sto ginìmeno prokÔptoun
pollaplasi�zontac to x i sto A(x) me to xn−i sto B(x),
gia ìla ta i = 0, ..., n.



ApodeÐxte ìti h pr�xh thc sunèlixhc eÐnai pr�xh
antimetajetik , dhl., ìti gia opoiesd pote akoloujÐec α
kai β isqÔei ìti α ∗ β = β ∗ α.

I To ginìmeno poluwnÔmwn eÐnai antimetajetik  pr�xh.

I Apì thn idiìthta thc sunèlixhc, oi akoloujÐec α ∗ β kai
β ∗ α èqoun thn Ðdia GS.

I 'Ara prìkeitai gia tic Ðdiec akoloujÐec.



ApodeÐxte thn idiìthta twn merik¸n ajroism�twn
qrhsimopoi¸ntac thn idiìthta thc sunèlixhc.

I H sunèlixh thc akoloujÐac α me thn akoloujÐa βn = 1 eÐnai∑n
i=0 αi , dhl., h akoloujÐa twn merik¸n ajroism�twn thc α.

I 'Estw A(x) h GS thc α.

I H GS thc βn = 1 eÐnai B(x) = (1− x)−1.

I Apì thn idiìthta thc sunèlixhc, h GS thc akoloujÐac twn
merik¸n ajroism�twn thc α eÐnai A(x)

1−x .



UpologÐste to �jroisma
∑n

i=0 3
i2n−i qrhsimopoi¸ntac

genn triec sunart seic.

I To zhtoÔmeno �jroisma eÐnai o n-ostìc ìroc thc sunèlixhc
twn akolouji¸n αn = 3n kai βn = 2n.

I H αn èqei GS 1
1−3x kai h βn èqei GS B(x) = 1

1−2x .

I H GS thc sunèlix c touc eÐnai

1

(1− 3x)(1− 2x)
=

3

1− 3x
− 2

1− 2x

Autì prokÔptei me merik  klasmatik  an�lush.

I Apì th grammik  idiìthta, h akoloujÐa pou antistoiqeÐ se
aut  th GS èqei n-ostì ìro 3n+1 − 2n+1.

I Epomènwc,
∑n

i=0 3
i2n−i = 3n+1 − 2n+1



An�lush se kl�smata kai antistrof  gennhtri¸n
sunart sewn

I Jèloume na upologÐsoume thn akoloujÐa me genn tria

sun�rthsh
P(x)

D(x)
, ìpou P(x) kai D(x) eÐnai polu¸numa wc

proc x .

I Efarmìzoume merik  klasmatik  an�lush eÐte apeujeÐac

sth sun�rthsh
P(x)

D(x)
eÐte sth sun�rthsh

1

D(x)
.

I Apì to apotèlesma thc an�lushc se merik� kl�smata
upologÐzoume thn akoloujÐa me thn antÐstoiqh genn tria
sun�rthsh.

I An èqoume thn
1

D(x)
qrhsimopoioÔme thn idiìthta thc

olÐsjhshc kai th grammik  idiìthta.



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh thn

F (x) =
4x2(1− 8x)

(1− 4x)(1− 2x)2

I BrÐskoume pr¸ta th GS tou par�gonta:

G (x) =
1− 8x

(1− 4x)(1− 2x)2

I Me klasmatik  an�lush:

G (x) =
1− 8x

(1− 4x)(1− 2x)2
=

−4

(1− 4x)
+

3

(1− 2x)2
+

2

(1− 2x)
I H akoloujÐa pou antistoiqeÐ sth genn tria sun�rthsh

G (x) eÐnai h:

αr = −4 · 4r + 3 · (r + 1)2r + 2 · 2r , r = 0, 1, 2, ...

I Epomènwc, h F (x) = 4x2G (x) (me b�sh idiìthta olÐsjhshc)
eÐnai h GS thc akoloujÐac 4αr−2,

dhl.:αr =

{
(3r − 1)2r − 4r , an r = 2, 3, 4, ...,
0, an r < 2.



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh thn

F (x) =
4x2(1− 8x)

(1− 4x)(1− 2x)2

I GiatÐ h
1

(1− 2x)2
eÐnai genn tria sun�rthsh thc

akoloujÐac (r + 1)2r ;

I AnaptÔssw to
1

(1− 2x)2
kai anazht¸ to suntelest  tou

xk pou ja d¸sei to genikì ìro thc zhtoÔmenhc akoloujÐac

I
1

(1− 2x)2
= (1− 2x)−2 =

∞∑
k=0

(
−2

k

)
(−2x)k =

∞∑
k=0

(
k + 2− 1

k

)
(−1)k(−1)k2kxk =

∞∑
k=0

(
k + 1

k

)
2kxk =

∞∑
k=0

(k + 1)2kxk



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
2

1− 4x2

I Me klasmatik  an�lush:
2

1− 4x2
=

1

1− 2x
+

1

1 + 2x

I Gia th genn tria sun�rthsh
1

1− 2x
h akoloujÐa eÐnai h

βn = 2n.

I Gia th genn tria sun�rthsh
1

1 + 2x
h akoloujÐa eÐnai h

γn = (−2)n.

I Apì th grammik  idiìthta h zhtoÔmenh akoloujÐa eÐnai:

αn =

{
2n+1, an n �rtioc,
0, an n perittìc.



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
22x3 − 9x2 − 14x − 1

(1 + x)(1 + 3x)(1− 2x)2

I Me klasmatik  an�lush:
1

(1 + x)(1 + 3x)(1− 2x)2
=

−1/18

1 + x
+

27/50

1 + 3x
+

56/225

1− 2x
+

4/15

(1− 2x)2

I H akoloujÐa me GS (1 + x)−1 eÐnai h (−1)n. Me grammik 
idiìthta kai idiìthta olÐsjhshc: akoloujÐa me GS
(−1/18)(22x3 − 9x2 − 14x − 1)

(1 + x)
eÐnai h:

− 1
18

[
22(−1)n−3 − 9(−1)n−2 − 14(−1)n−1 − (−1)n

]
=

− 1
18 [−22− 9 + 14− 1] (−1)n = (−1)n



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
22x3 − 9x2 − 14x − 1

(1 + x)(1 + 3x)(1− 2x)2

I H akoloujÐa me GS (1 + 3x)−1 eÐnai h (−3)n. Me grammik 
idiìthta kai idiìthta olÐsjhshc: akoloujÐa me GS
(27/50)(22x3 − 9x2 − 14x − 1)

(1 + 3x)
eÐnai h:

27
50

[
22(−3)n−3 − 9(−3)n−2 − 14(−3)n−1 − (−3)n

]
=

27
50 [−22/27− 9/9 + 14/3− 1] (−3)n = (−3)n

I H akoloujÐa me GS (1− 2x)−1 eÐnai h 2n. Me grammik 
idiìthta kai idiìthta olÐsjhshc: akoloujÐa me GS
(56/225)(22x3 − 9x2 − 14x − 1)

(1 + 3x)
eÐnai h:

56
225

[
22 · 2n−3 − 9 · 2n−2 − 14 · 2n−1 − ·2n

]
=

56
225 [−22/8− 9/4− 14/2− 1] 2n = −28

152
n



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
22x3 − 9x2 − 14x − 1

(1 + x)(1 + 3x)(1− 2x)2

I H akoloujÐa me GS (1− 2x)−2 eÐnai h (n + 1)2n. Me
grammik  idiìthta kai idiìthta olÐsjhshc: akoloujÐa me

GS
(4/15)(22x3 − 9x2 − 14x − 1)

(1− 2x)2
eÐnai h:

4
15

[
22(n − 2)2n−3 − 9(n − 1)2n−2 − 14n2n−1 − (n + 1)2n

]
=

4
15 [22/8− 9/4− 14/2− 1] n2n +
4
15 [(−2)22/8 + 9/4− 1] 2n = −2n2n − 17

152
n

I Apì ìla ta parap�nw, katal goume ìti h zhtoÔmenh
akoloujÐa eÐnai h:

αn = (−1)n + (−3)n − 2n2n − 28 + 17

15
2n =

(−1)n + (−3)n − n2n+1 − 3 · 2n



Na upologisteÐ h akoloujÐa me genn tria sun�rthsh
22x3 − 9x2 − 14x − 1

(1 + x)(1 + 3x)(1− 2x)2

I H an�lush eÐnai eukolìterh an qrhsimopoi soume th

di�spash:
22x3 − 9x2 − 14x − 1

(1 + x)(1 + 3x)(1− 2x)2
=

1

1 + x
+

1

1 + 3x
− 1

1− 2x
− 2

(1− 2x)2



Ta prohgoÔmena aforoÔn sta maj mata 8 kai 10/12/2010



H Ôlh sunoptik�...

I Stoiqei¸dhc sunduastik 

I Genn triec sunart seic

I Egkleismìc - Apokleismìc

I JewrÐa Polyá



Pìsec apì autèc tic skakièrec eÐnai al jeia diaforetikèc;



Autèc oi skakièrec eÐnai sthn ousÐa Ðdiec... dhl. isodÔnamec!



H k�je mÐa prokÔptei apì thn prohgoÔmenh me dexiìstrofh
peristrof  kat� 90o



Autèc oi skakièrec eÐnai sthn ousÐa Ðdiec... dhl. isodÔnamec!



H k�je mÐa prokÔptei apì thn prohgoÔmenh me dexiìstrofh
peristrof  kat� 90o



Autèc oi skakièrec eÐnai sthn ousÐa Ðdiec... dhl. isodÔnamec!



H k�je mÐa prokÔptei apì thn prohgoÔmenh me dexiìstrofh
peristrof  kat� 90o



Autèc oi skakièrec eÐnai sthn ousÐa Ðdiec... dhl. isodÔnamec!



H k�je mÐa prokÔptei apì thn prohgoÔmenh me dexiìstrofh
peristrof  kat� 90o



Autèc oi skakièrec eÐnai isodÔnamec wc proc thn antÐjesh
qrwm�twn...!



I Pìsouc trìpouc na anadiat�xw th skakièra èqw; 6
I Να τα αϕήσω όλα ως έχουν
I Να τα κάνω όλα πράσινα
I Να κάνω 1 πράσινο
I Να κάνω 2 διπλανά πράσινα
I Να κάνω 2 μη διπλανά διπλανά πράσινα
I Να κάνω 3 πράσινα



I Profan¸c, den eÐnai apodotikì gia k�je parapl sia
er¸thsh na k�noume thn exantlhtik  anaz thsh pou
k�name prin   na basizìmaste apl� sthn parat rhsh gia
na metr soume to pl joc twn diaforetik¸n antikeimènwn
ìtan emfanÐzontai omoiìthtec lìgw k�poiac morf c
summetrÐac sth dom  twn antikeimènwn...

I Up�rqei k�poia idiìthta pou na èqoun ta diaforetik� ( 
ta Ðdia) antikeÐmena b�sei thc opoÐac na èqoume èna
susthmatikì trìpo prosdiorismoÔ twn ��diaforetik¸n��
antikeimènwn;

I Sth sunèqeia ja doÔme th jewrÐa mètrhshc diaforetik¸n
antikeimènwn ìtan lamb�nontai upìyh jèmata summetrÐac
pou anaptÔqjhke apì ton Pólya to 1938.



Basik� stoiqeÐa jewrÐac sunìlwn

I SÔnolo, uposÔnolo, gn sio uposÔnolo

I 'Enwsh, Tom , Diafor�

I Diamèrish

I Diatetagmèno zeÔgoc

I Kartesianì ginìmeno

I Duadikèc sqèseic



SÔnolo, uposÔnolo, gn sio uposÔnolo

I SÔnolo: sullog  diaforetik¸n antikeimènwn pou kaloÔntai
stoiqeÐa tou sunìlou, p.q., S = {a, b, c , x , z}

I Δε μετράει η σειρά των στοιχείων: {a, b, c} = {c , b, a}
I Δεν έχουν νόημα οι επαναλήψεις ίδιων στοιχείων:

{a, a, b, c} = {a, b, c}
I {} = ∅: σύνολο χωρίς στοιχεία

I T ⊆ S : To T eÐnai uposÔnolo tou S dhl., k�je stoiqeÐo
tou T eÐnai kai stoiqeÐo tou S , p.q.,
{a, b, x} ⊆ {a, b, c, x , z}, {a, b, y} * {a, b, c , x , z}
� K�je sÔnolo eÐnai uposÔnolo tou eautoÔ tou.

I T ⊂ S : To T eÐnai gn sio uposÔnolo tou S dhl., to T eÐnai
uposÔnolo tou S kai up�rqei èna toul�qiston stoiqeÐo sto
S pou den eÐnai stoiqeÐo tou T .

I α ∈ S : to α eÐnai stoiqeÐo tou sunìlou S

I |S |: pl joc stoiqeÐwn tou sunìlou S

I To S eÐnai èna k−sÔnolo an perièqei k stoiqeÐa.



'Enwsh, Tom , Diafor�, Diamèrish
'Estw dÔo sÔnola A kai B .

I A ∪ B : 'Enwsh twn sunìlwn A kai B , perièqei ìla ta
stoiqeÐa twn sunìlwn A kai B.
�{a, b, c, d} ∪ {a, d , e, j} = {a, b, c, d , e, j}

I A ∩ B : Tom  twn sunìlwn A kai B , perièqei ta koin�
stoiqeÐa twn sunìlwn A kai B.
�{a, b, c, d} ∩ {a, d , e, j} = {a, d}

I A− B : Diafor� twn sunìlwn A kai B , perièqei ta
stoiqeÐa tou sunìlou A pou den an koun sto B.
�{a, b, c, d} − {a, d , e, j} = {b, c}

I Diamèrish enìc sunìlou eÐnai h upodiaÐresh twn stoiqeÐwn
tou se xèna metaxÔ touc mh ken� uposÔnola   ALLIWS
Diamèrish enìc sunìlou eÐnai mia sullog  uposunìlwn tou
tètoia ¸ste k�je stoiqeÐo tou sunìlou na an kei se
akrib¸c èna uposÔnolo,
p.q., to sÔnolo {{a, b, x}, {d}, {c , z}} eÐnai mia diamèrish
tou sunìlou {a, b, c , d , x , z}.



Diatetagmèno zeÔgoc, Kartesianì ginìmeno, Duadik 
sqèsh

I Diatetagmèno zeÔgoc (a, b) eÐnai mia di�taxh dÔo - ìqi
aparaÐthta diaforetik¸n - stoiqeÐwn a kai b.
Ta (a, b) kai (b, a) eÐnai dÔo diaforetik� diatetagmèna
zeÔgh.

I Kartesianì ginìmeno dÔo sunìlwn S kai T - S × T - eÐnai
to sÔnolo ìlwn twn diatetagmènwn zeug¸n (x , y) sta
opoÐa x ∈ S kai y ∈ T , p.q.,
�{a, b, c} × {1, 2} = {(a, 1), (a, 2), (b, 1), (b, 2), (c , 1), (c , 2)}

I Mia Duadik  sqèsh metaxÔ twn sunìlwn S kai T eÐnai èna
uposÔnolo diatetagmènwn zeug¸n apì to kartesianì
ginìmeno S × T , p.q.,
� {(a, 1), (a, 2), (c , 2)} eÐnai mia duadik  sqèsh metaxÔ twn
sunìlwn {a, b, c} kai {1, 2}.



Diatetagmèno zeÔgoc, Kartesianì ginìmeno, Duadik 
sqèsh

I Mia Duadik  sqèsh metaxÔ dÔo sunìlwn anaparÐstatai me
ènan pÐnaka, p.q., h duadik  sqèsh
{(a, 1), (a, 3), (b, 4), (d , 2), (d , 4)} metaxÔ twn sunìlwn
{a, b, c, d} kai {1, 2, 3, 4, 5} faÐnetai ston parak�tw
pÐnaka :

I Mia Duadik  sqèsh se èna sÔnolo S eÐnai mia duadik 
sqèsh metaxÔ tou S kai tou eautoÔ tou, p.q.,
{(a, a), (a, c), (b, a), (b, c), (c , b)} eÐnai mia duadik  sqèsh
sto sÔnolo {a, b, c}



Sqèsh isodunamÐac
I Mia Duadik  sqèsh se èna sÔnolo S kaleÐtai ��Sqèsh

isodunamÐac �� an ikanopoioÔntai oi parak�tw sunj kec:
1. Κάθε στοιχείο στο σύνολο σχετίζεται με τον εαυτό του
(ανακλαστική ιδιότητα)

2. Για οποιαδήποτε στοιχεία a, b του συνόλου, αν το a
σχετίζεται με το b τότε και το b σχετίζεται με το a
(συμμετρική ιδιότητα)

3. Για οποιαδήποτε στοιχεία a, b, c του συνόλου, αν το a
σχετίζεται με το b και b σχετίζεται με το c το τότε και το a
σχετίζεται με το c (μεταβατική ιδιότητα)

I H duadik  sqèsh arister� eÐnai sqèsh isodunamÐac en¸
aut  sta dexi� den eÐnai.



Kl�seic isodunamÐac kai diamerÐseic
I An èqoume mia sqèsh isodunamÐac se èna sÔnolo S ,

mporoÔme na qwrÐsoume ta stoiqeÐa tou S se kl�seic - pou
kaloÔntai kl�seic isodunamÐac - ètsi ¸ste dÔo stoiqeÐa na
an koun sthn Ðdia kl�sh mìno an sqetÐzontai metaxÔ touc.

I Κάθε στοιχείο ανήκει σε κάποια κλάση ισοδυναμίας αϕού
μπορεί να είναι σε τουλάχιστον μία κλάση από μόνο του
(λόγω της ανακλαστικής ιδιότητας).

I Δεν υπάρχει ασάϕεια σχετικά με το αν κάποιο στοιχείο
ανήκει σε κάποια κλάση ισοδυναμίας (λόγω της
συμμετρικής ιδιότητας)

I Κάθε στοιχείο δε μπορεί να ανήκει σε παραπάνω από μία
κλάσεις ισοδυναμίας (λόγω της μεταβατικής ιδιότητας)



Kl�seic isodunamÐac kai diamerÐseic

I Mia sqèsh isodunamÐac se èna sÔnolo orÐzei mia diamèrish
tou sunìlou sthn opoÐa ta xèna metaxÔ touc uposÔnola
eÐnai oi kl�seic isodunamÐac, p.q.,
� h diamèrish pou orÐzetai apì th sqèsh isodunamÐac sto
sÔnolo {a, b, c, d , e} eÐnai h {{a, b}, {c, d , e}}.

I DÔo stoiqeÐa eÐnai isodÔnama an an koun sthn Ðdia kl�sh
isodunamÐac.



Sunart seic



Metajèseic

I Met�jesh, SÔnolo metajèsewn G

I H met�jesh pou antistoiqeÐ k�je stoiqeÐo ston eautì tou,
af nei dhl. ta stoiqeÐa wc èqoun, lègetai tautotik .

I Duadik  sqèsh epagìmenh apì sÔnolo metajèsewn G eÐnai
sqèsh isodunamÐac



Metajèseic
I DÐnetai sÔnolo S = {a, b, ...} kai èna sÔnolo metajèsewn G

gia ta stoiqeÐa tou S
I Mia Duadik  sqèsh sto S eÐnai duadik  sqèsh epagìmenh

apì to G ìtan èna stoiqeÐo a sqetÐzetai me èna stoiqeÐo b
an kai mìnon an up�rqei met�jesh sto G pou apeikonÐzei
to a sto b.

I 'Estw G = {
(

abcd
abcd

)
,

(
abcd
bacd

)
,

(
abcd
abdc

)
,

(
abcd
badc

)
}.

I H Duadik  sqèsh pou ep�getai apì to G faÐnetai ston
pÐnaka:

I H Duadik  sqèsh se èna sÔnolo pou ep�getai apì sÔnolo
metajèsewn G eÐnai sqèsh isodunamÐac.



Je¸rhma Burnside

I ZhtoÔmeno: Pìsec diaforetikèc morfèc, p.q., qrwmatismoÐ,
stoiqeÐwn enìc sunìlou up�rqoun ìtan emfanÐzontai
isodÔnamoi sqhmatismoÐ lìgw summetrÐac;

I Idèa:
I Πάρε τις ενδεχόμενες μεταθέσεις των στοιχείων του
συνόλου.

I Κάποιες από αυτές είναι ισοδύναμες και ϕτιάχνουν κλάσεις
ισοδυναμίας. ΄Οσες είναι οι κλάσεις ισοδυναμίας τόσοι είναι
και οι διαϕορετικοί σχηματισμοί που ψάχνεις.

I Πόσες είναι οι κλάσεις ισοδυναμίας που δημιουργούνται
από τις μεταθέσεις;

I Για να το βρεις μέτρα τα στοιχεία που μένουν ίδια από τις
μεταθέσεις, δηλ. στοιχεία που η μετάθεση τα απεικονίζει
στον εαυτό τους, άθροισέ τα και διαίρεσε το άθροισμα με το
πλήθος των μεταθέσεων.



Je¸rhma Burnside

I ZhtoÔmeno: na metr sw diaforetikèc morfèc enìc sunìlou
(antikeimènou) ìtan anadiat�ssontai ta stoiqeÐa (mèrh)
tou.

I Parat rhsh: pl joc kl�sewn isodunamÐac = pl joc
diaforetik¸n metajèsewn

I DiatÔpwsh: To pl joc twn kl�sewn isodunamÐac stic
opoÐec diamerÐzetai èna sÔnolo S apì th sqèsh
isodunamÐac pou ep�getai apì èna sÔnolo metajèsewn G

tou S eÐnai:
1

|G |
∑
π∈G

ψ(π)

I Efarmog : DÐnetai èna sÔnolo S .
1. BrÐskw (ektìc an dÐnetai) to sÔnolo metajèsewn G .
2. Se k�je met�jesh sto G brÐskw to pl joc twn
stoiqeÐwn pou den all�zoun.
3. Ta ajroÐzw gia ìlec tic metajèseic kai diair¸ to
�jroisma me to pl joc twn metajèsewn |G | kai èqw to
zhtoÔmeno.



Je¸rhma Burnside: Apìdeixh
I 'Estw sÔnolo S kai sÔnolo metajèsewn G stoiqeÐwn tou S .
I Pìsa stoiqeÐa tou S mènoun Ðdia sunolik� se ìlec tic

metajèseic tou G ; Up�rqoun dÔo trìpoi na ta metr soume:
eÐte an� stoiqeÐo eÐte an� met�jesh:

I Profan¸c:
∑
s∈S

n(s) =
∑
π∈G

y(π)



Je¸rhma Burnside: Apìdeixh

I 'Estw stoiqeÐa α kai b tou S pou eÐnai isodÔnama ⇒
up�rqei met�jesh sto G me α→ b. Pìse tètoiec
metajèseic up�rqoun;

I 'Osec - n(α) - af noun to stoiqeÐo α Ðdio, dhl., perièqoun
α→ α afoÔ gia k�je mÐa mporoÔme na èqoume α→ b wc
ex c: α→ α→ b.

I Gia ton Ðdio lìgo n(α) eÐnai kai oi metajèseic me α→ c
...α→ h, gia k�je �llo stoiqeÐo sthn Ðdia kl�sh
isodunamÐac me to α.



Je¸rhma Burnside: Apìdeixh
I Oi metajèseic tou G mporoÔn na omadopoihjoÔn se autèc

pou af noun to α Ðdio, autèc me α→ b, autèc me α→ c ...
gia k�je stoiqeÐo thc kl�shc isodunamÐac pou perièqei to
α.

I K�je mÐa apì tic om�dec autèc perièqei n(α) metajèseic,
ìpwc deÐxame prin, dhl., n(α) = n(b) = ... = n(h).

I 'Ara

n(a)∗# stoiqeÐwn sthn kl. isodunamÐac pou perièqei to a = |G |
⇒

n(a) =
|G |

# stoiqeÐwn sthn kl�sh isodunamÐac pou perièqei to a



Je¸rhma Burnside: Apìdeixh

I Opìte gia ìla ta stoiqeÐa sthn kl�sh isodunamÐac eÐnai:∑
ìla ta s sthn kl�sh isodunamÐac

n(s) = |G |

I Kai gia ìlec tic kl�seic isodunamÐac, dhl., ìla ta
stoiqeÐa tou S :

⇒

#kl�sewn isodunamÐac stic opoÐec qwrÐzetai to S =

∑
s∈S

n(s)

|G |
⇔

#kl�sewn isodunamÐac stic opoÐec qwrÐzetai to S =

∑
π∈G

y(π)

|G |

afoÔ
∑
s∈S

n(s) =
∑
π∈G

y(π)



Je¸rhma Burnside



Je¸rhma Burnside



Je¸rhma Burnside: Apìdeixh

I To na metr sw ta sunolik� stoiqeÐa pou mènoun Ðdia gia
ìlec tic metajèseic eÐnai san na metr�w gia k�je stoiqeÐo
tou dosmènou sunìlou to pl joc
twn metajèsewn pou den to all�zoun (dhl., to
apeikonÐzoun ston eautì tou).

I An èqoume dÔo stoiqeÐa a kai b sthn Ðdia kl�sh
isodunamÐac, up�rqoun tìsec metajèseic pou apeikonÐzoun
to a sto b ìsec eÐnai oi metajèseic pou af noun to a Ðdio
(dhl., to apeikonÐzoun ston eautì tou). GiatÐ;



Je¸rhma Burnside



Je¸rhma Burnside



Je¸rhma Burnside: Apìdeixh

I An èqoume dÔo stoiqeÐa a kai b sthn Ðdia kl�sh
isodunamÐac, up�rqoun tìsec metajèseic pou apeikonÐzoun
to a sto b ìsec eÐnai oi metajèseic pou af noun to a Ðdio
(dhl., to apeikonÐzoun ston eautì tou). GiatÐ;

I Αϕού τα a και b είναι ισοδύναμα, υπάρχει τουλάχιστον μία
μετάθεση που απεικονίζει το a στο b.

I Κοίτα τώρα συνολικά τις μεταθέσεις που αϕήνουν το a ως
έχει.

I Μπορώ να ϕτιάξω ένα σύνολο μεταθέσεων που απεικονίζουν
το a στο b ως εξής: κάνω πρώτα κάποια από τις μεταθέσεις
που αϕήνουν το a ως έχει και μετά τη μετάθεση που
απεικονίζει το a στο b. Οι μεταθέσεις στο σύνολο αυτό:
– είναι μεταθέσεις που απεικονίζουν το a στο b,
– είναι όλες διαϕορετικές μεταξύ τους, γιατί αν δεν ήταν και
τις έκανα αντίστροϕα θα έδιναν δυο διαϕορετικές μορϕές
για το ίδιο στοιχείο a
– αυτές είναι οι μόνες δυνατές μεταθέσεις που απεικονίζουν
το a στο b



Je¸rhma Burnside



Je¸rhma Burnside: Apìdeixh

I To na metr sw ta sunolik� stoiqeÐa pou mènoun Ðdia gia
ìlec tic metajèseic eÐnai san na metr�w gia k�je stoiqeÐo
tou dosmènou sunìlou to pl joc twn metajèsewn pou den
to all�zoun (dhl., to apeikonÐzoun ston eautì tou).

I An èqoume dÔo stoiqeÐa a kai b sthn Ðdia kl�sh
isodunamÐac, up�rqoun tìsec metajèseic pou apeikonÐzoun
to a sto b ìsec eÐnai sunolik� oi metajèseic pou af noun
to a Ðdio (dhl., to apeikonÐzoun ston eautì tou). GiatÐ;

I Koit�w t¸ra ta stoiqeÐa tou S pou eÐnai se mÐa kl�sh
isodunamÐac: {a, b, c, ..., h}.

I Omadopoi¸ tic metajèseic tou G se autèc pou apeikonÐzoun
to a sto a, to a sto b, to a sto c , ..., to a sto h.

I 'Opwc  dh deÐxame se k�je mia apì autèc tic om�dec
up�rqoun tìsec metajèseic ìsec eÐnai sunolik� oi
metajèseic pou af noun to a Ðdio (dhl., to apeikonÐzoun
ston eautì tou), tic opoÐec sumbolÐzw n(a).



Je¸rhma Burnside



Je¸rhma Burnside: Apìdeixh
I Oi metajèseic tou G mporoÔn na omadopoihjoÔn se autèc

pou af noun to α Ðdio, autèc me α→ b, autèc me α→ c ...
gia k�je stoiqeÐo thc kl�shc isodunamÐac pou perièqei to
α.

I K�je mÐa apì tic om�dec autèc perièqei n(α) metajèseic,
ìpwc deÐxame prin.

I 'Ara

n(a)∗# stoiqeÐwn sthn kl. isodunamÐac pou perièqei to a = |G |
⇒

n(a) =
|G |

# stoiqeÐwn sthn kl�sh isodunamÐac pou perièqei to a



Je¸rhma Burnside: Apìdeixh

I Dhl.,

n(a) =
|G |

# stoiqeÐwn sthn kl�sh isodunamÐac pou perièqei to a

I K�nw to parap�nw gia k�je stoiqeÐo b, c , ..., h, opìte:
n(a) + n(b) + ...+ n(h) = |G |. Epomènwc gia k�je kl�sh
isodunamÐac sto S eÐnai:∑
ìla ta s sthn kl�sh isodunamÐac

n(s) = |G |

I 'Ara gia ìlo to S isqÔei:∑
s∈S

n(s) = #kl�sewn isodunamÐac stic opoÐec qwrÐzetai to S ·|G |



Je¸rhma Burnside



Je¸rhma Burnside



Par�deigma
DÐnetai sÔnolo S = {a, b, c , d} kai sÔnolo metajèsewn

G = {π1, π2, π3, π4}, me π1 =
(

abcd
abcd

)
, π2 =

(
abcd
bacd

)
,

π3 =

(
abcd
abdc

)
, π4 =

(
abcd
badc

)
. Pìsoi diaforetikoÐ

sqhmatismoÐ up�rqoun sto S lìgw tou G ;
Perimènoume na broÔme dÔo diaforetikoÔc sqhmatismoÔc afoÔ 2
eÐnai kai oi kl�seic isodunamÐac sto S lìgw tou G :

Sth met�jesh π1 mènoun Ðdia 4 stoiqeÐa, sthn π2 2, sthn π3 2
kai sthn π4 0 stoiqeÐa. Sunolik�, up�rqoun 4 metajèseic sto
G . Opìte to pl joc kl�sewn isodunamÐac eÐnai
1
4(4 + 2 + 2 + 0) = 2.



Pìsa diaforetik� braqiol�kia pou na èqoun 2 q�ntrec,
mple kai kÐtrinec, mporoÔme na fti�xoume ìtan oi
q�ntrec mporoÔn na peristrèfontai;

DÔo braqiol�kia eÐnai ta Ðdia an peristrèfontac to èna
prokÔptei to �llo.

I Oi pijanèc du�dec apì q�ntrec eÐnai oi: bb, by , yb, yy .

I Oi dunatèc metajèseic - na meÐnoun wc èqoun   na
enallagoÔn ta �kra touc - eÐnai 2:

π1 =

(
bb, by , yb, yy
bb, by , yb, yy

)
, π2 =

(
bb, by , yb, yy
bb, yb, by , yy

)
I Sthn π1 up�rqoun 4 stoiqeÐa analloÐwta.

I Sthn π2 up�rqoun 2 stoiqeÐa analloÐwta.

I 'Ara oi kl�seic isodunamÐac eÐnai: 1
2(4 + 2) = 3



Pìsa diaforetik� braqiol�kia pou na èqoun 3 q�ntrec,
mple kai kÐtrinec, mporoÔme na fti�xoume ìtan oi
q�ntrec mporoÔn na peristrèfontai;

DÔo braqiol�kia eÐnai ta Ðdia an peristrèfontac to èna
prokÔptei to �llo.

I Oi pijanèc tri�dec apì q�ntrec eÐnai oi:
bbb, bby , byb, byy , ybb, yby , yyb, yyy .

I Oi dunatèc metajèseic - na meÐnoun wc èqoun   na
enallagoÔn ta �kra touc - eÐnai 2:

π1 =

(
bbb, bby , byb, byy , ybb, yby , yyb, yyy
bbb, bby , byb, byy , ybb, yby , yyb, yyy

)
,

π2 =

(
bbb, bby , byb, byy , ybb, yby , yyb, yyy
bbb, ybb, byb, yyb, bby , yby , byy , yyy

)
I Sthn π1 up�rqoun 8 stoiqeÐa analloÐwta.

I Sthn π2 up�rqoun 4 stoiqeÐa analloÐwta.

I 'Ara oi kl�seic isodunamÐac eÐnai: 1
2(8 + 4) = 6



Pìsa diaforetik� braqiol�kia pou na èqoun 5 q�ntrec,
mple, kÐtrinec kai �sprec, mporoÔme na fti�xoume ìtan oi
q�ntrec mporoÔn na peristrèfontai;

I 'Estw S to sÔnolo apì ta 35 = 243 braqiol�kia (dhl. ìlec
tic dunatèc 5-�dec qwrÐc na lamb�noume upìyh
summetrÐec).

I Oi dunatèc metajèseic eÐnai:

I Sthn π1 mènoun Ðdia 243 stoiqeÐa. Gia k�je mia apì tic
upìloipec metajèseic, 3 5-�dec ja dÐnoun Ðdia braqiol�kia:
ìtan ìlec oi q�ntrec èqoun to Ðdio qr¸ma, giatÐ mìno tìte
h peristrof  af nei analloÐwto to braqiol�ki.

I 'Ara, up�rqoun 1
5(243 + 3 + 3 + 3 + 3) = 51 kl�seic

isodunamÐac (= diaforetik� braqiol�kia).



Me pìsouc trìpouc mpor¸ na b�lw n �toma na
kaj soun se kÔklo;

I Up�rqoun n! metajèseic gia ta n �toma an de l�boume
upìyh tic summetrÐec.

I Up�rqoun G = {π1, ...πn} metajèseic: π1, h tautotik  kai
k�je mÐa apì tic epìmenec prokÔptei apì thn prohgoÔmenh
me metatìpis  thc kat� mÐa jèsh kat� th for� tou
rologioÔ.

I Sthn π1 mènoun Ðdiec ìlec oi jèseic, dhl., n! stoiqeÐa. Se
k�je mia apì tic upìloipec metajèseic kamÐa jèsh de mènei
h Ðdia, �ra analloÐwta mènoun 0 stoiqeÐa.

I 'Ara, o sunolikìc arjmìc twn kl�sewn isodunamÐac eÐnai
1
n (n! + 0 + ...+ 0) = (n − 1)!.



Jèlw na tup¸sw 5-y fia noÔmera se qart�kia, èna se
k�je qart�ki. Pìsa diaforetik� qart�kia prèpei na
tup¸sw gia na èqw ìla ta noÔmera;

I Up�rqoun 105 diaforetik� 5-y fia noÔmera an de l�boume
upìyh tic summetrÐec.

I Pìsec metajèseic up�rqoun sto sÔnolo G ;
I Τα ψηϕία 0,1,6,8,9 είναι ίδια αν τα διαβάσω ‘πάνω κάτω’
και ‘δεξιά και πάνω’ (π.χ., 89166 - 99168)

I Opìte eÐnai G = {π1, π2}
π1: tautotik  met�jesh - af nei ìla ta noÔmera ìpwc
eÐnai - mènoun Ðdia 105 stoiqeÐa
π2: af nei ton arijmì Ðdio ìtan de mporeÐ na diabasteÐ
�p�nw k�tw� (13765 → 13765) kai k�nei ton arijmì Ðdio me
ton antÐstoiqo ìtan mporeÐ na diabasteÐ an�poda (p.q.,
89166 → 99168). Ed¸ mènoun Ðdia (105 − 55) + 3 · 52
stoiqeÐa. GiatÐ;

I 'Ara, o sunolikìc arjmìc twn kl�sewn isodunamÐac eÐnai
1
2(10

5 + 105 − 55 + 3 · 52).



Jèlw na tup¸sw 5-y fia noÔmera se qart�kia, èna se
k�je qart�ki. Pìsa diaforetik� qart�kia prèpei na
tup¸sw gia na èqw ìla ta noÔmera;

I Ta yhfÐa 2,3,4,5,7 de mporoÔn na diabastoÔn an�poda kai
mporoÔn na d¸soun 55 pentay fiouc.

I Gia na diab�zontai pentay fioi Ðdia eÐte p�nw k�tw eÐte
dexi� kai p�nw prèpei
� to mesaÐo yhfÐo na eÐnai 0,1,8 (3 epilogèc)
� to pr¸to yhfÐo prèpei na eÐnai to teleutaÐo gurismèno
an�poda: 0,1,8,6,9 (5 epilogèc)
� to deÔtero yhfÐo prèpei na eÐnai to tètarto gurismèno
an�poda: 0,1,8,6,9 (5 epilogèc)



Ta prohgoÔmena aforoÔn sta maj mata 15 kai 17/12/2010



Mpor¸ kalÔtera...;;;

I Je¸rhma Burnside bohj�ei polÔ afoÔ antÐ na metr�w
kl�seic isodunamÐac koit�w tic metajèseic kai metr�w mìno
ta stoiqeÐa pou oi metajèseic af noun analloÐwta...
ALLA

I Πάλι μετράω ‘‘πολλά’’ στοιχεία και η διαδικασία παραμένει
πολύπλοκη...

I Εκτός από το πλήθος των κλάσεων ισοδυναμίας δε μπορώ
να έχω πληροϕορία και για άλλες ιδιότητες ισοδύναμων
στοιχείων
–π.χ., αν θέλαμε να βρούμε τον αριθμό από διαϕορετικές
σκακιέρες που να έχουν 2 πράσινα και 2 άσπρα
τετραγωνάκια; Το θεώρημα Burnside δε βοηθάει...



Idèa...

I f : trìpoc na rÐxw |D| antikeÐmena se |R| kouti�

I pl joc f apì D → R: pl joc trìpwn na rÐxw |D|
antikeÐmena se |R| kouti�



Kl�seic isodunamÐac sunart sewn
I 'Estw D kai R sÔnola kai G sÔnolo metajèsewn twn

stoiqeÐwn tou D.
I OrÐzoume thn ex c dimel  sqèsh sto sÔnolo twn

sunart sewn apì to D sto R: f1, f2 sqetÐzontai an
f1(d) = f2(π(d)),∀d ∈ D pou eÐnai sqèsh isodunamÐac.

I Epomènwc, oi sunart seic apì D → R qwrÐzontai se
kl�seic isodunamÐac pou kaloÔntai prìtupa (patterns):
antistoiqoÔn se diaforetikoÔc trìpouc na moir�sw |D|
antikeÐmena se |R| kouti� ìtan h isodunamÐa metaxÔ twn
moirasm�twn kajorÐzetai apì to G .



Par�deigma
I 'Estw D = {a, b, c, d}, R = {x , y} kai sÔnolo metajèsewn

G = {π1, π2, π3, π4}, me π1 =
(

abcd
bcda

)
, π2 =

(
abcd
cdab

)
,

π3 =

(
abcd
dabc

)
, π4 =

(
abcd
abcd

)
.

I Oi 16 sunart seic f : D → R eÐnai oi ex c:



Par�deigma
I 'Estw D = {a, b, c, d}, R = {x , y} kai sÔnolo metajèsewn

G = {π1, π2, π3, π4}, me π1 =
(

abcd
bcda

)
, π2 =

(
abcd
cdab

)
,

π3 =

(
abcd
dabc

)
, π4 =

(
abcd
abcd

)
.

I Oi 16 sunart seic f : D → R eÐnai oi ex c:



Xan� to jèma me tic skakièrec...
I Onom�zw ta kout�kia thc skakièrac.
I 'Eqw dÔo qr¸mata: �spro (x)-pr�sino (y)
I Opìte D = {a, b, c, d}, R = {x , y}
I f : D → R deÐqnei th skakièra
I To sÔnolo metajèsewn pou prokÔptoun me peristrof  twn

cells eÐnai

G = {
(

abcd
bcda

)
,

(
abcd
cdab

)
,

(
abcd
dabc

)
,

(
abcd
abcd

)
}.

I Akrib¸c to prohgoÔmeno par�deigma. Up�rqoun 6 kl�seic
isodunamÐac, dhl., 6 diaforetikoÐ sqhmatismoÐ 2 qrwm�twn.



An�jesh bar¸n sta stoiqeÐa tou R
I Mèqri ed¸: metr same ton arijmì kl�sewn isodunamÐac

sunart sewn.
I Jèloume KAI: plhroforÐa gia idiìthtec sunart sewn stic

kl�seic isodunamÐac.
I Ti k�noume; Anajètoume ��b�rh�� (pou mporeÐ na eÐnai

arijmoÐ   sÔmbola) sta stoiqeÐa tou R.

I r1 + r2 + r3 shmaÐnei ìti k�poio stoiqeÐo tou D mporeÐ na
p�rei ��b�roc �� r1   r2   r3.

I An èqoume 2 stoiqeÐa me ��b�roc �� u kai 1 stoiqeÐo me
��b�roc �� v sto R shmaÐnei ìti k�poio stoiqeÐo tou D
mporeÐ na dialèxei stoiqeÐa tÔpou u   tÔpou v .

I Qontrik�, me autìn ton trìpo genikeÔetai h ènnoia twn
gennhtri¸n sunart sewn.



An�jesh bar¸n sta stoiqeÐa tou R

I To b�roc miac sun�rthshc f : D → R eÐnai to ginìmeno twn
bar¸n twn eikìnwn twn stoiqeÐwn tou D sto R:∑
d∈D

w(f (d)).

I To b�roc enìc sunìlou sunart sewn apì D → R eÐnai to
�jroisma twn bar¸n touc.

I 'Ara: to b�roc miac sun�rthshc deÐqnei p¸c (ton trìpo)
|D| antikeÐmena rÐqnontai se |R| kouti�.

I To b�roc enìc sunìlou sunart sewn deÐqnei touc trìpouc
(to pl joc twn trìpwn) pou katanèmonotai ta antikeÐmena.

I Sunart seic sthn Ðdia kl�sh isodunamÐac èqoun to Ðdio
b�roc pou kaleÐtai b�roc protÔpou, dhl. b�roc thc
kl�shc isodunamÐac. (Fusik�, mporeÐ sunart seic me to
Ðdio b�roc na mhn an koun sthn Ðdia kl�sh isodunamÐac)



Me pìsouc diaforetikoÔc trìpouc mporoÔme na
qrwmatÐsoume 3 mp�lec ìtan èqoume 3 qr¸mata: akribì
kìkkino, fjhnì kìkkino kai mple;

I D = {oi treic mp�lec}
I R = {ta trÐa qr¸mata}

I r1: βάρος ακριβού κόκκινου χρώματος
I r2: βάρος ϕθηνού κόκκινου χρώματος
I b: βάρος μπλε χρώματος

I r1 + r2 + b: trìpoi pou mporeÐ na qrwmatisteÐ mia mp�la
me r1   me r2   me b

I (r1 + r2 + b)3: trìpoi pou mporoÔn na qrwmatistoÔn kai oi
3 mp�lec kai eÐnai to sunolikì b�roc thc f : D → R

I (r1 + r2 + b)3 =
r31 +r32+r33+3r21 r2+3r1r

2
2+3r21b+3r22b+3r1b

2+3r2b
2+3r1r2b

I To parap�nw èqei ìlh thn plhroforÐa gia touc
diaforetikoÔc trìpouc pou mporoÔme na qrwmatÐsoume tic
3 mp�lec.

I 3r1r
2
2 : up�rqoun 3 trìpoi na qrwmatÐsoume 1 mp�la me

akribì kìkkino qr¸ma kai 2 me fjhnì kìkkino qr¸ma.



Me pìsouc diaforetikoÔc trìpouc mporoÔme na
qrwmatÐsoume 3 mp�lec ìtan èqoume 3 qr¸mata: akribì
kìkkino, fjhnì kìkkino kai mple;

I An de m�c endiafèrei h di�krish metaxÔ twn kìkkinwn
qrwm�twn, jètoume w(r1) = w(r2) = r opìte èqoume
(r + r + b)3 = (2r + b)3 = ...

I 2r + b: up�rqoun 2 trìpoi na qrwmatÐsoume mia mp�la
kìkkinh kai 1 trìpoc na thn k�noume mple.



8 �toma jèloun na p�ne taxÐdi se 3 pìleic. 3 apì ta 8
�toma an koun sthn Ðdia oikogèneia, kai 2 apì ta 8
�toma an koun epÐshc se mia �llh oikogèneia. 'Atoma
sthn Ðdia oikogèneia prèpei na p�ne taxÐdi mazÐ. Me
pìsouc trìpouc ta 8 �toma mporoÔn na kanonÐsoun to
taxÐdi touc;

I D = {a, b, c , d , e, f , g , h}, ta �toma
� a, b, c mÐa oikogèneia, d , e �llh oikogèneia

I R = {c1, c2, c3}, oi pìleic me b�rh A,B, Γ

I Gia touc a, b, c , ta diaforetik� taxÐdia pou mporoÔn na
k�noun eÐnai A3 + B3 + Γ3 afoÔ prèpei na p�ne mazÐ eÐte
sthn pìlh c1 eÐte sth c2 eÐte sth c3

I AntÐstoiqa, gia touc d , e eÐnai A2 + B2 + Γ2

I Gia touc f , g , h eÐnai A+ B + Γ

I Sunolik� oi trìpoi eÐnai:
(A3 + B3 + Γ3)(A2 + B2 + Γ2)(A+ B + Γ)3



Proqwr¸ntac...

Stìqoc: na brw to b�roc ìlwn twn kl�sewn isodunamÐac
sunart sewn apì D → R

'Eqw mia met�jesh p.q., π =

(
abcdef
cedabf

)
.

I Ta stoiqeÐa a → c, c → d , d → a sqhmatÐzoun kÔklo,
opìte {a, c , d} eÐnai ènac kÔkloc sthn π me m koc 3, dhl. me
3 stoiqeÐa.

I 'Alloc kÔkloc: b → e, e → b, {e, b} eÐnai ènac kÔkloc sthn
π me m koc 2.

I x
pl joc
b�roc

: gia thn π èqoume x13 , x
1
2

I 'Otan pw me tètoio sumbolismì pìsoi kÔkloi up�rqoun se
mia met�jesh π èqw mia anapar�stash dom c kÔklou thc π



Proqwr¸ntac...

I An m�c d¸soun èna sÔnolo metajèsewn G orÐzoume to
deÐkth kÔklou PG tou G san to �jroisma twn kuklik¸n
anaparast�sewn twn metajèsewn tou G di� to pl joc twn

metajèsewn tou G : PG =

∑
π∈G

xb11 xb22 ...x
bk
k

|G |



Par�deigma

DÐnetai to G = {
(

abcd
abcd

)
,

(
abcd
bacd

)
,

(
abcd
abdc

)
,

(
abcd
badc

)
}.

I 'Eqoume 4 metajèseic: |G | = 4

I π1 : x
4
1

I π2 : x
2
1x2

I π3 : x
2
1x2

I π4 : x
2
2

I Opìte: PG =
x41 + x21x2 + x21x2 + x22

4
=

x41 + x22 + 2x21x2
4



Je¸rhma Pólya

I Dedomèna: sÔnola D, R, sunart seic f : D → R, sÔnolo
metajèsewn G , b�rh stoiqeÐwn tou R.

I ZhtoÔmeno: to sunolikì b�roc twn kl�sewn isodunamÐac
twn sunart sewn f .

I DiatÔpwsh: O kat�logoc twn kl�sewn isodunamÐac twn
sunart sewn me pedÐo orismoÔ D kai sÔnolo tim¸n R eÐnai

PG

(∑
r∈R

w(r),
∑
r∈R

[w(r)]2, ...,
∑
r∈R

[w(r)]k , ...

)

dhlad  o kat�logoc twn protÔpwn prokÔptei

antikajist¸ntac to x1 me
∑
r∈R

w(r), to x2 me
∑
r∈R

[w(r)]2, ...,

to xk me
∑
r∈R

[w(r)]k ,... sthn èkfrash tou deÐkth kÔklwn PG

tou sunìlou metajèsewn G .



Je¸rhma Pólya

I Dedomèna: sÔnola D, R, sunart seic f : D → R, sÔnolo
metajèsewn G , b�rh stoiqeÐwn tou R.

I ZhtoÔmeno: to sunolikì b�roc twn kl�sewn isodunamÐac
twn sunart sewn f .

I Efarmog :
1. BrÐskw kÔklouc sta π ∈ G
2. Fti�qnw to PG

3. Se k�je ìro tou PG antikajist¸ to
� x1 me w(r1) + w(r2) + ...,∀ri ∈ R
� x2 me w2(r1) + w2(r2) + ...,∀ri ∈ R
� kok



Poio eÐnai to pl joc twn diaforetik¸n braqioli¸n me 3
q�ntrec, mple kai kÐtrinec;

IsodÔnama eÐnai braqiìlia pou prokÔptoun apì enallag  twn
�krwn touc.

I D = {1, 2, 3}, oi q�ntrec
I R = {b, y}, ta qr¸mata me w(b) = b,w(y) = y

I 'Eqoume tic ex c metajèseic: π1 =

(
123
123

)
kai

π2 =

(
123
321

)
, dhl. |G | = 2.

I Sth met�jesh π1 up�rqoun 3 kÔkloi m kouc 1, dhl. x31
I Sth met�jesh π2 up�rqoun 1 kÔkloc m kouc 1 kai 1 kÔkloc

m kouc 2, dhl. x11x
1
2

I Opìte: PG =
x31 + x2x1

2



Poio eÐnai to pl joc twn diaforetik¸n braqioli¸n me 3
q�ntrec, mple kai kÐtrinec;

IsodÔnama eÐnai braqiìlia pou prokÔptoun apì enallag  twn
�krwn touc.

I 'Eqoume 2 qr¸mata me b�rh b, y , opìte:

I Opìte:

PG =
(b + y)3 + (b2 + y2)(b + y)

2
= b3 + 2b2y + 2by2 + y3

I Jètontac b = y = 1 èqoume: 1 + 2 + 2 + 1 = 6 trìpoi dhl.
diaforetik� braqiìlia.



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic pleurèc
miac puramÐdac me 2 qr¸mata;

H b�sh thc puramÐdac paramènei stajer  kai oi summetrÐec
prokÔptoun met� apì peristrof  thc gÔrw apì ton
katakìrufo �xona.

I D = {a, b, c , d}, oi pleurèc
I R = {x , y}, ta qr¸mata me w(x) = x ,w(y) = y

I 'Eqoume tic ex c metajèseic: π1 =

(
abcd
abcd

)
,

π2 =

(
abcd
bcad

)
kai π3 =

(
abcd
cabd

)
, dhl. |G | = 3.

I Gia thn π1 eÐnai: x41
I Gia thn π2 eÐnai: x11x

1
3

I Gia thn π3 eÐnai: x11x
1
3

I Opìte: PG =
x41 + x11x

1
3 + x11x

1
3

3
=

x41 + 2x11x
1
3

3



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic pleurèc
miac puramÐdac me 2 qr¸mata;



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic pleurèc
miac puramÐdac me 2 qr¸mata;

I 'Eqoume 2 qr¸mata me b�rh x , y , opìte:

I Opìte: PG =
(x + y)4 + 2(x + y)(x3 + y3)

3
=

x4 + y4 + 2x3y + 2x2y2 + 2xy3

I Jètontac x = y = 1 èqoume: 1 + 1 + 2 + 2 + 2 = 8 trìpoi
dhl. diaforetikoÐ qrwmatismoÐ.



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic ìyeic enìc
kÔbou me 3 qr¸mata;

I D = {a, b, c , d , e, f }, oi pleurèc
I R = {c1, c2, c3}, ta qr¸mata me w(ci ) = i , 1 ≤ i ≤ 3

I ArijmoÔme tic ìyeic tou kÔbou wc ex c: 1 thn p�nw, 2 thn
k�tw, 3,4,5,6 tic plaðnèc kat� th for� tou rologioÔ. Oi
summetrÐec ston kÔbo eÐnai oi ex c:



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic ìyeic enìc
kÔbou me 3 qr¸mata;

I Na af sw ton kÔbo ìpwc eÐnai. (1)(2)(3)(4)(5)(6). Me
kuklik  anapar�stash: x61

I Na k�nw peristrofèc 180o gÔrw apì ton �xona pou en¸nei
mèsa apènanti ìyewn. (1)(2)(35)(46). Up�rqoun 3
peript¸seic an�loga me to an koit�w ton katakìrufo, ton
orizìntio   ton �xona b�jouc. Me kuklik  anapar�stash:
3x21x

2
2

I Na k�nw peristrofèc 90o kai −90o gÔrw apì ton �xona
pou en¸nei mèsa apènanti ìyewn. (1)(2)(3456). Up�rqoun
3 peript¸seic an�loga me to an koit�w ton katakìrufo,
ton orizìntio   ton �xona b�jouc. Sunolik� 6. Me kuklik 
anapar�stash: 6x21x

1
4



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic ìyeic enìc
kÔbou me 3 qr¸mata;

I Na k�nw peristrofèc 180o gÔrw apì �xonec pou en¸noun
mèsa apènanti akm¸n. (15)(23)(46). Up�rqoun 6
peript¸seic. Me kuklik  anapar�stash: 6x32

I Na k�nw peristrofèc 120o kai −120o gÔrw apì �xonec
pou en¸noun apènanti korufèc. (154)(236). Up�rqoun 8
peript¸seic. Me kuklik  anapar�stash: 8x23





Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic ìyeic enìc
kÔbou me 3 qr¸mata;

I 'Ara sunolik� |G | = 24 kai

PG =
x61 + 3x21x

2
2 + 6x21x

1
4 + 6x32 + 8x23

24
I 'Eqoume 3 qr¸mata: c1 + c2 + c3, opìte:

PG =
1

24
[(c1+c2+c3)

6+3(c1+c2+c3)
2(c21+c22+c23 )

2+6(c1+

c2+ c3)
2(c41 + c42 + c43 )

1+6(c21 + c22 + c23 )
3+8(c31 + c32 + c33 )

2]

I Jètontac w(c1) = w(c2) = w(c3) = 1 èqoume:

PG =
36 + 3 · 3232 + 6 · 323 + 6 · 33 + 8 · 32

24
=

729 + 243 + 162 + 162 + 72

24
=

1368

24
= 57



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic ìyeic enìc
kÔbou me 6 qr¸mata;

I 'Eqoume  dh dei ìti gia ton kÔbo eÐnai: |G | = 24 kai

PG =
x61 + 3x21x

2
2 + 6x21x

1
4 + 6x32 + 8x23

24
I 'Eqoume 6 qr¸mata: c1 + c2 + c3 + c4 + c5 + c6, opìte: PG =

1

24
[(c1+c2+c3+c4+c5+c6)

6+3(c1+c2+c3+c4+c5+c6)
2

(c21 + c22 + c23 + c24 + c25 + c26 )
2 + 6(c1 + c2 + c3 + c4 + c5 +

c6)
2(c41 + c42 + c43 + c44 + c45 + c46 )

1+
6(c21 +c22 +c23 +c24 +c25 +c26 )

3+8(c31 +c32 +c33 +c34 +c35 +c36 )
2]

I Jètontac
w(c1) = w(c2) = w(c3) = w(c4) = w(c5) = w(c6) = 1

èqoume: PG =
66 + 3 · 6262 + 6 · 626 + 6 · 63 + 8 · 62

24
= 2226



QrwmatÐzw tic ìyeic enìc kÔbou me 6 qr¸mata. 'Ena apì
aut� eÐnai to kìkkino. Me pìsouc trìpouc mpor¸ na
qrwmatÐsw tic ìyeic enìc kÔbou ¸ste akrib¸c 3 apì tic
ìyeic na eÐnai kìkkinec;

Sto prohgoÔmeno an�ptugma gia to PG , jewroÔme to c1 na
antiproswpeÔei to kìkkino qr¸ma kai ajroÐzoume touc ìrouc
pou perièqoun to c31 . 'Eqoume:
1

24
[

(
6

3

)
(c2 + c3 + c4 + c5 + c6)

3c31 + 3 · 4(c2 + c3 + c4 + c5 +

c6)(c
2
2 + c23 + c24 + c25 + c26 )c

3
1 + 8 · 2(c32 + c33 + c34 + c35 + c36 )c

3
1 ]

Jètoume c1 = c2 = c3 = c4 = c5 = c6 = 1, opìte o parap�nw
suntelest c èqei thn tim  120.



QrwmatÐzw tic ìyeic enìc kÔbou me 4 qr¸mata, A, B , C ,
D. Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic ìyeic
enìc kÔbou ¸ste 2 apì autèc na qrwmatistoÔn me to
qr¸ma A, 2 me to qr¸ma B , 1 me to C kai 1 me to qr¸ma
D;

I 'Eqoume  dh dei ìti gia ton kÔbo eÐnai: |G | = 24 kai

PG =
x61 + 3x21x

2
2 + 6x21x

1
4 + 6x32 + 8x23

24
I 'Eqoume 4 qr¸mata: c1 + c2 + c3 + c4, opìte:

PG =
1

24
[(c1 + c2 + c3 + c4)

6 + 3(c1 + c2 + c3 + c4)
2

(c21 +c22 +c23 +c24 )
2+6(c1+c2+c3+c4)

2(c41 +c42 +c43 +c44 )
1+

6(c21 + c22 + c23 + c24 )
3 + 8(c31 + c32 + c33 + c34 )

2]
I JewroÔme ìti c1 = A, c2 = B, c3 = C , c4 = D kai apì to

parap�nw an�ptugma ajroÐzoume touc suntelestèc tou
ìrou c21c

2
2c3c4

I To apotèlesma eÐnai:
180 + 12

24
= 8



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic korufèc
enìc kÔbou me 2 qr¸mata;

I 'Estw G to sÔnolo metajèsewn pou antistoiqoÔn se ìlec
tic peristrofèc tou kÔbou. Up�rqoun 24 metajèseic sto G
pou omadopoioÔntai stisparak�tw 5 kathgorÐec:

1. Ταυτοτική μετάθεση. Κυκλική αναπαράσταση: x81
2. 3 μεταθέσεις που αντιστοιχούν σε περιστροϕές 180o γύρω
από άξονες που συνδέουν τα μέσα απέναντι όψεων.
Κυκλική αναπαράσταση: 3x42

3. 6 μεταθέσεις που αντιστοιχούν σε περιστροϕές 90o γύρω
από άξονες που συνδέουν τα μέσα απέναντι όψεων.
Κυκλική αναπαράσταση: 6x24

4. 6 μεταθέσεις που αντιστοιχούν σε περιστροϕές 180o γύρω
από άξονες που συνδέουν τα μέσα απέναντι ακμών.
Κυκλική αναπαράσταση: 6x42

5. 8 μεταθέσεις που αντιστοιχούν σε περιστροϕές 120o γύρω
από άξονες που συνδέουν απέναντι κορυϕές. Κυκλική
αναπαράσταση: 8x21 x

2
3





Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic korufèc
enìc kÔbou me 2 qr¸mata;

I Epomènwc, o deÐkthc kÔklwn tou sunìlou metajèsewn G

eÐnai: PG =
1

24
(x81 + 9x42 + 6x24 + 8x21x

2
3 )

I AfoÔ èqoume dÔo qr¸mata, o kat�logoc protÔpwn eÐnai:
PG =
1

24
((x+y)8+9(x2+y2)4+6(x4+y4)2+8(x+y)2(x3+y3)2)

I Jètontac w(x) = w(y) = 1 sthn parap�nw sqèsh, to
pl joc twn protÔpwn eÐnai 23 pou dÐnei kai to pl joc twn
diaforetik¸n qrwmatism¸n twn 8 koruf¸n tou kÔbou me 2
qr¸mata.



Me pìsouc trìpouc mpor¸ na qrwmatÐsw ènan kÔlindro
pou èqei qwristeÐ se 6 tm mata (orizìntia) me 1  
perissìtera qr¸mata;

I 'Estw G to sÔnolo metajèsewn pou antistoiqoÔn se ìlec
tic summetrÐec tou kulÐndrou. Up�rqoun 2 metajèseic sto
G :
1. Ταυτοτική μετάθεση. Κυκλική αναπαράσταση: x61
2. Περιστροϕή 180o γύρω από τον οριζόντιο άξονα που χωρίζει
το τρίτο από το τέταρτο μέρος. Κυκλική αναπαράσταση: x32



Me pìsouc trìpouc mpor¸ na qrwmatÐsw ènan kÔlindro
pou èqei qwristeÐ se 6 tm mata (orizìntia) me 1  
perissìtera qr¸mata;

I Epomènwc, o deÐkthc kÔklwn tou sunìlou metajèsewn G

eÐnai: PG =
1

2
(x61 + x32 )

I AfoÔ èqoume n qr¸mata, o kat�logoc protÔpwn eÐnai:

PG =
1

2
((x1 + ...+ xn)

6 + (x21 + ...+ x2n )
3)

I Jètontac w(x1) = ... = w(xn) = 1 sthn parap�nw
par�stash, to pl joc twn protÔpwn, dhl. to pl joc twn

diaforetik¸n qrwmatism¸n, eÐnai
1

2
(n6 + n3) =

n3(n3 + 1)

2
.



'Eqoume skakièrec diast�sewn 2× 4 pou èqoun �spra
kai kìkkina tetr�gwna. Pìsec diaforetikèc apì autèc
up�rqoun me 3 kìkkina kai 5 �spra tetr�gwna;

I 'Estw G to sÔnolo metajèsewn pou antistoiqoÔn se ìlec
tic peristrofèc thc skakièrac. Up�rqoun 4 metajèseic sto
G pou omadopoioÔntai stic parak�tw 4 kathgorÐec:

1. Ταυτοτική μετάθεση. Κυκλική αναπαράσταση: x81
2. Η μετάθεση που αντιστοιχεί σε περιστροϕή 180o της
σκακιέρας γύρω από άξονα που είναι κάθετος στη σκακιέρα
και διέρχεται από το κέντρο της. Κυκλική αναπαράσταση:
x42

3. Η μετάθεση που αντιστοιχεί σε περιστροϕή 180o γύρω από
τον οριζόντιο άξονα που κόβει τις δύο γραμμές της
σκακιέρας. Κυκλική αναπαράσταση: x42

4. Η μετάθεση που αντιστοιχεί σε περιστροϕή 180o γύρω από
τον κάθετο άξονα που κόβει στη μέση τις 4 στήλες της
σκακιέρας. Κυκλική αναπαράσταση: x42





'Eqoume skakièrec diast�sewn 2× 4 pou èqoun �spra
kai kìkkina tetr�gwna. Pìsec diaforetikèc apì autèc
up�rqoun me 3 kìkkina kai 5 �spra tetr�gwna;

I Epomènwc, o deÐkthc kÔklwn tou sunìlou metajèsewn G

eÐnai: PG =
1

4
(x81 + 3x42 )

I AfoÔ èqoume dÔo qr¸mata, o kat�logoc protÔpwn eÐnai:

PG =
1

4
((x + y)8 + 3(x2 + y2)4) =

1

4
[

8∑
k=0

(
8

k

)
xky8−k + 3

4∑
k=0

(
4

k

)
x2ky8−2k ]

I AnazhtoÔme to suntelest  tou ìrou x3y5 sthn parap�nw
par�stash. K�nontac pr�xeic, autìc prokÔptei ìti eÐnai:
1

4
[

(
8

3

)
+ 3 · 0] = 14.



Ta prohgoÔmena aforoÔn sto m�jhma 22/12/2010



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic korufèc
miac puramÐdac me 4 qr¸mata;

I 'Estw G to sÔnolo metajèsewn pou antistoiqoÔn se ìlec
tic peristrofèc thc puramÐdac. Up�rqoun 12 metajèseic
sto G pou omadopoioÔntai stic parak�tw 3 kathgorÐec:
1. Ταυτοτική μετάθεση. Κυκλική αναπαράσταση: x41
2. 8 μεταθέσεις που αντιστοιχούν σε περιστροϕές 120o γύρω
από άξονες που συνδέουν μία κορυϕή με το κέντρο της
απέναντι όψης. Κυκλική αναπαράσταση: 8x1x3

3. 3 μεταθέσεις που αντιστοιχούν σε περιστροϕές 180o γύρω
από άξονες που συνδέουν τα μέσα απέναντι ακμών.
Κυκλική αναπαράσταση: 3x22



Me pìsouc trìpouc mpor¸ na qrwmatÐsw tic korufèc
miac puramÐdac me 4 qr¸mata;

I Epomènwc, o deÐkthc kÔklwn tou sunìlou metajèsewn G

eÐnai: PG =
1

12
(x41 + 8x1x3 + 3x22 )

I AfoÔ èqoume tèssera qr¸mata, o kat�logoc protÔpwn

eÐnai: PG =
1

12
((a+ b + c + d)4 + 8(a+ b + c + d)(a3 +

b3 + c3 + d3) + 3(a2 + b2 + c2 + d2)2)

I Jètontac w(a) = w(b) = w(c) = w(d) = 1 sthn parap�nw
sqèsh, to pl joc twn protÔpwn eÐnai 36 pou dÐnei kai to
pl joc twn diaforetik¸n qrwmatism¸n.



H Ôlh sunoptik�...

I Stoiqei¸dhc sunduastik 

I Genn triec sunart seic

I Egkleismìc - Apokleismìc

I JewrÐa Polyá



Egkleismìc - Apokleismìc

I Sunolo-jewrhtik  mèjodoc mètrhshc

I 'Estw S sÔnolo me plhjikì arijmì N, |S | = N

I c1, c2, c3, ...ct : sullog  apì sunj kec pou ikanopoioÔntai
apì merik�   apì ìla ta stoiqeÐa tou S

I K�poia stoiqeÐa stoiqeÐa tou S mporeÐ na ikanopoioÔn
parap�nw apì mÐa sunj kec kai �lla kamÐa

I N(ci ), 1 ≤ i ≤ t: πλήθος στοιχείων του S που ικανοποιούν
τη συνθήκη ci

I N(ci ), 1 ≤ i ≤ t: πλήθος στοιχείων του S που δεν
ικανοποιούν τη συνθήκη ci

I N(ci ) + N(ci ) = N = |S |
I N(cicj), i , j ∈ {1, 2, ..., t}, i ̸= j : πλήθος στοιχείων του S που
ικανοποιούν και τις δύο συνθήκες ci , cj

I N(ci cj), i , j ∈ {1, 2, ..., t}, i ̸= j : πλήθος στοιχείων του S που
δεν ικανοποιούν καμία από τις δύο συνθήκες ci , cj

I N(ci cj) = N − N(ci )− N(cj) + N(cicj)



Egkleismìc - Apokleismìc



Se mia t�xh up�rqoun 100 �toma pou parakoloujoÔn
èna m�jhma. Apì aut�, 30 �toma èqoun to m�jhma san
��epilog ��. Pìsa �toma èqoun to m�jhma san
��upoqrewtikì��;

I c1: èqw to m�jhma san epilog 

I N(c1) = 30: 30 majhtèc èqoun to m�jhma san epilog 

I N(c1) = |S | − N(c1) = 100− 30 = 70: 70 majhtèc èqoun to
m�jhma san upoqrewtikì



Se mia om�da up�rqoun 100 �toma apì ta opoÐa 50
mil�ne agglik�, 40 gallik� kai 20 mil�ne kai tic 2
gl¸ssec. Pìsa �toma de mil�ne oÔte agglik� oÔte
gallik�;

I |S | = N = 100

I c1: mil�w agglik�, N(c1) = 50

I c2: mil�w gallik�, N(c2) = 40

I c1c2: mil�w agglik� kai gallik�, N(c1c2) = 20

I c1 c2: de mil�w oÔte agglik� oÔte gallik�,
N(c1 c2) = N − N(c1)− N(c2) + N(c1c2) =
100− 50− 40 + 20 = 30



Arq  EgkleismoÔ-ApokleismoÔ (Principle of Inclusion and
Exclusion)

I 'Estw S sÔnolo me plhjikì arijmì N, |S | = N

I c1, c2, c3, ...ct : sullog  apì sunj kec pou ikanopoioÔntai
apì merik�   apì ìla ta stoiqeÐa tou S

I To pl joc twn stoiqeÐwn tou S pou den ikanopoioÔn kamÐa
apì tic sunj kec eÐnai: N = N(c1 c2... ct) =
N − N(c1)− N(c2)− ...− N(ct) + N(c1c2) + N(c1c3) + ...+
N(c1ct) + N(c2c3) + ...N(ct−1ct)
−N(c1c2c3)−N(c1c2c4)− ...−N(c1c2ct)−N(c1c3c4)− ...−
N(c1c3ct)− N(ct−2ct−1ct) + ...+ (−1)tN(c1c2c3...ct) =

N −
∑

1≤i≤t

N(ci ) +
∑

1≤i<j≤t

N(cicj)−
∑

1≤i<j<k≤t

N(cicjck) +

...+ (−1)tN(c1c2c3...ct)

Sumpèrasma: to pl joc twn stoiqeÐwn tou S pou ikanopoioÔn
toul�qiston mÐa apì tic sunj kec eÐnai N − N



Arq  EgkleismoÔ-ApokleismoÔ: Apìdeixh

N = N −
∑

1≤i≤t

N(ci ) +
∑

1≤i<j≤t

N(cicj)−
∑

1≤i<j<k≤t

N(cicjck) +

...+ (−1)tN(c1c2c3...ct)

I Profan¸c, gÐnetai me epagwg  sto t
I All� gÐnetai kai me sunduastik� epiqeir mata:

I Αν το x ∈ S δεν ικανοποιεί καμία συνθήκη μετριέται μια
ϕορά στο N και μία ϕορά στο N και δε μετριέται σε
κανέναν άλλον όρο.

I Αν το x ∈ S ικανοποιεί ακριβώς r από τις συνθήκες
(1 ≤ r ≤ t) δε μετριέται στο N αλλά μετριέται στο δεξί
μέρος της σχέσης. Πόσες ϕορές;



Arq  EgkleismoÔ-ApokleismoÔ: Apìdeixh

N = N −
∑

1≤i≤t

N(ci ) +
∑

1≤i<j≤t

N(cicj)−
∑

1≤i<j<k≤t

N(cicjck) +

...+ (−1)tN(c1...ct)

1. 1 for� sto N

2. r forèc sto
∑

1≤i≤t

(ci ), mÐa gia k�je mÐa apì tic r sunj kec

pou ikanopoieÐ

3.
(r
2

)
forèc sto

∑
1≤i<j≤t

(cicj), mÐa gia k�je zeÔgoc sunjhk¸n

pou epilègetai apì tic r sunj kec pou ikanopoieÐ

4.
(r
3

)
forèc sto

∑
1≤i<j<k≤t

(cicjck), mÐa gia k�je tri�da

sunjhk¸n pou epilègetai apì tic r sunj kec pou ikanopoieÐ

...

r + 1.
(r
r

)
= 1 for� sto

∑
(ci1ci2 ...cir )



Arq  EgkleismoÔ-ApokleismoÔ: Apìdeixh

N = N −
∑

1≤i≤t

N(ci ) +
∑

1≤i<j≤t

N(cicj)−
∑

1≤i<j<k≤t

N(cicjck) +

...+ (−1)tN(c1...ct)

I 'Ara sto dexiì mèroc thc sqèshc to x metriètai:
1− r +

(r
2

)
−
(r
3

)
+ ...+ (−1)r

(r
r

)
= [1 + (−1)]r = 0r = 0

forèc

I All� ta dÔo mèrh thc sqèshc metroÔn ta Ðdia stoiqeÐa tou
S kai epomènwc h sqèsh ikanopoieÐtai.



Arq  EgkleismoÔ-ApokleismoÔ: Apìdeixh me epagwg 

ParathroÔme ta ex c:

I N(ci ) = N − N(ci )

I N(cicj) = N(cj)− N(cicj)

I N(ci cj) = N − N(cicj)− N(cicj)− N(cicj) =
N − [N(cicj) + N(cicj)]− [N(cicj) + N(cicj)] + N(cicj) =
N − N(ci )− N(cj) + N(cicj)

I GenikeÔontac ja apodeÐxoume ìti: N(c1c2...cr ) =
N − N(c1)− N(c2)− ...− N(cr )
+N(c1c2) + N(c1c3) + ...+ N(cr−1cr )
−N(c1c2c3)− N(c1c2c4)− ...− N(cr−2cr−1cr )
+...
+(−1)rN(c1c2c3...cr ) =

N −
∑
i

N(ci ) +
∑
i ,j ;i ̸=j

N(cicj)−
∑

i ,j ,k;i ̸=j ̸=k

N(cicjck) + ...+

(−1)rN(c1c2...cr )



Arq  EgkleismoÔ-ApokleismoÔ: Apìdeixh me epagwg 

I Basikì b ma: IsqÔei gia 1 idiìthta: N(c1) = N − N(c1)

I Epagwgik  Upìjesh: 'Estw ìti isqÔei gia r − 1 idiìthtec:
N(c1c2...cr−1) =
N − N(c1)− N(c2)− ...− N(cr−1)
+N(c1c2) + N(c1c3) + ...+ N(cr−2cr−1)
−N(c1c2c3)− N(c1c2c4)− ...− N(cr−3cr−2cr−1)
+...+ (−1)r−1N(c1c2c3...cr−1)

I Epagwgikì b ma: apì N stoiqeÐa pou mporoÔn na plhroÔn
mèqri r idiìthtec, asqoloÔmaste me ekeÐna pou plhroÔn thn
idiìthta r kai mporoÔn fusik� na plhroÔn k�je mÐa apì
tic upìloipec r − 1 idiìthtec. IsqÔei apì thn epagwgik 
upìjesh: N(c1c2...cr−1cr ) =
N(cr )− N(c1cr )− N(c2cr )− ...− N(cr−1cr )
+N(c1c2cr ) + N(c1c3cr ) + ...+ N(cr−2cr−1cr )
−N(c1c2c3cr )− N(c1c2c4cr )− ...− N(cr−3cr−2cr−1cr )
+...+ (−1)r−1N(c1c2c3...cr−1cr )



Arq  EgkleismoÔ-ApokleismoÔ: Apìdeixh me epagwg 

Afair¸ntac kat� mèlh tic dÔo prohgoÔmenec isìthtec èqoume:

I N(c1c2...cr−1)− N(c1c2...cr−1cr ) =
N − N(c1)− N(c2)− ...− N(cr−1)− N(cr )
+N(c1c2) + N(c1c3) + ...+ N(c1cr ) + ...+ N(cr−1cr )
−...+ (−1)rN(c1c2c3...cr−1cr )

I 'Omwc: N(c1c2...cr−1)− N(c1c2...cr−1cr ) = N(c1c2...cr−1cr )



Pìsec topojet seic twn yhfÐwn 0,1,2,...,9 up�rqoun stic
opoÐec to pr¸to yhfÐo na eÐnai megalÔtero apì to 1 kai
to teleutaÐo yhfÐo na eÐnai mikrìtero apì to 8;

I 'Estw S to sÔnolo ìlwn twn pijan¸n metajèsewn twn
stoiqeÐwn 0,1,2,...,9. |S | = N = 10!

I c1: to pr¸to yhfÐo miac met�jeshc eÐnai mikrìtero   Ðso me
1, N(c1) = 2 · 9!

I c2: to teleutaÐo yhfÐo miac met�jeshc eÐnai megalÔtero  
Ðso me 8, N(c2) = 2 · 9!

I Autì pou zht�me eÐnai to N(c1 c2).

I N(c1 c2) = N − N(c1)− N(c2) + N(c1c2) =
10!− 2 · 9!− 2 · 9! + 4 · 8! = 2.338.560



Pìsoi akèraioi metaxÔ 1 kai 70 eÐnai sqetik� pr¸toi me
to 70; (Sqetik� pr¸toi eÐnai dÔo arijmoÐ me mìno koinì
diairèth th mon�da.)

EÐnai 70 = 2 · 5 · 7
I 'Estw S = {1, 2, ..., 70}. |S | = N = 70

I c1: o arijmìc diaireÐtai me 2, N(c1) = 35

I c2: o arijmìc diaireÐtai me 5, N(c2) = 14

I c3: o arijmìc diaireÐtai me 7, N(c3) = 10

I Autì pou zht�me eÐnai to N(c1 c2 c3).

I N(c1 c2 c2) = N−N(c1)−N(c2)−N(c3)+N(c1c2)+N(c1c3)+
N(c2c3)−N(c1c2c3) = 70− 35− 14− 10+7+5+2− 1 = 24



Pìsec lèxeic twn n sumbìlwn apì to alf�bhto {0, 1, 2}
up�rqoun me èna toul�qiston 0, èna toul�qiston 1 kai
èna toul�qiston 2 ;

I 'Estw S to sÔnolo ìlwn twn pijan¸n metajèsewn twn
stoiqeÐwn 0,1,2 se n jèseic. |S | = N = 3n

I c1: h lèxh den perièqei kanèna 0, N(c1) = 2n

I c2: h lèxh den perièqei kanèna 1, N(c2) = 2n

I c3: h lèxh den perièqei kanèna 2, N(c3) = 2n

I Autì pou zht�me eÐnai to N(c1 c2 c3).

I N(c1 c2 c2) = N − N(c1)− N(c2)− N(c3) + N(c1c2) +
N(c1c3) + N(c2c3)− N(c1c2c3) =
3n − 2n − 2n − 2n + 1 + 1 + 1− 0 = 3(3n−1 − 2n + 1)



Se mia om�da up�rqoun 1000 �toma apì ta opoÐa 400
mil�ne agglik�, 300 gallik� kai 200 ispanik�. An
up�rqoun 200 �toma pou mil�ne opoiesd pote 2 gl¸ssec
kai 100 �toma pou mil�ne kai tic 3 gl¸ssec, pìsa �toma
de mil�ne oÔte agglik� oÔte gallik� oÔte ispanik�;

I 'Estw S to sÔnolo ìlwn twn atìmwn. |S | = N = 1000

I c1: mil�w agglik�, N(c1) = 400

I c2: mil�w gallik�, N(c2) = 300

I c3: mil�w ispanik�, N(c3) = 200

I Autì pou zht�me eÐnai to N(c1 c2 c3).

I N(c1 c2 c2) = N−N(c1)−N(c2)−N(c3)+N(c1c2)+N(c1c3)+
N(c2c3)−N(c1c2c3) = 1000−400−300−200+200−100 = 200



Me pìsouc trìpouc mporoÔn ta 26 gr�mmata tou
agglikoÔ alfab tou na antimetatejoÔn ètsi ¸ste na
mhn emfanisteÐ kamÐa apì tic sumboloseirèc: car, dog,
pun, byte;

I 'Estw S to sÔnolo ìlwn antimetajèsewn twn 26
gramm�twn. |S | = N = 26!

I c1: h lèxh perièqei to car, N(c1) = 24! (jewroÔme to car
san èna gr�mma, opìte 26-3+1=24 upoy fia gia
antimet�jesh)

I c2: h lèxh perièqei to dog, N(c2) = 24!
I c3: h lèxh perièqei to pun, N(c3) = 24!
I c4: h lèxh perièqei to byte, N(c4) = 23!
I N(c1c2) = N(c1c3) = N(c2c3) = 22!: pl joc lèxewn pou

perièqoun dÔo apì ta car,dog,pun
I N(c1c4) = N(c2c4) = N(c3c4) = 21!: pl joc lèxewn pou

perièqoun èna apì ta car,dog,pun kai to byte
I N(c1c2c3) = 20!: pl joc lèxewn pou perièqoun car,dog,pun



Me pìsouc trìpouc mporoÔn ta 26 gr�mmata tou
agglikoÔ alfab tou na antimetatejoÔn ètsi ¸ste na
mhn emfanisteÐ kamÐa apì tic sumboloseirèc: car, dog,
pun, byte;

I N(c1c2c4) = N(c1c3c4) = N(c2c3c4) = 19!: pl joc lèxewn
pou perièqoun dÔo apì ta car,dog,pun kai to byte

I N(c1c2c3c4) = 17!: pl joc lèxewn pou perièqoun
car,dog,pun,byte

I Autì pou zht�me eÐnai to N(c1 c2 c3 c4).

I N(c1 c2 c3 c4) = N − N(c1)− N(c2)− N(c3)− N(c4) +
N(c1c2)+N(c1c3)+N(c1c4)+N(c2c3)+N(c2c4)+N(c3c4)−
N(c1c2c3)− N(c1c2c4)− N(c2c3c4) + N(c1c2c3c4) =
26!−24!−24!−24!−23!+3 ·22!+3 ·21!−20!−3 ·19!+17!



Me pìsouc trìpouc mporoÔme na moir�soume r
antikeÐmena se 5 diaforetik� kouti� ètsi ¸ste èna
toul�qiston koutÐ na eÐnai �deio;

I 'Ena toul�qiston koutÐ �deio = 1   2   3   4   5 kouti�
�deia

I 1 koutÐ �deio: pl joc trìpwn =
(5
1

)
4r (dialègw 1 apì ta 5

kouti� na eÐnai to �deio kai moir�zw ta r antikeÐmena sta
upìloipa 4 kouti�)

I 2 kouti� �deia: pl joc trìpwn =
(5
2

)
3r

I 3 kouti� �deia: pl joc trìpwn =
(5
3

)
2r

I 4 kouti� �deia: pl joc trìpwn =
(5
4

)
1r =

(5
4

)
I 5 kouti� �deia: pl joc trìpwn =

(5
5

)
0r = 0

I 'Ara sunolik�: 5 · 4r +
(5
2

)
3r +

(5
3

)
2r +

(5
4

)
trìpoi



Me pìsouc trìpouc mpor¸ na topojet sw r diaforetik�
antikeÐmena se n diaforetik� kouti� ètsi ¸ste kanèna
koutÐ na mh meÐnei �deio;

I KaloÔme c1, c2, ...cn tic sunj kec to 1o, to 2o, ... to n−ì
(antÐstoiqa) koutÐ na mènei �deio.

I Zht�me to N(c1 c2...cn)

I N(c1 c2...cn) = nr −
(
n

1

)
(n − 1)r +

(
n

2

)
(n − 2)r − ...+

(−1)n−1

(
n

n − 1

)
1r + (−1)n

(
n

n

)
0r =

n∑
i=1

(−1)i
(
n

i

)
(n − i)r



Pìsoi jetikoÐ akèraioi n, 1 ≤ n ≤ 100 de diairoÔntai apì
touc 2,3 kai 5;

I 'Estw S = {1, 2, ..., 100}. |S | = N = 100

I c1: o arijmìc diaireÐtai me 2, N(c1) = 50

I c2: o arijmìc diaireÐtai me 3, N(c2) = 33

I c3: o arijmìc diaireÐtai me 5, N(c3) = 20

I Autì pou zht�me eÐnai to N(c1 c2 c3).

I N(c1 c2 c2) = N−N(c1)−N(c2)−N(c3)+N(c1c2)+N(c1c3)+
N(c2c3)−N(c1c2c3) = 100−50−33−20+16+10+6−3 = 26



Pìsa diaforetik� progr�mmata mpor¸ na fti�xw gia
èna di�sthma 7 hmer¸n ¸ste k�je mèra na diab�zw mìno
èna apì 4 maj mata;

Ousiastik�, anazhtoÔme lèxeic me 7 gr�mmata pou mporoÔme
na fti�xoume apì to alf�bhto {c1, c2, c3, c4} pou perièqei
suntomografÐec twn majhm�twn me ton periorismì ìti se k�je
lèxh ja qrhsimopoioÔme k�je gr�mma tou alfab tou
toul�qiston mÐa for�.

I 'Estw S to sÔnolo ìlwn twn lèxewn me 7 gr�mmata apì to
par�p�nw alf�bhto. |S | = N = 47

I c1: h lèxh den perièqei to gr�mma c1, N(c1) = 37

I c2: h lèxh den perièqei to gr�mma c2, N(c2) = 37

I c3: h lèxh den perièqei to gr�mma c3, N(c3) = 37

I c4: h lèxh den perièqei to gr�mma c4, N(c4) = 37

I N(c1c2) = N(c1c3) = N(c2c3) = N(c1c4) = N(c2c4) =
N(c3c4) = 27: pl joc lèxewn pou den perièqoun 2 apì ta
ta 4 gr�mmata



Pìsa diaforetik� progr�mmata mpor¸ na fti�xw gia
èna di�sthma 7 hmer¸n ¸ste k�je mèra na diab�zw mìno
èna apì 4 maj mata;

I N(c1c2c3) = N(c1c2c4) = N(c1c3c4) = N(c2c3c4) = 1:
pl joc lèxewn pou den perièqoun 3 apì ta 4 gr�mmata

I N(c1c2c3c4) = 0: pl joc lèxewn pou den perièqoun kanèna
apì ta 4 gr�mmata

I Autì pou zht�me eÐnai to N(c1 c2 c3 c4).

I N(c1 c2 c3 c4) = N − N(c1)− N(c2)− N(c3)− N(c4) +
N(c1c2)+N(c1c3)+N(c1c4)+N(c2c3)+N(c2c4)+N(c3c4)−
N(c1c2c3)− N(c1c2c4)− N(c2c3c4) + N(c1c2c3c4) =
47 − 4 · 37 + 6 · 27 − 4 · 1 + 0 = 8.400



Pìsec mh arnhtikèc lÔseic èqei h exÐswsh
x1 + x2 + x3 + x4 = 18, me xi ≤ 7, 1 ≤ i ≤ 4;

I 'Estw S to sÔnolo ìlwn twn lÔsewn thc exÐswshc.

|S | = N =

(
18 + 4− 1

18

)
=

(
21

18

)
I Γιατί; Ισούται με τους τρόπους που μπορώ να τοποθετήσω
18 ίδια αντικείμενα (18 μονάδες) σε 4 διαϕορετικές
υποδοχές (τις μεταβλητές x1, x2, x3, x4)

I c1: mia lÔsh (x1, x2, x3, x4) thc exÐswshc ikanopoieÐ th
sunj kh x1 > 7

I c2: mia lÔsh (x1, x2, x3, x4) thc exÐswshc ikanopoieÐ th
sunj kh x2 > 7

I c3: mia lÔsh (x1, x2, x3, x4) thc exÐswshc ikanopoieÐ th
sunj kh x3 > 7

I c4: mia lÔsh (x1, x2, x3, x4) thc exÐswshc ikanopoieÐ th
sunj kh x4 > 7

I Autì pou zht�me eÐnai to N(c1 c2 c3 c4).



Pìsec mh arnhtikèc lÔseic èqei h exÐswsh
x1 + x2 + x3 + x4 = 18, me xi ≤ 7, 1 ≤ i ≤ 4;

I Jèlw na fti�xw mia exÐswsh qwrÐc periorismoÔc.

I An isqÔei h c1 tìte xèrw ìti x1 > 7   isodÔnama x1 ≥ 8,
dhl. h mikrìterh tim  pou mporeÐ na p�rei h x1 eÐnai 8.

I LÔnw thn exÐswsh x1 + x2 + x3 + x4 = 10 kai apì k�je lÔsh
pou ja upologÐsw paÐrnw mÐa lÔsh gia thn arqik  exÐswsh
prosjètontac sthn tim  tou x1 to 8.

I To pl joc twn lÔsewn thc exÐswshc x1 + x2 + x3 + x4 = 10
eÐnai

(10+4−1
10

)
=
(13
10

)
I Epomènwc, tìsec eÐnai kai oi lÔseic thc arqik c exÐswshc

pou ikanopoioÔn th sunj kh c1
I Ta Ðdia isqÔoun kai gia tic sunj kec c2, c3, c4



Pìsec mh arnhtikèc lÔseic èqei h exÐswsh
x1 + x2 + x3 + x4 = 18, me xi ≤ 7, 1 ≤ i ≤ 4;

I Gia na upologÐsw ta N(c1c2) = N(c1c3) = N(c1c4) =
N(c2c3) = N(c2c4) = N(c3c4) akolouj¸ an�logh
diadikasÐa

I Jèlw na fti�xw mia exÐswsh qwrÐc periorismoÔc.

I An isqÔei h c1c2 tìte xèrw ìti x1 > 7, x2 > 7   isodÔnama
x1 ≥ 8, x2 ≥ 8, dhl. h mikrìterh tim  pou mporoÔn na
p�roun oi x1, x2 eÐnai 8.

I LÔnw thn exÐswsh x1 + x2 + x3 + x4 = 2 kai apì k�je lÔsh
pou ja upologÐsw paÐrnw mÐa lÔsh gia thn arqik  exÐswsh
prosjètontac sthn tim  twn x1 kai x2 to 8.

I To pl joc twn lÔsewn thc exÐswshc x1 + x2 + x3 + x4 = 2
eÐnai

(2+4−1
2

)
=
(5
2

)
I Epomènwc, tìsec eÐnai kai oi lÔseic thc arqik c exÐswshc

pou ikanopoioÔn to zeÔgoc sunjhk¸n c1c2
I Ta Ðdia isqÔoun kai gia ta upìloipa zeÔgh sunjhk¸n.



Pìsec mh arnhtikèc lÔseic èqei h exÐswsh
x1 + x2 + x3 + x4 = 18, me xi ≤ 7, 1 ≤ i ≤ 4;

I EÐnai N(c1c2c3) = N(c1c2c4) = N(c2c3c4) = 0 afoÔ an 3
apì tic metablhtèc èqoun tim  toul�qiston 8 h exÐswsh
eÐnai adÔnath.

I 'Omoia, N(c1c2c3c4) = 0 afoÔ an kai oi 4 metablhtèc èqoun
tim  toul�qiston 8 h exÐswsh eÐnai p�li adÔnath.

I Sunolik�:
N(c1 c2 c3 c4) = N − N(c1)− N(c2)− N(c3)− N(c4) +
N(c1c2)+N(c1c3)+N(c1c4)+N(c2c3)+N(c2c4)+N(c3c4)−
N(c1c2c3)− N(c1c2c4)− N(c2c3c4) + N(c1c2c3c4) =(21
18

)
−
(4
1

)(13
10

)
+
(4
2

)(5
2

)
− 0 + 0 = 246



Poio eÐnai to pl joc twn jetik¸n akèraiwn x pou eÐnai
tètoioi ¸ste x ≤ 9999999 kai to �jroisma twn yhfÐwn
touc isoÔtai me 31;

I 'Estw x1, x2, ..., x7 ta dekadik� yhfÐa tou arijmoÔ x pou
ikanopoieÐ tic apait seic tou probl matoc.

I O zhtoÔmenoc arijmìc twn akeraÐwn isoÔtai me to pl joc
akèraiwn lÔsewn thc exÐswshc x1 + x2 + ...+ x7 = 31, me
0 ≤ xi ≤ 9 gia 1 ≤ i ≤ 7.

I 'Estw S to sÔnolo ìlwn twn lÔsewn thc exÐswshc.

|S | = N =

(
31 + 7− 1

31

)
=

(
37

31

)
I Γιατί; Ισούται με τους τρόπους που μπορώ να τοποθετήσω
31 ίδια αντικείμενα (31 μονάδες) σε 7 διαϕορετικές
υποδοχές (τις μεταβλητές x1, x2, ..., x7)

I ci : mia lÔsh (x1, x2, ..., x7) thc exÐswshc ikanopoieÐ th
sunj kh xi > 9 ⇔ xi ≥ 10, gia 1 ≤ i ≤ 7. Proqwr¸ntac
ìpwc kai prin:



Poio eÐnai to pl joc twn jetik¸n akèraiwn x pou eÐnai
tètoioi ¸ste x ≤ 9999999 kai to �jroisma twn yhfÐwn
touc isoÔtai me 31;

I N(ci ) =
(21+7−1

21

)
=
(27
21

)
I N(cicj) =

(11+7−1
11

)
=
(17
11

)
I N(cicjck) =

(1+7−1
1

)
=
(7
1

)
= 7

I N(cicjckcl) = N(cicjckclcm) = ... = N(cicjckclcm...cr ) = 0

I Opìte: N(c1 c2 c3 c4 c5 c6 c7) =(37
31

)
−
(7
1

)(27
21

)
+
(7
2

)(17
11

)
−
(7
3

)
7 = 512.365



Pìsec diaforetikèc akèraiec lÔseic èqei h exÐswsh
x1 + x2 + x3 + x4 + x5 + x6 = 20, 0 ≤ xi ≤ 8;

'Opwc kai prohgoumènwc:

I To sÔnolo ìlwn twn pijan¸n lÔsewn eÐnai:
|S | = N =

(20+6−1
20

)
=
(25
20

)
= 25!

20!5!

I KaloÔme ci thn idiìthta: mia lÔsh thc exÐswshc ikanopoieÐ
th sunj kh xi > 8 ⇔ xi ≥ 9. Tìte eÐnai:

I N(ci ) =
(11+6−1

11

)
=
(16
11

)
= 16!

11!5! gia k�je mÐa apì tic
(6
1

)
idiìthtec

I N(cicj) =
(2+6−1

2

)
=
(7
2

)
= 7!

2!5! gia k�je èna apì ta
(6
2

)
zeÔgh idiot twn

I N(cicjck) = N(cicjckcl) = N(cicjckclcm) =
N(c1c2c3c4c5c6) = 0

I Opìte, sunolik�, to zhtoÔmeno pl joc lÔsewn eÐnai:
N(c1 c2 c3 c4 c5 c6) =

25!
20!5! −

(6
1

)
16!
11!5! +

(6
2

)
7!
2!5! = 27.237



An rÐxoume 8 diaforetik� z�ria, poia eÐnai h pijanìthta
na emfanistoÔn kai ta 6 diaforetik� endeqìmena;

I To sÔnolo ìlwn twn pijan¸n endeqomènwn eÐnai:
|S | = N = 68

I KaloÔme ci thn idiìthta: na mhn emfanisteÐ to endeqìmeno
i , gia 1 ≤ i ≤ 6. AnazhtoÔme to N(c1 c2 c3 c4 c5 c6). EÐnai:

I N(ci ) = 58,N(cicj) = 48,N(cicjck) = 38,N(cicjckcl) =
28,N(cicjckclcm) = 18,N(c1c2c3c4c5c6) = 0

I Opìte, sunolik�, to zhtoÔmeno pl joc lÔsewn eÐnai:
N(c1 c2 c3 c4 c5 c6) =
68 −

(6
1

)
58 +

(6
2

)
48 −

(6
3

)
38 +

(6
4

)
28 −

(6
5

)
18 + 0 = 191.520



Me pìsouc trìpouc mpor¸ na epilèxw 9 mp�lec apì èna
koutÐ pou perièqei 12 mp�lec, 3 pr�sinec, 3 �sprec, 3
mple kai 3 kìkkinec;

I O arijmìc twn zhtoÔmenwn trìpwn isoÔtai me ton arijmì
akèraiwn lÔsewn thc exÐswshc x1 + x2 + x3 + x4 = 9 me
0 ≤ xi ≤ 3 kai 1 ≤ i ≤ 4.

I ci : h idiìthta se k�poia lÔsh (x1, x2, x3, x4) thc parap�nw
exÐswshc to xi na eÐnai megalÔtero tou 3.

I Tìte, o zhtoÔmenoc arijmìc lÔsewn eÐnai: N(c1 c2 c3 c4)

I EÐnai: N =
(9+4−1

9

)
=
(12
9

)
,N(ci ) =

(5+4−1
5

)
=
(8
5

)
,N(cicj) =(1+4−1

1

)
=
(4
1

)
,N(cicjck) = 0,N(c1c2c3c4) = 0

I Opìte eÐnai:
N(c1 c2 c3 c4) =

(12
9

)
−
(4
1

)(8
5

)
+
(4
2

)(4
1

)
− 0 + 0 = 20



Pìsoi arijmoÐ metaxÔ 1 kai 250 de diairoÔntai akrib¸c
me k�poion apì touc 2,3,5,7;

I KaloÔme α1 thn idiìthta ènac arijmìc na diaireÐtai
akrib¸c me to 2, α2 thn idiìthta ènac arijmìc na diaireÐtai
akrib¸c me to 3, α3 thn idiìthta ènac arijmìc na diaireÐtai
akrib¸c me to 5, α4 thn idiìthta ènac arijmìc na diaireÐtai
akrib¸c me to 7.



Pìsoi arijmoÐ metaxÔ 1 kai 250 de diairoÔntai akrib¸c
me k�poion apì touc 2,3,5,7;

I To pl joc twn arijm¸n pou de diairoÔntai me kanènan apì
touc 2,3,5,7 eÐnai:

I En¸, p.q., to pl joc twn arijm¸n pou de diairoÔntai me 2
kai 7 all� diairoÔntai me 5 eÐnai:



O genikìc tÔpoc

I DÐnei to pl joc twn antikeimènwn pou èqoun m apì r
idiìthtec, m = 0, 1, 2, 3, ..., r .

I si : pl joc antikeimènwn pou plhroÔn i apì tic r idiìthtec.

I ei : pl joc antikeimènwn pou plhroÔn akrib¸c i apì tic r
idiìthtec, dhl., plhroÔn i apì tic r idiìthtec kai den
plhroÔn tic upìloipec r − i .



O genikìc tÔpoc

Analutik�:

I s0 = N

I s1 = N(a1) + N(a2) + ...+ N(ar ) =
∑
i

N(ai )

I s2 = N(a1a2) + N(a1a3) + ...+ N(ar−1ar ) =
∑
i ,j :i ̸=j

N(aiaj)

I s3 = N(a1a2a3) + N(a1a2a4) + ...+ N(ar−2ar−1ar ) =∑
i ,j ,k:i ̸=j ̸=k

N(aiajak)

I ...

I sr = N(a1a2...ar )



O genikìc tÔpoc

Analutik�:

I e0 = N(a1 a2 ...ar )

I e1 = N(a1a2 ...ar ) + N(a1 a2a3 ...ar ) + ...+ N(a1 a2 ...ar )

I e2 = N(a1a2a3...ar + N(a1a2 a3...ar ))

I e3 = N(a1a2a3...ar ) + N(a1a2a3a4...ar ) + ...+
N(a1 a2 a3...ar−2ar−1ar )

I ...

I er = N(a1a2...ar )

Profan¸c, e0 = s0 − s1 + s2 − s3 + ...+ (−1)r sr



O genikìc tÔpoc

em = sm−
(
m + 1

1

)
sm+1+

(
m + 2

2

)
sm+2−...+(−1)r−m

(
r

r −m

)
sr

H apìdeixh basÐzetai sta ex c:

I AntikeÐmeno pou èqei ligìterec apì m idiìthtec de
sumperilamb�netai sto em kai de suneisfèrei sthn
èkfrash sto dexÐ mèroc thc isìthtac.

I AntikeÐmeno pou èqei akrib¸c m idiìthtec
sumperilamb�netai sto em kai suneisfèrei 1 sthn èkfrash
sto dexÐ mèroc thc isìthtac afoÔ metriètai mÐa for� sto
sm kai de metriètai stouc ìrouc sm+1, sm+2, ...sr .

I AntikeÐmeno pou èqei m + j idiìthtec de sumperilamb�netai
sto em kai suneisfèrei

(m+j
m

)
ston ìro sm,

(m+j
m+1

)
ston ìro

sm+1, ...,
(m+j
m+j

)
ston ìro sm+j pou sunolik� isoÔtai me 0.



I AnazhtoÔme thn tim  thc èkfrashc:

I ParathroÔme ìti:

I Opìte:



Par�deigma
12 mp�lec qrwmatÐzontai wc ex c:

I 2 de lamb�noun kanèna qr¸ma.

I 2 qrwmatÐzontai kìkkinec, 1 mple kai 1 �sprh.

I 2 qrwmatÐzontai me kìkkino kai mple kai 1 qrwmatÐzetai me
kìkkino kai �spro.

I 3 qrwmatÐzontai me kìkkino, mple kai �spro.

KaloÔme a1, a2, a3 thn idiìthta: h mp�la qrwmatÐzetai me to
kìkkino, mple, �spro qr¸ma, antÐstoiqa. EÐnai:

I N(a1) = 8,N(a2) = 6,N(a3) = 5

I N(a1a2) = 5,N(a1a3) = 4,N(a2a3) = 3

I N(a1a2a3) = 3

I s1 = 19, s2 = 12, s3 = 3

I e1 = 19−
(2
1

)
· 12 +

(3
2

)
· 3 = 19− 24 + 9 = 4

I e2 = 12−
(3
1

)
· 3 = 12− 9 = 3

I e3 = 3



O genikìc tÔpoc gia �rtio kai perittì pl joc idiot twn

Gia dedomèno pl joc r idiot twn:

I ei eÐnai to pl joc twn stoiqeÐwn pou èqoun i apì tic r
idiìthtec kai den èqoun tic upìloipec r − i (en¸ si eÐnai to
pl joc twn stoiqeÐwn pou èqoun i idiìthtec. Profan¸c,
si ≥ ei ).

I H genn tria sun�rthsh pou metr� to pl joc twn
antikeimènwn pou èqoun kamÐa, mìno mÐa, mìno dÔo, ...,
ìlec tic idiìthtec eÐnai h

E (x) = e0x
0 + e1x

1 + e2x
2 + ...+ erx

r =
r∑

j=0

sj(x − 1)j

I Gia x = 1: E (1) = e0 + e1 + e2 + ...+ er = s0



em = sm−
(
m + 1

1

)
sm+1+

(
m + 2

2

)
sm+2−...+(−1)r−m

(
r

r −m

)
sr





O genikìc tÔpoc gia �rtio kai perittì pl joc idiot twn

E (x) = e0x
0 + e1x

1 + e2x
2 + ...+ erx

r =
r∑

j=0

sj(x − 1)j

I Gia x = 1: E (1) = e0 + e1 + e2 + ...+ er = s0

I Gia x = −1: E (−1) =
r∑

j=0

sj(−2)j

I 1
2 [E (1) + E (−1)] = 1

2 [e0 + e1 + e2 + e3 + e4...+ e0 − e1 +

e2 − e3 + e4...] = e0 + e2 + e4 + ... = 1
2 [s0 +

r∑
j=0

(−2)jsj ]:

pl joc antikeimènwn me �rtio arijmì idiot twn

I 1
2 [E (1)− E (−1)] = 1

2 [e0 + e1 + e2 + e3 + e4...− e0 + e1 −

e2 + e3 − e4...] = e1 + e3 + e5 + ... = 1
2 [s0 −

r∑
j=0

(−2)jsj ]:

pl joc antikeimènwn me perittì arijmì idiot twn



Poioc eÐnai o arijmìc twn tetradik¸n akolouji¸n me n
yhfÐa pou perièqoun �rtio arijmì apì 0;

I KaloÔme ai thn idiìthta to i-tì yhfÐo miac sumboloseir�c
na eÐnai 0 gia i = 1, 2, 3, ..., n

I EÐnai sj =
(n
j

)
3n−j me j = 0, 1, 2, 3, ..., n. GiatÐ;

I sj : πλήθος τετραδικών συμβολοσειρών με n ψηϕία από τα
οποία j είναι 0.

I
(
n
j

)
: πλήθος τρόπων να διαλέξω τα j ψηϕία σε κάποια

τέτοια συμβολοσειρά που θα είναι 0.
I Για κάθε τέτοια επιλογή j ψηϕίων, τα υπόλοιπα n − j
μπορούν να έχουν 3 διαϕορετικές τιμές: 1,2,3 αϕού οι
συμβολοσειρές είναι στο τετραδικό σύστημα: 3n−j πιθανές
συμβολοσειρές n − j ψηϕίων.

I EpÐshc eÐnai: e0 + e2 + e4 + ... = 1
2 [s0 +

r∑
j=0

(−2)jsj ] =

1

2
[3n +

n∑
j=0

(−2)j
(
n

j

)
3n−j ] =

1

2
[3n + (3− 2)n] =

1

2
(3n + 1)



Ta prohgoÔmena aforoÔn sta maj mata 12 kai 14/1/2011


