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EMNETHMONIKOY YITOAOTTEMOZX 1

AIAAEEH 17,21/12/09
E. TAAAOIIOYAOE

Tpnpa Mny. H/Y kat TTAnpogopikrg
IMav/yo IMatpov

Torukd kat oAkda opaipata

ZAE apxwkng tpng u'(t) = f(t,u), u(0) = ug
QO =[0,7]

Ennpdg Euler Uy = Uy + hf(ty, Ug), otaBepo Brjpa h

h? "
u(tkH) = u(tk) + hf(t;w u(tk)) + ?U (tk + (9k-+1h), Orir < 1

Uet1 = Ug+ hf(ty, Ux)

u(tier) = Uk = (u(ty) = Uk) + h(f (t, u(tr)) — f(tr, Us)) + h—Qu"(tk + O+1h)
————

2
OAko6 ZpdApa (OZ)

(. J

Toruxko Ec;c'l)xpa (TZ)

o Av u(ty) = Uk, 0 pOvo 0p0Og TIOU OUVEIOPEPEL OTO OAKO oPAApa ivatl To Tormko opdApa

J
—~

O ) (utts) - U)

o h(f(tr,ultr)) = f(t, Ux)) = h 5~

Enopéveg

OZ(tpy1) = (I + hJ)OZ(ty) + TZ(tri1)

Torko opaApa 010 i, 1: To opdApa oto t1 1 av 0Aeg o1 TEG Yia OA0UG TOUG KOPBoUG & < g
frav akpiBeig.

(I + hJ) Zuviedeotwg (1) pntpoo) peyébuvong

e Ta va punv peyevBuvetat to opddpa, npénet || + hJ|| < 1.
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e Ta va ¢xoupe ouykrAlon npéret limy, o TE(tg41) = 0 yia ka6e k.

Enopéveg
OZ(tgs1) = (I +hJ) OZ(ty) + TZ(tgs1)
—— ——
! — 0
Il +hJ|| <1 !
euotadesla ouvernela

‘EUO‘[d@EIO_ + Zuvénela = ZUYKAON ‘

o AV TZ =~ O(h?1) Aépe nog n 1é6odog eivat Tagng q.
e TToAAEG @opég pia pEBodog TAgNG g £xel Kat 0OAKO opaApa tagng q.

e Av yvopiloupe v tadn ¢ Kat xpnowporioirjoouvpe Prpa h; < h tote 10 0AKO opaipa
h1

nipérel va nelwel nepinou xata ()7
Ta apandve Xenotponoouviat yia
e P06 dcyn opajuarog

e cmiioyn fnuarog

Ot ouyxpoveg pebodor eriduong ZAE Sev xpnotporolovv otabepd Pripa h. Zuvhbwg opeg,
10X U0UV Td MAPAKAT® :

e I'a 1o 1610 h, pia pébodog uPnAotepng tadng eivat mo akp1Brg amno pia pébodo xapnio-
TepNg Tagng.

e T'a pa pébodo tagng p, av ermduoouve ) ZAE pe fripa h < h, t6te 10 OAKS opdApa
Hewvetat katd rapayova (h/h)P.

e Me Bdon 10 mapandve, PopoUle va KATAOKEUAoOoUe P1eB060ug yia v eKTipnon tou
OopAAPATOGg KAl yia TV ermAoyr) Tou Brjpatog.

e IIpoooyr): Lta napandve dsv AaBapie unown pag ta ohaApiata otpoyyUAEUoNG.

Aoylopiko ot MATLAB:
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ONOMA Ileprypadn

ode23  RK tagenv (2,3) xapnAng taéng yia un duokaurteg TAE
ode45 RK tagewv (4,5) yia un dvokaurteg TAE

odell3 MéBodog ABM! yia pn Suokaurteg TAE

odel5s BDF yua duokaureg ZAE

ode23s RK xauning ta&ng? yia pn dvokaprteg TAE

ode23t RK?® xapnAng ta€ng yia petpiong Suokaprra ZAE.

The MATLAB ODE Suite, L. F. Shampine and M. W. Reichelt, SIAM J. on Scientific
Computing, 18-1, 1997.

[Mapadetypa

d

Eu(t) = —u(t)/2, u(0) = 1.
Epnpog Euler:

Upi1 = Up — 0.5A.Uy pe otabepd Prapa h = A = 1/N.

t wlt)=e?|N=5 N=10 N =20
0.2 0.9048 0.9000 0.9025 0.9037
0.6 0.7408 0.7290 0.7351 0.7380
1.0 0.6065 0.5905 0.5987 0.6027

Axpi6ele kar unofloyiopéves tueg U; pe At = 1/N

H &axupavon tou opaApatog os kKaOs onpeio:

t wlt)=e?| N=5 N=10 N=20
0.2 0.9048 0.0048 0.0023 0.0011
0.6 0.7408 0.0118 0.0057 0.0028
1.0 0.6065 0.0160 0.0078 0.0038

. h , , , ,
Kabwg 1« 5, 10 «0A1k6 opdApa diaxkpironoinong unodimAaoctagetat

ermBeBalwvovrag ot i Euler eivat 1ng tagng.
Amo v avadpopikr) oXEon
Uk+1 = Uk — 05AtkUk
yia h = Aty,
Uptr = Uy, — 0.50U; = (1 — 0.5R)U), = --- = (1 — 0.5h) Uy = (1 — 0.5h)%*!
Xprnopornomvtag I oXEon

T
lim (14 )" = e
im ( —i—n) e

n—oo
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av h(s + 1) =T otaBepd

—0.5h(k + 1)

05T s
k+ 1

U1 = (1—050)" =(1+ P

)k—i—l _ (1 +

- —0.5T
= lim Uy = e %77,
S§— 00

[Tapadeypa

d

au(t) =e u(0) = 1.
Epnpog Euler:

Upp1 = Up + Ape™™  pe otaBepd prjpa h = A, = 1/N.

t wult)=2—e¢!'|N=5 N=10 N=20
02 1.1813 1.2000 1.1905 1.1858
0.6 1.4512 1.4978 1.4741 1.4626
1.0 1.6321 1.6974 1.6643 1.6481

Axpi6ele kar unofloyiopéves tuég U; pe At = 1/N

H &iakupavon 1ou oxetkou opaApatog oe KAOs onpeio:

t ut)=2—-e'|{N=5 N=10 N=20
0.2 1.1813 0.0158 0.0078 0.0038
0.6 1.4512 0.0321 0.0158 0.0079
1.0 1.6321 0.0400 0.0197 0.0098

Kabwg h «— g 10 «0AKO odpdaApa dlakpirornoinong» vrodurtdaoctadetat

ermBeBaiwvoviag ot n Euler eivat 1ng tagng.

[Mapatfjpnon Atakupavorn oxetlkou opdApatog oto lo Prpa pe Sagopeukd Prpata, SnA.
IPOoEYYioelg ya

h =0.2,u(h),u(h/2),u(h/4) :
exkkwvovtag avea aro o u(0) = 1 addd kavovtag povov éva Brpa:

Xpnotpornoloupe to mponyoupevo napddetypa, du/dt = e, u(0) = 1.

t akpBég u(t) Ilpootyyion U(t) Zxeuxo opadpa |u(t) — U(t)|/|u(t)]
0.2 1.1813 1.2 0.0159
0.1 1.0952 1.1 0.0044

0.05 1.0488 1.05 0.0012
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Kabwg h «— % TO «TOTTIKO oPdApa drakpironoinong» vroterpaniaocialdetat

ermBeBaiwvovtag OTt 10 ToTKO opdApa eivat 2ng tagng kat n Euler 1ng tagng.
Erdoyn Brpatog yia myv euotabeia tou oxfpartog erdvong ‘Eote v/ (t) = au(t), u(0) = ¢, yia
KArotlo otabepod a. Tote n Avon sivat

u(t) = e™e.
a > 0 omodte 1 Yewpnukr) Avon u(t) peyadover u(ty) < u(ty) < u(ty) < --- wat limy o u(t) =
o0. H ZAE mepiypdaget pia aotabr] ouvaptnor).
a < 0 omote limy o, u(t) = 0. H ZAE neptypdget pia euotadbry ouvdaptnon).

Av n ZAE mepiypagetl pia euotabn ouvaptnon, 9¢Aoupe kat np aplOuntikrn pébodog emiduong
va akolouBel apopola cupmnepipopd.
[1.x. otV epnipog Euler:

Uky1 = (1 + aAt)Uy
9a mpénet kat |1 4+ aAt| < 1, ondte
—1<1l4+aAt<1=0<At< —-2/a
[Tpoogte : Znv eprpdg Euler, to péyebog tou At meplopidetat and to 1/a.
e AuUTO onpaivel ot av 9édoupe va unodoyicoupe ) Auvon aro to 0 oto 7', Sa mpénet va
ravoupe toudayiotov T/At = Ta/2 Bhpata.
Av n ZAE givat ovotnpa e§1000eVv:
du n n nxn
E:AU,U(O)ZCGR,u(t)ER,AGR :
HMapdadetypa: Eowe v/ (t) = Au(t), érou A = diag[—100, —1, —0.5].
Axp6rig Avon: u(t) = [e71%%uy (0), e uz(0), e ?us(0)]

IMapatwnpeiote

[u(O)]| > [lu)]| > [lu@)]-- -, lim [u(#)[] = 0

t—o0

®¢Aoupe o1 TIEG TTOU AapBdavoupe amo v apldunuiky pébodo va mapouctddouv aviiotoiyn
ouurnepipopd.

Epnpoég Euler: Uy = (I + AtA) U, = -+ = (I + AtA)"U,
Uepr = (I + Atdiag[—100, —1, —0.5])*1U,
(1 — 100A8)*1 0 0 Ut

= 0 (1 — A1 0 Uso |, Ujo = u(to)
0 0 (1 —0.5A)k! Us
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IMa euotdBeia 9a mpénet 1o At va 1Kavorotel g ox£oelg:

|1 — 100At < 1,]1 — At] < 1, |1 — 0.5A¢ < 1,
To péyioto At yia oroio 1kavorolouvial autég ol ouvOrKeg sivat
0 < At <min{2/100,2,4} = 0.02

EMOPEVROGS Yia va urtodoyicoupe tn Avorn oto T' = 1 9a xpetaotovpe 50 Prypata. Avtiotoixa, av
avti yia mv nipétn eiowon eixape u) (1) = 10%u; (t) 9a xpetagdépactav

0 < At < 2/10* = 0.0002

EMOPEVRG Yia va Urtodoyicoupe ) Avorn oto 7' = 1 9a xpetactoupe 5000 Brpata, K.0.K.
[Mapatnpeiote 611 oto0 MPornyoupevo mapadetypa, to A nrav diaywvio orote ta otoixeia g
dlaywviou ftav kat ot 161otpEg tou.

Ta yevika, pn daywvia pntpoa A, ot rieplopiopoi yia to Bripa oe ox€on pe v euotabeia g
uTtoAoy1ouévng AUoNG TIPOKUITIOUV P£C® TV 1810tiev tou A: TLx. av A = AT kat QTAQ = A,

U1 = QQT(I‘i“AtA)kHQQTUo
= QU + At QU
= Qdiag[(1 4+ At\)QT U,

e Av 3j, |1+ At);| > 1 ot upég peyaddvouv xwpis gpaypa
e yla va pnv urndpyet mpoBAnpa,

Vi, |14+ AtA;] < 1 enopévag ripénet ®A; < 0.
A=AT = -2< A\ <0

ZuvOrkn anolutng suotabelag: = At < —/\% epooov \; < 0

Xwpio andAutng suotdaderag: Ot Tpég 2 ou pyadikou ermrédou ot oroieg 1o 2z = hA
KavoTiotel tr ouvOnKn euotdabeilag tng aplOunukng pebodou.

Xwpio evotdbetog
™ epmpoc Euler
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[Mapawnpnoeig [Iog priopovpe

e VA PEIMOOUNE
e ... 1] va artopuUyoOUPE eVIEARDG

TIEPIOPIOPOUG 010 Pripa mou tibevial otnv epmnpog Euler Adyw suotdBelag;

Yrnidpyxet mowkidia pebodav. H mo «dpaotikr Separeiar eival pe ) XP1on ToV AOKAAOUHEVOV
«ppeoew 1 «rerdeypéveowr nebodwv (implicit methods) ot omoieg anogevyouv orotodrote
TIEPLOPIONO6 010 Brjpa yla Adyoug suotdbelag (apapévouv ol MmEPLOPIOHOL Yia ToV €AEYXO TOU
opalpatog diaxkpirornoinong).

To o arAé mapadeypa eitvatr n pébodog «miow Euler» mou meptypadoupe otr oUVEXeld.
[Tiow Euler v epnpog Euler nipooeyyioape og Uy 1 v tpr) u(txs1) XPNOHOMIOIOVIAG TV
upr) Uy kat my «Aiony f(tx, Uk):

Uks1 = Ugp+ hf(ty, Uy)

EvaAAaxktuikd priopoupe va Iipooeyyiooupe Xpnotponoloviag ty KAion oto txy1. [Ipopavag, n
Tpn g Uk elvat kat autr) pépog tou ripoBAnpatog, Propoupe Opog va ypayoupe

U1 = U+ hf(trerr, Upna), pe apxwkn tpn Up = c.

Kat va urtodoyicoupe 10 Uy, AUvoviag v nmapanave e§ionon !
Auto eival 1006Uvapo Pe 10 va MPOoeYYIiooUE TV ApAy®yo He «miom diapopar, dnA.

Ups1 — Uy
h

U (tpyr) &~

To TZA apapévet 1o 1610 pe v epnpog Euler, opwg
10 Uy, 61detar éppeoa (implicitly). 'Etot mpokurtet kat to évopa tev pebodov.

Euotdfeila tng miow Euler Av yia mapddewypa u/(t) = au(t),u(0) = ¢, yua xarnow otabepo
a < 0 (ywati; ... oote 10 Sewpnuko mpoBAnpa va sivat euotabég). Tote n Avon eivat
u(t) = e“c.

kat 1 ZAE nieprypadet pia euotadrn ouvaptnon.
Zinv niow Euler:

Uk+1 = (1 — ClAt)ilUk
9a npénet |(1 — aAt)™| < 1, ondte
1< (1—-aAt) ' <1

epooov 1oxUel ot a < 0, o1 maparndve ouvorKeg 1oxUouV yia oroodrriote At > 0.



OFE. TAAAOIIOYAOZ, 2008-09 8

e Eropéveg, yia v napandve &§iowon, n Avon pe epnpog Euler 6ev 9éter kavévav
rePloplouod oto péyebog tou At.

e O pdévog MEPIOPIONOG TIPOEPYETAL ATTIO TO OTL YEAOUPE va £XOUNE ATTOOEKTO OPAAPA ATTO-
KOTT|G).
Zinv neplmeon mou €Xoupe Ypappiko ocvuotnpe ZAE, onwg kat mptv, 1 avdduorn yivetat pe

Bdon tig 1610tipég tou A:

(I - AAt)Uk+1 — Uk,
Ui = (I —AA) UL,

katav A = AT kat avaAucouye oe 1610T1pEG

Ur = QU —AAH)T'QTUL,
QI — AAH) QT U,

Kat dédoupe
11— NAH T <1

Av )\ : R(\)) <0, n niow Euler eivat euotadr|g yia oroodrriote Prjpa At

Xwpio evotdbelog
¢ micw Euler

hA€ C-

[Mapatnpnoeig

e I61aitepo evblagpépov otav U, f € R”
e Av 1 f eival ypappiky) og ipog u: f(t, u(t)) = Au(t)

f(tk, Uk) = AUk, A e R
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e Epmnpog Euler — MXV

Uky1 = (I + AtA(ty)) Uy
e [Tiow Euler — Auon cuotnpatog

(I — ALA())Upsr = Uy,

Tuprnepdopata yia myv aplOpnukr) eridvon tou v/ (t) = Au(t) pe oxfjpata Euler:
Me epnpog Euler:

e ['a euotdabela mpémel va mieplopicoupie o Pripa.

e Av o1 18610T1pég eivat oAU peydAeg, to Pripa mpérnet va yivel moAu pikpo !
Me niow Euler:

e 'Exoupe suotabeia ave€aptnta Pripatog.

e To Brjpa meplopidetatl aro v akpibea.

e Ilpéretl va AUcoupe €va cuotnpa e§1000erv o KAbe Brpa.

[Mapawmpnoeig:

e XT0 mapandave npoBAnpa to cuotnpa tuyaivel va eivat ypappiko emnedr) Kat to ouotnpa
ZAE givatl ypappiko

e Y& KAOe mepinmtwon, otdx0g eival va mePlopiooUpE TO OUVOAIKO KOOTOG ertiAuong. Ouun-
Seite o1 oV mepinmwon mou 1o pnpeo I — AAL eivat yeviko (6nd. xopig e1d1kn dour)),
n Avon, péow LU otowyidet 2/3n® + O(n?).

{ 'Ooo 10 pnrpwo I — AAt mapapévet id610 enavaypnotporolovpe v idia diaonaon.
{ To untpwo adAdadetl otav adAadet to Pripa 1y av o A sivat xpovoeaptopevo.

{ Znpavuko 9épa: Iwog va unoloyicoupe AUoelg Katd ) didpkela 10U Pnuatiopou
€ TO €AdX10T0 KOoT0G; To KuplapX0o KOOTOG TIPOEPXETAL ATIO TNV EITIAUCT TV OUOCT)-
pateov, poortabouviie va Bpoupe TPOIIOUS va NEIWOOUE T0 KOotog. I'a napddeypa,
a) av 1o A kat 1o Brpa nmapapévouv ta idwa, apkei pa nmapayovroroinon LU kat
£ITAVAXPNOII0TIOiNoN TV ITapayoviev. B) Av to A aAdddest odu apyd, propoupe va
ETTIXEIPTOOUNE VA TIPOCEYYICOUE T AUON e Pld mapayovionoinon yia diadoxikda
Brjpata, péXpl 1 IPOooEyyon va pnv eivatl mA€ov 1kavoromn k. y) Av addadet povov
10 A, 16t avti yua LU propoupe va ermdédoupe avaywyrn oe poppr) Hessenberg
ne opBoymvio petaoxnpatiopo (BA. Evomnta 6.4.5 BiBAiou kat ouvdaptnon hess
g MATLAB). To kO60t0g avaywyng €ivat kKuBiko, aldd 10 KOotog ermiduong pe
Hessenberg tetpayovikd. e mepimteon cUPPEtpikou A 1o Kootog petwvetal oe
ypappiko... To 9¢pa dev eavideitat €6 ...
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e Otmapandave pEBodot IPOoKUITOUV eVAAAAKTIKA Ao TV IIPOOEYY10T] TOU TEAEOT]/PNTPOOU
—AAL
e
Epnpég Euler: Méoo tou e ~ 1 + aAt enopéveg U(t + At) = (I + AA)U(t)
Miocw Euler: Moo tou e =~ (1 — aAt) ! emopévag U(t + At) = (I — AAL)~LU(t)

M¢eBobo1 Runge-Kutta ITpokettat yia peydAn okoyéveld onpavilkov povo8npatikov pefodanv
yla v emiduon ZAE. IToAAég ano tig pefodoug RK prmopouv va napayxBouv pe ouotnpatiko
Tpo10 ano 1) pebodo Taylor.

Fevikr) popor) pebodou RK s otabiaov:

Ui = Ui+ h) bK

=1
ornou
K; = f(ta+cih,Us+h Z ai; K;)
j=1

ZUNB0AIKA XPNOI0IIo0UHE Tov «rrivaka Butcher»:

C1| Q@11 Aiz2 -+ Qs
Co | 21 Q22 -+ Q32
cl A
= pT
Cs | Qg1 Qg2 - Usg
bl bz e bs

Apeoeg p€bodol — 0 unorivakag twv a;; auotnPed KAT® IPIYOVIKOG

o ... e10AaAAwg, éppeoeg (akp1Beg adAd xpriotpeg yla duotporeg «akaprteg ZAE.

[Tog augavet n tadn g pebodou pe ta otddia; Ta tg olkovopikeg dpeoeg pebodoug;

e ... yua s < 4 otabua, urtapyxouv apeoeg pebodot tagng s. Tevikd, pia apeon pébodog s
otadieov éxel tadn pikpdtepn 1 ion pe s. Autod Sev pag eKMANOoel. AUCTUX®G, OTAV £XOULE
s > 4 otddia, n péyotn duvatr) tadn da sivat pikpotepn. I1.x. n péyot téén otav s = 5
etvat 4. H péyiot yveootr) taén otav 13 < s < 17 eivar 10, k.Arm.

e ®£AoUliE va METUXOUNE T Péylotn Tash He tov eAdaxioto apibuod otadiwv.

[Mapadetypata
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M£6odog Runge-Kutta, dpeon), taéng 2 (Heun)

Kl - f(thn)
K, f(tns1, Up + hEKy)

h
Up1 = Un+§(Kl+K2)

MéBo6og Runge-Kutta, apeon), taéng 2 (midpoint)

Kl - f(tna Un)

h h

Un—i-l - Un + hK2

M£6odog Runge-Kutta, dpeon, tagng 4

h

Ky = f(tn+27Un+§K1)
h h

Ky = f(tn+§7Un+§K2)

K, = f(thrl; U, + hK3)

ortote

h
U1 = U, + €<K1 +2K5 4+ 2K5 + Ky)

ZxoA1o 'Exoupe avagpepbei otig S1ade€elg ot onpaocia mg eKOETIKNG OUVAPTNONG OTNV EMMAUOT)
tou ripoBArpatog Cauchy. Ag Soupe and kovid t oupBaivel av 9¢doupe va Avcoupe to v (1) =
au(t),u(0) = c. Av kavoupe éva Brjpa

h2 h3 n

Wtne1) = u(ty,)+ hd(t,) + Eu”(tn) + —u"(t,) + ...

amno Vv eKP®VNOT OP®S



OFE. TAAAOIIOYAOZ, 2008-09

EMOPEVROG YEVIKA

apa

u(tni1) = u(ty) + ahu(t,) +

O podog tou ekBeTiKOU eival mpodavng!

12



