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EMNETHMONIKOY YITOAOTTEMOZX 1

ATIAAEEH 13, 27/11/09

E. TAAAOIIOYAOZ
Tpnua Mny. H/Y kat TTAnpogopikrg
ITav/pwo Iatpov

AvdAuon opdApatog yia Vv emiAuon ouoTtaTog
Brjpata:

Kataotaon npoBAnpatog [16co aAdddetl 1o arnotédeopa yla pikpeég addayég ota ototyeia e1-
0660u; Egpappoyn Sewpiag dratapaxev (BA. mponyoupeveg diadegetg).

Kataotaon aAyopibpou rpog ta rioe avdduon opaApatog

Katdaotaon npoBAnpatog «eriduon ovotpatog Potdpe: II6co 9a aAdddet n Avon = av addd-
Soupe ta debopéva A, b;

AvdAuon):
/—’xg
(A+AA)(z+Az) = b+ AD (1)
Axr =b (2)
3)

EMOPEVOG AUVOUNE OG TIPog A KAl £XOUpE

Az = A7 (—AAG + AD)

Az = AY(—AAi+ Ab) = A (—AAz — AAAz + Ab)
Azl < AT ([AA[[lz]| + [[AA][| Az + || Ab]])

™ (IIAAH |AA] [ Az] ||Ab||)
k(A + +
2l OUTAT T 14T el ™ TATT]

IN

ETMOPEVRS (Aempnpa:)

|Az| K(A) [AA] | [[AD]
= [AA] * :
P = T s AT )
Ar6 tov kaBoplouk6 polo g moocotntag k(A), €xel vonua va v ekAdBoupe g «Geiktn
Katdotaong Tou MpoBARpatog» g ermAuong ouctpatog! .
[Tpooégte 6t autdg o deiking «¢AaBe uroyn tou kat Siatapaxeg 2ng tagng»
EPQTHXH: I1og propoupe va ouvdE0OUHE TO ITAPATIAV® HE Pld AT P1) avaAuorn tou opAApatog

IAev Asttoupyel mavia kadd. @a Soupe apyodtepa.
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e Av belyvape ot évag oUyKeKP1EVOS adyopiOpiog emiAuong eivatl mmiowm guotadrg, SnA. ot
N uroAoytopévn Auon T eivatl n akpiBrg AUon evog APAIAf|o10U OUCTIATOG,

Y.
(A4+AA)xT =0+ b
€101 OOoTE ”HAAITIH ) % va gival pikpd, rm.X. Kat @paypéva arno KAmolo PiKpeo €.

Tote pe Baon 10 MAPATIAVE PPEAYHA, PITOPOULE Vd UTOAOYIOOUHE APECA XPIO1H0 Ave @pAaypa
yla to eprnpog opdApal

[Mapatfpnon (yia oooug evdoradépovtat!) T'a va 1oxuet 1o napandve vnobéoape Eppeoa ot

|AA]
1Al
< 1= [lAT A4

0 < 1—k(A)

nA. [|ATHIIAA] < 1.
Afjppa 1. 'Eote vépua unipoou nou tkavonoel m oxéon ||AB|| < ||All||B||. Tote av ||A|| < 1
w0 pnrowo I — A eivar avuorpépyo kar (1 — A)~h = 337 A war [|[(1 - A)~H < 1/(1—[|A]). O

'Evag tporog va 9€¢ooupe to ipoBAnpa
'Eote 011 pe 10 oUPBOAIoNO TG «TTPOG Td oK AvAAuong» opAApatog, Je®pPriooupe 0Tt

f([A7 b]) =T, fprog([A,bD =z

yld KAIoo .
MropoUpe va peIrooupe 10 eEhg: Eival duvatov va Bpoupe A t€tolo ¢ote va gival Kovid oto
A xat emiong

~

f([AvbD =z

Tote 9a propovoape va 9eooupe X == [A, b] kat X := [A, b] orote Sa 1oxvet 611

fprog(X) = f(Xprog)'

Enopévag, 9a éxoupe nion suotdbeia av i) Propoupe va eruAEEoupe 1010 A nou eniong Op®g
i1) va eivat xkovta oto A.

[Mapatfipnon : Eviélet, n mioe suotddeia 9a kp1Bei and autrv v anootaor).?

[TpaKTIKOG «€K T®V UOTEP@V» UTIOAOY1OHN0G ITi0® oPpAAPaTog

Osopnpa 1 (Rigal+Gaches). 'Eotw ot unofoyioaue m Avon & tou cvotiuatog Ax = b kat ou
Yétovue r = b — Ax. Tote, 10 (ek TV UOTEPWY) Tiow opaiua

Oy = inf{w[(A+AA)L =b+ Ab, [AA] < w|A]l, [[Ab]] < wllb][}

2Ta 0AOKANP®HEVI] AVIIIETOITON, NIIOPOUHE va JECOUTIE TV AmOOTACT] O AIELPO0 av Sev UMPXE TET010 A.
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Umopel va uro loylotel ano Tov TapaKdi® TUTo

7]
6]\7 T YT T AT
AN+ []6]
Emiong, o1 tapayovieg A A, §b yia toug onoioug (A + AA)z = b+ Ab umopovv va vrofoyiotovv.
O
[Mapatwnpnoeig

e To miow opdApa kabopiletal ard v uroAoylopévn AUoT T KAl TO UTTOAOLTO 7.
e 'Exet eviiapépov ot 9a priopovoape va £§e181KEVOOUE TOV TTAPATIAVR OPIOHO

{ Avti yia voppeg prmmopoupe va XP1OHOIION)COUHE ATIOAUTEG TIHEG KAl AVICOTNTES
otoixeio mpog otoixeio (componentwise).

{ To €idog v dratapaxwv propet va pokaboptotel. a mapdadetypa, va dexopaote
AA mou va €xouv v idia dour pe to A, KAT MOU £ival TOAU onEAvVUKO otav
avaduoupe v euotdBela mpoBAnpatev pe e1d1kda dedopéva, . apald Pnipaa,
pntpoa Toeplitz, kA1

Ano6e€n yia pa eAagppwg rmo eUKOoAn repintwon Oa mpoornadrjoovue va «avadéoovue» oAa 1a
opaiuata tou unofoyiopot oto A (kadoAou oto b).
Av 9éooupe A = A+ AA karr := b — AZ, 16te n oxéon (4) ouvenayestat

b = (A+AA) Tz =r+Ar=(A+AA)z =
r = AAz

Enopéveg, amopével va KataoKeEUAooupe A mou va 1Kavorolel tnyv rmaparnave oxeon (4). Autd
elvat eUkoAo - yla mapadetypa doxkipdote 1o pnpwo 1ng tagng

ST
rT
AA = —
'z
Erniong propeite va anodeifete® 6t
112

Kadl UTto Vv npoUntoeon 0Tl XN o000 UHE vopuda 2,

P -
IA]] Al

[Tpoooxr) : Emopéveg to urtddouro, 7, kabopidel 1o péyebog tou miown opaipatog.

SAT6 autd Tou yvepilete ot Fpappiky Adye6pa.
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IMa «pavatikoug» Mropeti ertiong va arodeixtel 0Tt H1atapaxeg mou EMTUYXAvVOUV T0 eAAX10TO
Mo opdaApa ivat

[A[llZ]] T 0]
AA = — T I'Z Ab = — I
ANz + (1Bl [A[[[lZ[] + [[o]
010U 10 2 eivat éva diavuopa (Adyetat «duiko» ) yla 1o oroio 1oxUel 0Tt
T
T- . , 2ty
2@ = |z||pllz|| =1, omou |z|p =max-—
’ v#0 |y

Zuvoyn avdAuong Kat mpaktka gpaypata Eidape ot pikpég addayeg AA, Ab ota dedopéva
TOU TIPOBANATOG «EMMiAUOT] YPAPUIKOU cuotrpatog Arz = b» o8nyouv 010 mapakdte @paypa
yld 10 EPMPOS OXETIKO opAApa:

| Azl K(A) (||AA|| N IIAbH) .
Iz~ 1= seayliegh XAl qel
Emiong, av epappocoupe Evav alyoplBpo emiduong 10 (K TV UOTEP®V) THiom opaApia opiletat
On = nf{w|[(A+AA)Z = b+ Ab, [|AA| < w[[Al], A6 < wl|bl[}
- 7|
= Tae] +

Ernopévag, av yvopioupe ta k(A), T, r prnopoupe va ekuprooupe éva ave @pdaypa yia to
EPIPOS OPAAPA OGS EENG:

e Yrodoyiloupe 10 K(A),

e urodoyidoupe 1o By = %,

e ornote, epooov Bykr(A) < 1,

| Az

]

25]\[/{(14)
1 —r(A)Bw

[apadeiypata Aegio pédog b = A x ones(n, 1). Qg f err 2 eivai to naparndve @paypa. Avon
pnéoe \ oe MATLAB 7.5.

Mrtpwo n Ko(A) By e —Z|l2/]|z||2 ferr2
H 10 1.6e+13 5.0804e-017 2.7571e-004 0.0016

v 10 1.5e+07 3.6797e-017  3.3080e-010 1.1181e-009

R 100 1.7737e+003 2.2492e-016 5.2216e-014 7.9788e-013

Rn 100 684 5.0267e-016 1.3761e-014 6.8694e-013

D 100 1.0e+10 0 0 0

G 60 26.8 0.0156 0.4714 1.4317



OFE. TAAAOIIOYAOZ, 2008-09 5

H : hilb(n) - peyddo k(A), pikpo niow opdipa

V' : vander(linspace(0, 1,10)) - peyddo k(A), pikpd mioo opaipa

R : rand(n) - pérpio k(A), pikpo nioe opdipa

Rn : randn(n) - pérpro k(A), mikpd mioo opadpa

D : diag([le — 10,0nes(1,n — 1)]), peyddo k(A), O nioe opdaApa, KAk eKTipnon oPAApatog

G : gfpp(n) - pkpo k(A), peyddo niow opddpa

[Mapawnpnoeig Ta mapandve eraAnBevouv oOtL:

H ertiAuon, touddyiotov onwg yivetat oty MATLAB |, eivat rion euotadng.
ot MATLAB ouvrBag xpnotpornoteitat analowpry Gauss pe pepikn odrynon.

Opeg to Tt vdorotei o tedeotrig «\», 6nA. 1 ouvapwon M di vi de, e§apratat and o
optlopa. Acsite 1ig ekteveig mAnpogopicg ot MATLAB (doc ni di vi de).

e Av Aowutdv o adyopiBpog yia ta edopéva eival miow suotadrg, tote av yvepidoupe to A

pe oxeukn akpiBela t dekadikav Yynepiov (.x. oty apOpnukrn dutdng akpiBeiag IEEE
10 péyioto t 9a eivat mepinou log,,u ~ 16 kat kK(A) ~ 107, t6te n Avon tou Az = b pe
«aiioe euotadn adyopiOpo» avapévetatl va €xet riept ta 16 — ¢ owotd ynoia.

[Tpoooxr) - Mepikég aduvapieg tov mapandave :

H &uokolia umodoyiopoy tou deiktn xkatdotaong (O(n?)), mo akpiB6 améd 1o 610 10
nipoBAnpal

. avaykn peboédwv extipnong tou (r.x. adyopi®pog condest g MATLAB ).

H xpnon dapopetirav vopuav dev erudépel coBapég ardayég otig Tipeg (0Aeg o1 voplieg
1ooduvapeg).

Fevikd, pa aduvapia v maparndave eivat ot facidovial o€ TTIOAU CUVOITTIKEG TTANPOPO-
pleg, Onwg erkPppadovial amo TG VOPHES.

O1 KAaowkoi beikteg kataotaong aAAddouv av KATHAKOOOUPE TOUG OPOUSG TOU HITP®OOU :

K(AD™Y) < w(A) DD

... H1a KaAUtepn PEIPIKN amokalAeital deiking katdotaong kata Skeel
. etvat Kgreel (A) = |||A7 JA]|| o

Ioxuetl 0t Kgkeel (A) < K(A) yia dAdoug beikteg.
. emtiong Kgreel (D™ A) = [[[AT' D[ DT A[| = [[[ATY|A]]| = Askea (A).
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e ... [TOAU 110 eKteEVAG AN POPOPia Pag MAPEXETAL PE EMEKTAOT TOV ITAPATIAV® AVAAUOEDV
Kadl PEIPIKOV «ava ototxeio» (componentwise).

e XV npdasn, Xpnotpornolouvial @PAaypatd mou IpoEpXovial aro «avd oTotXeio» avaluon.

[paktikd @pdypata opdApatog otnv LAPACK*
Extipnon deiktn katdotaong pe e1d1koug adyopidpoug (Hager, Higham) kéotoug pikpotepou
ané 1o oxnuatiops v A~ [JA]l, [|A7).
Agiktng mio® opdaApatog

wap(Z) = max 7l

i (lAl2] + [o])s

Aglking epmpog opaApatog

lz =2l [ATAANR] + [BD ]l
[ 1o

u)A,b(i’)

alAd g akopa 1o akpBng deiktng yla 1o epIpog opadpa Xpnotpornoteitat to

AP+ yorer (AL2E] + [8])] oo

2[00

ferr =



