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MavemoTrApio Marpwv

No extiprjoouue (v @pdrypo yLo) To andhuto § oyetnd opihuc

pmosle”) = F(@N W

Av to opde dvar upd (T.y. ™g TaEng Tou € T unyavic) o akydpriuog f elvor oeprBic.

Optopde 1. To mupandre opddua atoxedefut 1pog ta eunpds opdApa (andAvto 1j oyeticd)
(=forward error). O

AN 1 ooeptBic T Tie f(x) efvar by wooty,

EMOMEVLS TO X UTERO TTOU UmopoUUE Vo EyoulE elvor dve Qpdyud Yo To eunpdc opdhud,
Yl' outo L/f Ol AEUE <EUTPOC TRUALLY EVVOWVTIC <OVW QRUYUO YLO TO EUTEOC GOUALLOY.

Mpdrhnon: To dww gpdypo va eivar 660 To Gy To yivetor.
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Micw guoTdBela: OpIOUOG KAl METPIKK s

noue
1510010101}
00019

Opiopdég

Av yia Tov «aAyopiOuo» fprog TTou uTtroAoyidel Tn
ouvdptnon f oto X pIropoue va BpoUje Xprog WOTE VA
1o0x0ouv

1. 10 ||Zprog — || va eivar (oxeTkd) pikpd

2. vaioxtel fprog(xz) = f(zprog)

TOTE AépE OTI 0 «aAyopIBpOG» fprog gival «TTiow gucTadRg>.
‘Oco Tio HIKPA N ATTGCTACN TOU X, o5 OTTO TO X TOGO TTIO

miow guoTadng gival o aAyoépiduog.

MeTpikA: H eAdyioTn duvart oXeTIK atréoTaon BewpeiTan wg
TO METPO TNG TTiICW €UCTABEIG.

Opiopdg: Av o akyopiBuog fprog €xer deixtel nicw euota-
Bng. o

opile-
Tal wG N ehdxiomn mp cond( fprog) yia My oroia
T — Ipro
| ”wﬁ ol < cond(fprog)u.

P ’ ; rT—X
yia éAa 1a duvard x kal aviiotoixa Tprog. TO %
anokaAeital cuxvd nMicw opAAUa OTO .

O deiking cond( fprog) deixvel 1o miow opdiua yia dAo 1o
nedio opiouoy NG f.

i
MavemoTrApio Matpwv
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To mpoBAnua: Na ekTIgfiooupE @PAYNA YIa TO EUTTPOG TOAAPA

AyvwaTn TN
¢ /

Mo6oo mpémel va aMager 1o X yia va utrohoyioer n f (akpiBwg) 1o f,,. (X)?

f<x+?> frog (X

I MH I n MavemoTrApio Marpwv
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Mooo mpémel va alager 1o x wate n f va utroAoyicer (akpiBuwg) 1o f, .. (x)?

f(X+") forog (X)

I MH I n MavemoTrApio Matpwv
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AV [[XorogX|| HIKPO, TOTE AépE OTI
_ 0 aAyopIBuog fo €ivar Triow euoTabng
f

Mooo mpémel va alager 1o x wate n f va utroAoyicer (akpiBuwg) 1o f, .. (x)?

f(X+?) = fprog (X)

N
Xprog'X o 4

501001010

Y i) 1( o1l

%3201 0%01¢ o1

1419935095115 003 00011
Sir035034 01 010 1110101010

 miow opddua P

”Xprog'X”
X \
«o@aipa» O1Tou UTTOPEI V{
Tal N TpAyMATIKA TIUN
H ekTipnon Tou yiveTal «pabnuat

*TOU «dEIKTN KATAOTAONG TOU TTPORBAARUOTOG» ~1ng f)
*XPNOIPOTIOILVTOG TO TTICW OPAAUQ.

”fprog (X) - f(X)H < cond(f;x) ||Xprog'X||

1 I MH I n MavemoTrApio Matpwv
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cond(f;x) |[Xproq=X|

prog”

Av n cuvdpTnan gival ToAU guaiobntn, To cond(f;x) eival peyaho (1.x.
av %(x) MEYAAO) eTTopEVWG To f(X) pTTOPET VO aTTEXEN TTOAU OTTO TO f(X10)

5
W

#17%1051950%
Hi2031V01
Y o

W13515107 ¢
149910503
W}050200%0 10
H524043953093017

ayvworn niun

2l

MNa dedopévo cond(f;x), N [[f(Xyeq-f(X)|| B kKUpaivETOI
avaAoya Pe TO Tiow GQAAUA ||X,oq-X]|

prog

MavemoTrApio Matpwv
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Av ”Xprog'X“ Kal ”f(xprog) prog ()| HikpO,
Aépe o1 0 ahyopiBpog f,, €ival euoTabig

Av auTd gival dUokoho, xahapwvoupue Kal {nTape va Bpouue
000 TIPETTEl v aAAGGE TO X waTe n f va utroAoyigel Tipr kovTd aTo f, .o (X)

f(X+9) ~ fprog ( )

MavemoTrApio Marpwv
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Avo Baomsg pseoéo)\ovlsg axnpnong eAa l,g‘m‘ ;i‘,’,i
u‘, n ;a 010
" DOA TOO FOAA ‘zi

Mpog Ta eumpo6g avaAuon
«TTapakoAoudnon> Tou oPAANATOg O€ KABE BApa
TOU aAyopiBuou
Mpog Ta Tiow avaAuon cPAApATOGg
EKTIMNON «TTiOCW CEAAPATOG> | «OEiKTN KATACTAON
aAyopiOuou»
e To00 mpémmel va aAAd§oupe Ta dedopéva woTe av
AUooupe akpIfWG, va TTAPOUHE TA idla aTTOTEAéTATA
ME QUTA TTOU UTTOAOYIOTNKAV O€ TTETTEPACHEVN
akpiBeia;
EKTIMNON «B&iKTN KATAOTAONS TTPOBARMATOG >
e 1600 aAAdlouv Ta atroteAéopata av aAAdSoupue Aiyo
Ta dedopéva (avaAoya HE TO TiowW TQAApA)

MavemoTrApio Matpwv )
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Micw avdAuon oc@dAparog

'pnmuonol()qu TNV TURATOVG OPOAOYLAL VO OOUUA. Tt Yo YWOTCXV av U'EOp()UG\.LLL. Vo

()‘*'I.QOL)}L. ot

TO UTONOYLOUEVO ATOTENEGUA fiyrog (2) Elvor T0 0MOTEREGUN TV UTOAOYIOUOY
e opriunTed dneeng oxplBelag mou amoutodvTon Yo TV f udvov mou To
Bedopéva lo6b0u Umopel Vo elvat Alyo StopopeTixd.

Anhadt ov Uy 0UY BEBOPEVE Tprog TETOLL OTE
1. 10 || prog — || vt ebvon (oyetind) pupd

2. va 1oy 0et aEBOC forog () = f(@prog)

No 8olue g autéd Bondd otny extiunon Tou eunpds GEIMIUTOS:
[l forog (@) = f (@) = [1f (prog) — f ()]
= 1) exTiunon Tou eunpEds GPIAUNTOC UTopEl var Yivel SIEpELVHVTIC TGO
petoBdhheton 1 T f(x) av aAAGEOVUE TO & OE Tpyrog-
Ennpedlouv 1o mapoxdte: \
) HoBnuartikf Bewpia diaTapaywv
o H ondotaon ||prg — 2| h
(perturbation theory)

o H cvaolnoio tne f o yetaforéc peyédoug O(||Zprog — ||)-

4 I MH I n MavemoTrApio Marpwv

MNapaderypa ,,ﬂl:,,oﬂ 010010
/v‘l’

Av pia BIBAI0OAKN emioTPéPEl yia KGBe O<X € F
avTi yia Tov akpiffl Aoydpifpo y=In(x) tnv niyn
g=(1+e)In(x)

o106 €ival 0 dEIKTNG KATACTACNG TOU aAyopifuou;
AgloTTOI0UE TO YEYOVOG OTI IOXUEI AKPIBWGS OTI

§=1+e)in(2) = In(z1te)

— .1+4e

Etropévwg BéToupe Zprog - Tde z
Tprog — x -z e

dpa |7m | = |——=[z°-1| = |eIn(z)|

AN

< 5In(z)u
cond(in;z) < 5In(z)u

MavemoTrApio Matpwv
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Av Yewprioovue 6Tt 1 cuvdptnon [ umopel vo avonapactadel opxetd oZémoTa ond
Toug Ypaupixols bpoug tng oetpdc Taylor

F@pog) = (@) = f'(2)(@prog — @)

ETOPEVOS
I o) = @I W@
[1f ()]l < 17 (@) |#prog — |
1@, Mo — ol
Al )
(1) epTTPOG OXETIKG OPAApa /‘ N (3) egaprartan amd (f o, X)

NG f 010 X UTTOAOYIOPEVN pE fpmg

(2) «BeikTng kKar@oTaong» Tng f aTo X
egapraral pévov aéd (f, x)

Av yvwpifoupe TINEG 1) OQIKTA AV QPAYUATA YIa TOUG Opoug Oegid,
MTTOPOUNE VO @PAEOUNE TO EUTTPOG OXETIKO OQAAual
EMMNPOZ Z®PAAMA < (AEIKTHE KATAZTAZHE MNPBA) x (MIZQ ZGAAMA AATOPIOMOY)

MavemoTrApio Marpwv

Baoikd pag evola@épel pia roooTnTa (N MIKPOTEPN
Suvarn) TTou va ek@pddel TN «3100TOAR>» TNG
aAAayng oTa oTOoIXEiO TNG 10000V pEYyEBOG TNG
€10000U WOTE VA ETTIKAAUTITEI TO HEYEBOG TNG
aAAayrng oTa oTolixeia £E66ou!

‘ oxsnKﬁ aAAayn TédENg u ‘

Na Bpoupe K T€TOI0 WOTE

PSS K‘

MavemoTrApio Matpwv )
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To K 8a Aéyerain d€ikTnG KATAOTAONG TOU TTPOBANPATOG

Av ptropoupe va Bpoupe tétolo K, To TpoBAnpa atrokaAsital
KaAd TotrofsTnuévo (well-posed)

av ox1 (dnA. K=co0) 161E KOKA TOTToBeTNUEVO (ill-posed)

To péyeBog Tou K petpd tnVv Kardortaon,
HeydAo K onuaivel «Kakrf KatdoTaon» Kal 1o mpofAnua
gival 80okoAo va AuBei
OuUVNBWG oNUAIVEl OTI €iVal «KOVTA>» O€ «MNn €MIAUCIMO >
mPOBANUa

O akpiIBAg oplopdg kail o utroAoyiopdg Tou K dev givai
€UKOAN utréBeon!

I MH I n MavemoTipio Marpwv I

Evdiagpépov Trapddeiypa Vi

177
Vi
W03433714] 1019
101001010
Soa

o
1110101 _

445920153 o1
0915095119901
V1t

Y1roAoyiopdg Tou f(z) =11+ 22— 1

yia HIKPEG TIMEG TOU X

O utroAoyiopog dnuioupyei TTpoBARpaTa yiarti
£XOUHE KATAOTPOPIKN atraAoipr — avadeikvuovTal
TO CQOAAPATA OTPOYYUAEUONG META TNV APAipEOT)
... KOl OpWwG, 0 BEIKTNG KATACTAONG TOU
TPORAAMATOG Eival MIKPOG

cond(f;x) = \/ﬁ_m,—\/pr_“;gil

limg_, cond(f;z) = 2

I MH I n MavemoTrApio Matpwv i
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E181IkOTEPQ, VIO HIKPEG TIMEG TOU X
aVv XPNOIMOTIOINCOUNE TOV TTOPATIAVW UTTOAOYIOHO,
TO EUTTPOG OXETIKO OQAAMO PTTOPEI VA Yivel TTOAU
MeydAo (=~ 1)

M1ropouUpe va aTro@UYOUE TNV APAipECN ME TV
1I0080vaun ékppaon!

2
_ T
9(®) =

EUkoAa @aivetan 611 [ =9
0O d¢ikTng KardoTaong TpoRARUaATOg TTapapével idiog!

I MH I n MavemoTipio Marpwv I

NMwg Ba deixvape Tiow guoTdbelq;

Mpétrel va Bpouue 1o KAatdAAnAo X

prog

Aev gival eUkoAo pe Tn péBodo diadoong Twv & (ol
pageig e oTafepég BUTKOAEUOUV Ta TTPAYHATA).

Oa TO KAVOUME apIOUNTIKA:

MNa éva uroAoyiopévo z=f, . (x) 6a
XPNOIMOTIOINOOUHE WG Xpog TO

Tprog ' = /(2 +1)2 -1

O uttohoyIopog TTPETTEN Va yivel o€ ATTEIpn akpifeia ...
... Ba TTpocopoIwoouE e BITTAR akpiBeia

] I MH I n MavemoTrApio Matpwv i
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10 T T T T

WEW('X)\OU a@AaApaTog (Kavéva owoTd Yneio)
10°
2 ferr
L berr (siml)
condition (prbl)
10" }
10»6 | errors in computing
S\sqrt{1+x2}-1$
10° |
-10 . \ . |
10 -4 3 -2 1 0 1
10 10 10 10 10 10

MavemoTrApio Marpwv

Xproweg €vvoleg: Nopupa pntpwou

Opiopdc 4. Eotw A € R™*", o1 Siavvopatikés vépues || - ||" kar || - || ya wous 6.y R™
kat R" ka1 éotw owdptnon || - ||ar: R™" — R ov opiletar o
A,T r
VI
RN
z#0
Aéyetar véppa pnTpaou Tapaydpern aro Ti§ Tapandyve SaRUoUATIKES VOPLIES. a

looBlvapy, umopolpe vo ypdpoupe ot

|All = supjjz=11l4

“sup” eivar To EAGxIOTO Gvw @padyud,
la memepaouéva ouvoAa UUTTITITE!
JE TO PéyioTo (Max)

Page 12



Eotw A € R™*".
o [|Ally = maxj_rn 227 o 1.
o || A]l2 = v/ Amax(A* A) 670U Amax(-) oupBoriler tn) péyrotn Srotpd (pouoportindg vopus).
o || Al|s = max;_y;, E;;l i, j| (voppa peyiotov)

Enione n vépua tou Frobenius mou v yevixd pnrpdo A € R™*" opileta we eXfc:

m o n 1/2
AllF = (ZZI%IQ) :

i=1 i=1

Ynpetdvoupe 6Tt 1 uopatin voppo ot 1) vopua tou Frobenius txavonoodv to elfg: Av
X*X =LY*Y =1, ot | XAY|| = || 4]].

Yxéoeig 1ooduvapiog

Onwe xat oty mepintwon g voppae Blaviouatos, yie xdVe GUYXEXPIUEVE BLOVUCUUTIXNG
Y OPpO TETEQUCPEVNG DIGOTUOTG, Of VOPUES UNTEM®Y EVOL [0O0UVIIES
Do mopdiBery ot Loy der 6T

1Al < Cull Allg

OTOU oL TEC TOU (g BIBOVTOL GTOV Topoxd TR Tivoxa:

r\¢ F

1

2
00 NG
r

Page 13
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H ouvdptnon norm oty MATLAB eivar eowtepinf| suvdptnon mou unoloyiler ) vépua
HNTEEY XoL BLVUOUETY.

o H Bl ouvdptnon 1oydet aveldotnua améd tov thno tou oploprtog (Bdvuscua 1) untedo)
TopGAo o oL oplopol efval BlopopETIXOL

o To eiboc g véppag emhéyetan and mupdueTeo €16630L
o [t mokd peydha oplopata yprotponotelten 1 normest (mo mpoywenuévo uddnue)

NORM Matrix or vector norm.
For matrices...

NORM(X) is the largest singular value of X, max(svd(X)).

NORM(X,2) is the same as NORM(X).

NORM(X,1) is the 1-norm of X, the largest column sum,
= max(sum(abs(X))).

NORM(X,inf) is the infinity norm of X, the largest row sum,
= max(sum(abs(X’))).

NORM(X, ’fro’) is the Frobenius norm, sqrt(sum(diag(X’#X))).

NORM(X,P) is available for matrix X only if P is 1, 2, inf or ’fro’.

100

Xproweg evvoleg: TaxwPioavo pntpoo

Opiopdg 5. Fotww n ovvdptnon g : R™ — R™ ya wnw onola yvopilovpe ot kile otoryeio
s gilx), i = 1,...,m eivai owvexds mapaywynoto oo x € R, Tore ovopdlovue IakwPavsé
HnTpco 1y anAd lakwflavy Ts g 0w T 10 M X N UNTEWO e Gpous
dgi
dz;’

i=1:m,7=1:n.

a
TupPohiletar we g'(x) € R™" 1 ¢'(x);; = gzi"_(:c), g (@) = J(z) = Vg(x)T.
Xprnotponotavtae to laxefavd pntpoo pnopo{’)ps VO ETILYEIPHOOUKE Lo Y POUUXY) TROGEY YO
e g(z + h) ypnotuonotdvtag ) ouvdptron glx) + J(z)h.
TTopdderypo 8. H lakapfiavy tor

F(61,62,63,84) = &i&s + &l etvar (&3, €0, €1, &
fl&, &) =24+ 6 efvar [£565162 + 1, £;¢51%2]
_ {an& + anée . i Q2 a
&, &) = (012151 + Oézzfz) e (Ofm [e3) )
fl&,86) = (11151 + 20126180 + 0«‘22&2 etvar 2[ané + arsfa, araéy + a6y

Page 14
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MepIkéG TTEPITITWOEIG VIO TO OEIKTN
KardoTaong mpoBARuaTOg

...

f:R -R:=cond(f;z):= |f,(—””)||x|

. DN m. : .— |94
f:R™ = R™: = cond(f;; z;) := |§m&-(x)mj||f¢(lfc)|

— cond(f; z) := [[cond(f;; =;)|

f:R" - R™: = cond(f;z) = Ol |||

MavemoTrApio Marpwv i

,/” ";:";r‘ﬂo 1010119 N
Mapadeiyparta Y 10 s

f(x) cond(f;x)

T 1
" n
exp(z) =

cos(xz) |ztan(z)]

i
MavemoTrApio Matpwv
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Klaowr) Dewpio xatdotaong - 6€iKTr]§ KGTdO'TGOT]g 'ITpOB)\r’]HGTOC

Optopde 3 (Rice’ 66). Eotw ypaupuol vopuiopérott yespor X, Y mov Suadévow vippa
Kt éotw ny anedvion f o Q C X = Y, énou Q elvar avowtd ywpio. Eotw ™ otalepd
rei g Tyt = f(x*). YroOérouue du ta x*,y* bev eba1 ta unbevicd otorcein wr X,Y.
O aoUuTTOTIKGS 0 xEeTIkGS Belktng katdotaong s arewdvions f ot ©* wg 1pos MKpés
aMayés tou x* opiletar ws

390 =6

H!(TW’E):I(T*)N
cond(f;z*) :=lim sup — W

[
e * ra Ve
] A 1MPO00X1) OTIg VOPUES
69000’01/ T0 Opi() Uﬂ'llp)(ﬂ.

Epeig «atmmAotroifoape» wg

cond(f;x) := |hJ}((;B))|||| [E4
e

mpoooxn ornv mapaywyo (lakwpiavé unrpwo tng f oro x)

TAéyovTa wr oraduouévor

Page 16
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