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EMNNETHMONIKOY YITOAOTTEMOZX 1

AIAAEEH 18, 8/01/10

E. TAAAOIIOYAOZ
Tpnpa Mny. H/Y kat ITAnpogopikrg
IMav/yo IMatpov

[Mapatnpnoelg Oa egetdooupe 1 yivetat otav epappoooupe t RK-2 (Heun) yia va urnodoyi-
ooUlE aplOunTika T Avor) 10U rpoBAn1atog PoviEAou

u'(t) = au(t),u(0) = c.

Avukadiotoviag my tpn f(t, u) = au(t) éxoupe:

Kl = aUn
K2 = f(tn—l—ly Un + hKl) = (Z(Un + hCLUn)
= aU, + ha®U,

U1 = Up+ (K + Ky)

SN S

= U,+ §(aUn + aU, + ha*U,)
(ha)?

= (1 + ha + T)Un
[MPOXOXH: Emopévag @aivetatl 0t £XoUpe pia akpiBEoTepr) MPOOEYY10T TS AVAAUTIKNG AUong
(mou eivat u(t,,1) = e*"u(t,)) oe ovykpion pe v epmnpog Euler.
ZpdApa kat evotdaBeia Me Alyn mpocoyry cuvbualoviag ta Tapartdve @Aivetal 0Tl 10 OAIKO
opaApa Sa sivat

utasn) = Ul = 10+ ha+ P2 e — 0 +

(h)?

e
eropévag, av n u” etvat gpaypévn, to TZA stvat O(h?) xkat n pé6odog 9a sivat 2ng té&ng.

BAérnete emtiong 6t 0 ouviedeotrg petadoong etvat |1+ ha + Mﬂ Kat n evuotdbeia g pebodou

2
artattet ermAoyr) A €1010U Oote

h 2
1+ hat g) ) < 1.

[Mapdadetypa

d
Eu(t) = —u(t)/2, u(0) = 1.

Xpnowonoloupe v RK-2 (Heun) nou neptypdyape mo mpwv
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t wlt)=e?|N=5 N=10 N =20
0.2 0.9048 0.9050 0.9049 0.9048
0.6 0.7408 0.7412 0.7409 0.7408
1.0 0.6065 0.6071 0.6067 0.6066

Axpi6ele kar utofloytopéves tuég U; pe At = 1/N

H &iaxupavon tou anddutou opadpatog oe kabe onpeio:

t ut)=e?|N=5 N =10 N =20

0.2 0.9048 0.1626e — 03 0.0391e — 03 0.0960e — 04
0.6 0.7408 0.3994e — 03 0.0962¢ — 03 0.2359e — 04
1.0 0.6065 0.5451e — 03 0.1312e — 03 0.3219e — 04

: h . : , .
Kabog h «+ 3, 10 «0AKO opdApa Slakpirornoinong unotetparAactadetat

ermBeBaiwvoviag ot n ouykekpipévn RK eival 2ng tagng.

EniAuon pe kodikeg MATLAB To /' (t) = f(t,u), u(0) = 1 oto S idompa [0, 10] 6mou to f eivar
€va aro 1a MapaKATe :

fit,u) = 0,Av0n u(t) =1

fo(t,u) = t,Abon u(t) =1+1t*/2

f3(t,u) = t*, Avon u(t) =1+t*/3

fa(t,u) = 1/(1 —3t),A00on 1—In(1—3t)/3

fs(t,u) = —10%wu, Advon u(t) = exp(—10 *t)

fe(t,u) = Au,A=[-1,0;—1,-10],, Avon exp(A) *u(0)

oto fg 1 apXiky ouvOrkn eivat u(0) = [1; 1].

Enegnyroeig yia toug ermdutég g MATLAB

Xpnotpomnolouv nipoertideypeveg tipég (defaults) yia apketég mapapérpoug 10UG OOTE va PNV
emBapuvouV TOV XP1OoTr PE TIOAAEG ETIAOYEG.

AvapEépoupie PEPIKEG:

péyloto oxet. TEA (Rel Tol , mpoerud. le — 3.
péytoto anod. TEA AbsTol , mpoerud. le — 6

péyloto Bripa MaxSt ep, mpoerud. 1/10 tou TSPAN(end) — TSPAN(1), 8nA. tou 0AtkoU Xpovi-
KOoU S1aotnpatog 0AOKANp®OoNG.

Ot npoertideypéveg Tipég addddouv pe ) ouvdptnon odeset mou avabétel g tpég 1ou
9édoupe ot petaBAnty MATLAB OPTI ONS. I1.y.

OPTI ONS = odeset (' Rel Tol ', 1e-2,’ MaxStep’, 0.5)
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[ TOUT, YOUT] = ode23( @nyode, TSPAN, YO, OPTI ONS)

ode23, ode45 oug fi, fo, f3

ode23(@f1,[0,10],1), MaxStep=10 ode23(@f2,[0,10],1), MaxStep=10

2 60
15 ’
' 40
1¢ S
20t
0.5} | stats: (1,0,4, 10, 10) stats: (1,0,4, 10, 10)
0 : : : : od : : : :
0 2 4 6 8 10 0 2 4 6 8 10
ode23(@f3,[0,10],1), MaxStep=10 ode45(@f3,[0,10],1), MaxStep=10
400 : : : : 400 - - - -
stats: (19,6,76, 0.1563 1.3917) b so0l [stats: (1,07, 10, 10) b
200+
100t
0C;
0

ZxoAwa:

e Xta St at s kataypagoupe 1) mAnbog Bnpatev, 2) mAnbog anotuxnpévev Pnpateov, 3)
mAfi0og untodoyiopav tng f, 4) eAayioto Brjpa, 5) péyloto Brpa.

e AOy® tng tééng toug, n 0de23 Auvel akpBwg yia ta fi, f2 oe éva povo Brpa. H odeds
AUvel akp1Bog KAt yua v f3.

e Me ouvexr) ypappn onpeiwvoviatl ot akpiBeig Auoeig.
e XV napdaoctaot g 0de45 onpeidvovial kat ot evéidpeoeg tipég rmou urtoAoyidoviat arno

v evoopatopév RK

ode23, ode23s oug f4, f5, f6
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ode23(@f4,[0,10],1),MaxStep=10

15
stats: (72,78,451, 4eps,7.8*1e

10¢

5 o

o S — o .

0 0.1 0.2 0.3 0.4
ode23s(@f5,[0,10,1), MaxStep=10
1 . . . .

stats: (44,3,183, 0.025, 6.1246)
47 LU decomp., 141 lin. sys.solv.

O

O
N4

Fan
A4

ZxoAwa:

ode23(@f15,[0,10],1), MaxStep=10

0.5¢ | stats: (64,14,235, 0.03, 0.39)

0 2 4 6 8 10

e [a v 0de23s (éppeon Runge-Kutta) divoupe kat otoiyeia mou agopouv g ermAvoeig

YPAPHIK®V CUCTHAT®V.

e O ermAutAg yia v f; @Bavet pévo Atyo mipwv 1o ¢ = 1/3 émou n ouvaptnon sivat povadikr
KAl EMOTPEPEL PNVUpa OXeTKA pe ) SuokoAia rou avupetnrti¢et. To Brpa yivetat mapa
TTOAU P1KPO AOY® TOU Ot eKel 1 u dev etvat akpiBng.

e Ot f5 rat fg elvatl edappd duokapriteg Kat o Pripa avaykadetatl va yivel pikpod. 'Etot
anogevyetat nj aoctabela. O éppeoog ermdutrig 0de23s ypeiadetat modu Atydtepa Bripata.

[MpoBAeywn, extipnon opdaipatog — TPOCAPHOYT Brpatog

e IZnpavuko otoixelo oe makéta ernfduong ZAE eival n evoopdie®on pnyaviopou yia v

autoOP AT IIPOCAPHOYT] TOU Bratog.

e Eetaloupe 1o {npa ya npoBAnpata apXikov Tipov.

e Agetnpia eival n poBAsyn ng ocupmePIPoPAg ToU opdApatog drakpirornoinong (r.x. to

TZA).

e Baowkr) 16éa: a) EniAuoupe pe «duo tpomougy, B) ektipoupe 1o opadpa 61aKpltonoinong
ouvduadoviag ta aroteAéopata, y) pooappodoupe 1o Brpa.

Xpriowo Sepnuko anotédeopa: Av f(t, u) eivatl «apketd opadr) oe katdAAndo nedio opiopov»
kat U(t, h) oupBoAilet tn Avon nou unoAoyidetal ano v epappoyn povoBnuatikg pebodou
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tagng p pe Papa h oo v’ = f(t,u), u(ty) = ug, tote yia ka6e h,, = (t—1to)/n, n = 1,2, ..., 10x0et
10 AOUPITI®OTIKO AVATTTUYHA

U(t,h) = u(t) + hPe,(t) + - + hen(t) + AN Enya(t; h),

orou ex(tg) = 0 yia k = p,p+ 1,..., N. Ot ouvaptrioeig e, sivat ave§aptnteg tou h xat o 0pog
Eny1(t; h) eivar @paypévog yia xabe ¢ xat 6da ta h,.

Mia 16éa Av xprnowporoitjooupe eprpog Euler pe 8o Sagopeuka Brpata h,h/2, enedn
yvepiloupe 6t n pébodog etvar 1ng tagng, oxvetr oupBoAidovrag pe U, p, 1o U, umoloylopévo
pe Brjpa h,

Unpn = u(ty) + ah+ O(h?)

h .,
[/[11,}1,/2(f) = “(fn) + (},é + ()(}12)

OrToU 10 (v €§aptatatl anod v e§iowor), Ox1 amo to h.

h

UHJL_UHJJ,/Q = (\:’5

+ O(h?)

Apa 10 err = 2||Uy,, — Uy ol etvar évbeidn yia 1o opddna Sraxprronoinong kat propei va
kaBodnyrjoet v ermdoyr) tou h. .X. 9a priopovoaye va anattjooupe err < 4.

[6¢a ntapekBoAng: [Ipooédte emiong Ot

Un,h - 2Un,h/2 = _u(tn) + O<h2)
EMOPEVOG 1] TIPOOEYY10T)
0 = 2Un,h/2 - Un,h

éxel tadn axkpiBelag kata 1 peyadutepn g Euler.
[Mapdadeiypa Znv ZAE e§iowon mou 1dn ouvavirjoape (axkpiBrg Avon u(t) = exp(—t/2)u(0):

u'(t) = —u/2,u(0) =1

Xpnowpornoloupe eprnpdg Euler pe Brpata h = 1/10,1/20 kat ouvbudloupe ta anotedéopata
ota onpeia t = 0.1,0.2, ..., 1 pe tov o mg napekBoArg, U(t) := 2Up2(t) — Up(t).

10 oxnpa napouctddovial ta anoduvta opdipata yia a) eprnpog Euler, h = 0.1, B) epmpog
Euler, h = 0.05, y) mapekBoAny Richardson tov napanave. Enopéveag srmBeBaiovoviat ot

YepnTuikeég PoBALWELS yia TV ITAPEKBOAT.
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+ +  Richardson extrapolation
* . Euler h=1/10
O f. Eulerh=1/20
10_5 1 1 1 1 1 1 1 1

Mua dAAn 16¢a Epappodoupe §Uo pebodoug pe 1610 Pripa addd dradopetikn Tan KAt EKTIPOUNE
10 TZA amd ) Stagpopd twv urtodoyiopévav tpev. ILx. av U, ; eival n ryur and RK taéng p
kat V11 and RK taéng g > p to1e

U1 = (tpsr) + ah?™ + O(hPH?)
Vit (1) + O(RPT?)

orou u(t,, 1) eivat n akpBrg Avon g idrag ZAE addd oto [t,, t,11] pe apxikn ouvOnkn u(t,) =
U,. 'Oneg miptv, 1o o Sev e€aptatat anod o h. Enopéveg

Uni1 — Vprr = ah?™ + O(RPF?)
ka1 10 ||Upy1 — Vg1 || nmopet va exdnoBet og évéeign tou TZA.
ZxoAa

e O1 mapandve 16éeg paivetal va doudevouv, eival Opwg akpiBeg ylati poladetl ot Xpela-
{ovtatl Vv epappoyn 6o pebodwv yia éva anotédeopa. MdaAlota, av Xp1oHO0TIO)COUE
urtodimAaoclacpo PBripatog, PETEL va KAVOUHE Kat durmAdota Brjparta...
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e Kavévag xprjotng 6ev eviiapépetal yla eKTPINTEG oPAAPATog mouU oTo1Xi¢ouv moAu... u-
APYOUV £EUTTVA TPUK Y1d OIKOVOU1KY| UAoroinon !

e XNV MePirmaorn mnou Ip€Xoupe Stadpopetikeég pebodoug Stapopetikng tadng, va tg oxedid-
OOUE QOTE 1] Pid va «€rmavayxprolporoled» ta anoteAéopata g dAAng

e Evoopatopéveg pébodot Runge-Kutta (embedded RK methods)

Evoopatopéveg Runge-Kutta: Mia péfodog RK(2,3) Zinv mpddn, xpnouporotouviat pébodot
IOV ETUTPETIOUV TV eKTipnon tou TZA

Kl = f(tnaUn)

h h
Ky = fltat 5. Unt5E)
3h 3h
K; = f(tn—i‘Z,Un-i-sz)

tn—i—l == tn + h
h
Ky = f(tnt1, Unsa)

i
Vier = Uy, + 7—;(21[(1 + 18Ky + 24K3 + 9K4)

E,, = ;;(-5[(1 + 6Ky + 8K3 — 9Ky)
O opog E, 1 xpnotpormoteital yla exktipnon tou TZA Kat mpooappoyrn tou Brpatog eve dev
Xpetadetat va unodoyiocoupe tov V4 1.
[Mapatnpnoeig Ta nmapandave arnoteAdovv cuvduaocpo duo pebodwv RK, tagng 2 kat tagng 3, mou
EMMITPETTIOUV TV EKTIHINON TOU 0PAAPATOG.
Ogsidovtatl otoug Bogacki & Shampine kat sivat 1 Baon g 0de23 ot MATLAB.
ZuUvoyn oe mivakeg Butcher

0

1)1

3l 2

110 3
711
9 3 9
70111
24 4 3 8

[Tpooappoyn Prpatog (arod A. Iserles’96) 'Eote o1 i) extipnon yia to TZA eivat lerr.
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t—t+h ,
h «— 2h TR H

evaluate new U

|

t—t+H 1

Zuvoyn

e Emnavemniduon pe v i61a pébodo kat urmodimAdoto Prpa - rmapekBoAr)
e Enaverniduon pe ) pébodo Siadopetikng 1adng - evoopateopéveg Runge-Kutta
Mepevvnon guotdbelag

Ta va egetaocoupe Vv euotddeta twv apeowv RK s < 4 otadiov tg epappoloupe oto u' = Ah.
A TIOU ETUTPETIOVTIAL MOTE VA PNV Urapyet aotabdeia PBpiokoviat evidg

=l
.'//:?{r/-;i\\"[i s j
| [ =l -
1T = =@l me =32
_3|I |_'~|.' -1 /u:- = 4!

AN

=5

H s1x6va npoépyetat ano tn Scholarpedia® uné v eniBAeyn tou John Butcher. ITapatnpoupe

1 http://www.scholarpedia.org/article/Runge-Kutta,,ethods
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o1l 1) TEPloXY] auotabelag peyalmvel pe v tadn g pebddou.

ITapexBoAn) Richardson? Ti etvatr Tevikr) péBodog yia tn PeAtioon mpootyyiong. 'Eote 6t
9¢doupe va mipooeyyiooupe v ayveotn noootna W (0) kat ot tv mipooeyyidoupe pe kanoa
1€bodo mou xpnowporolel Karowo Prjpa, ot h. 'Eote® o1l priopovpe va ermAédoupe to Brjpa
onwg Y€Aoupe Katl OTL 10XUEL TO «AOUPITIOTIKO AVAITTUYHA»:

W(h) = W(0)+ pih? +--- + py h? + O(hP*+)

orou ta h, W (h),p; < -+ < ps eivat yvootd kat ps1 > ps. Ilpoooxn, to W(0) dev eivat yvooto,
aAAd n upn mou npooeyyioupe péow W(h)!
Tt {ntape Me ouvbuaopo tpev tou W(y,h) yia erdeypéva y; va urodoyiooupe

(W)(h) = W(0)+O(hF=+)

ornote £xoupe pia npooéyyilon tou W(0) pe opdadpa O(hP++1), 6nA. HIKPOTEPO TOU APXIKOU
O(h™).

[MPOZOXH: H 1n€6060g £€xe1 tapa moAAEG epappoyeg. Artotedel piia KAAOIKT) TEXVIKY ETTITAYUV-
ong, &éva 9€pa mou evilapEpel o TIEPLOXEG TIEPAV NG ertiAuong ZAE.

MeBoboloyia Av opicoupe s tpég v; € (0,1),5 = 1,...,s mou eivar anodextég (BnA. orou
unodoyigetat to W (y;h), ypapoupe

W(h) = W(0)+ puh + -pp, 7 + O(hP+)
W(yh) = W(0) + pr(mh)" + -pp,(71h?*) + O(hP=+1)

W) = W(0) 4 pi(3h)™ 4y (h)" + O(h)

enopévag anaiegigpoviag to W (0),

W)= Wh) = pih" (L= ") 4o+ gy (L= 1) + O(#)

W(h) = W(ysh) = prhP(1—AP) 4 -+ p, WP (1 — A7) + O(hP+1)

Etaipoviag toug 6poug O(hPs+1), o1 maparndve oXEoelg oUVHOOG EMMTPEOUV VA UMOAOYiocoUpE
ITPOOEYYI0E1G Y10 TOUG OUVIEAEDTES ), AG TOUG OVOUACOUHE D1, ..., Pp, (OKEPTEiTE TO OG YPAPPIKO
ouotpua) Kat pe BAch autoug va KataoKeEUAooupe KaAutepn npooéyyion tou W (0):

W(h) = W(h) = ph?* — - — pp h*
[Tpooéte: Tevika

W(h) = W(0)+O(h+)

‘Axaprtieg 1) Avokapurreeg (stiff) e§lomoeig
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ZAE v = —c(u —sint) + cost, u(0) =1
Axp181g Avon u(t) = e +sint

Av ¢ > 0, n Auon nepiEyet eva (ouvrBwg) mapodiko moAu ypriyopa petaBadopevo
H€Aog Kat éva apyd petaBadAopevo pEPog

[Mepropiopoi yia At

e TIEPLOPLONOG aKpiBelag
e OUVONKN evoTddelag

To mpoBAnpa Aéyetatl SUOKAPITIO OtV IEPLOXT] TG AUONG U AV UITAPXEL OUVIOTOOU
10U u pe peyddn Sakvpavon os oxéon pe 1o pnkog (b —a)~t, émou t € [a, b].

Amaurovviat éupsoeg pedodot 1 apeosg uedodot pe pueyao ywpio evotadeiag

c=1
1.4
12 /F\
1
08 N B
0.6
0.4
0.2
0.2
0 ob
0 0.5 1 1.5 2 0 0.5 1 1.5 2
c=100
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0




