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EMNETHMONIKOY YITOAOTTEMOZX 1

AIAAEEH 16, 18/12/09
E. TAAAOTIOYAOS

Tpnpa Mny. H/Y kat TTAnpogopikrg
IMav/yo IMatpov

[TpoBAfjpata oe 2 1 neplocodtepeg draotaocelg (Mepikn Stapopikn e§iomon)

L: —(Uyy + uyy) = f(z,y) (aroxadeitar e§iowon Laplace av f = 0, kat Poisson diapopetikd.)

B: u(z,y) yvootj oto ouvopo IS

Q: [0,1] % [0, 1]
B(u)=0
’ _ _ b .

Q— Q ={(z;,y)|lzi =ih,y; =jh;yi=0:m+1,j=0:n+1}
L — Lp: dakprronoinon pe Keviplopéveg dtapopeg 2ng tdéng
Ui—1j = 2Uij + Uit

Uiy — 2Us, + Uiy
Uyy(T5,Y5) = = h2j It O(h?)

Uic1j + Uij-1 —4Uij + U1 + Ui i
Uag (T3, Y5) + Uyy (T3, ;) R~ ’ ’ hzj - =

‘Aotpo 5 onpueiov:
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duokn apibpnon miéyparog oe 2 draotdoelg
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Alakpitég e§lo0oetg

—Ui1; = Uij1+4U;; — Uip1; — Ui ja
12

F;; 1=1:m,j=1:n
He T1S KatAdAANAEG CUVOPIAKES TIHEG
Uo,js Un+1,55 Uios Uin—1

Zuotpa m X n €§l000e®V yia 10aptfpoug ayvootoug:
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Tpdraywvio wg rpog toug oppaboug:

T -7 . Ul:m,l

1 -1 T -1 Ul:m,2
n ' -

—I T Ul:m,n

orou T' = trid,,,[—1,4, —1] ka1 [ = eye(m)

Mntpeio {Ovng
uropet va deixbei ZOE

!
A(k|k) = A(k|k) = L(k|0)U(0]k)
!

Tape & O(nm?) avti O((mn)?)

Yrnidpxouv tayutepeg pebodot yia 1o poBAnpa auto:
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Tayeig eAAEUNTIKOL EMAUTEG
Tape & O(n?logn) avm = n ... aképa kat O(n?)

EnavaAnnukrég pEOodor yia peydAa kat rmo duokoda npoBAnpata, It.x.
—a(,y )tz — b(2, y)tyy + c(z, y)u(z, y) = d(z,y)

TMHYII EINIIXTHMONIKOZXZ YITOAOTTEMOZ II !!!

Entiduon nipoBAnpatog apxikov tipev ZAE nipotng tagng (rmpoBAnpa Cauchy):

du , ,
= = (), e apxun T u(ty) = c.

orou t dewpeitat «xpovogr, u, f € R™ kat ¢ € R™ eivat karoa otabepd.
Evdiagpepopaote yia (0Aeg, PEPIKES 1) POVOV TIG TEAIKEG) TIHEG TOU U Yld TO XPOVIKO Stdotnpa
[to, T'.

e Av 1 f eiaptatal povov amod to t Kat Oxt and 1 u Tote 1o MPOBANua polael pe tov
UIOAOY10110 ToU 0AOKANpopatog g f: u(t) = ¢+ ft'; f(r)dr.

e 16VO 1OU OtV (UTOAOY10TIKY)) 0AOKANpwOT) evBladepdpaocte yia ) pia tpr) u(t) evod oty
eriduon g ZAE evliagépet ) mpoogyylon piag ouvaptnong (tng u):

{ ... péow pov g oo [ty, t]: [u(ty), u(t), ..., u(t,)]: KopBikr cuvaptnon

{ ... propet 6peG va pag evéiapépst povov to u(t).
e XuvOnkn Lipschitz:
|f(t,u) — f(t,0)|| < Au—v], Yu,v € R" t > tg
orou 1 «otaBepa Lipschitz» A > 0 eival ave§apmn tov u, v.

e Oswpnua vrapdng: Av 1oxuel n ouvOnkn Lipschitz n AE €xet povadikr) Avorn).

[Mapawpnoeig yua i ZAE Kdate amno opilopéveg mpoudnobeoeig (.. av toxuel ) ouvOnkn Lip-

schitz), to pdBAnua % = f(t,u),u(ty) = c kaBopiel pia owoyévela anod Avoetg u(t):

e v Ta mv ‘jl—? = f(t), u(ty) = ¢ KabBe Avor propel va urodoyiotei pe apOpnukn

0AOKANp®ON :
t
u(t) =c +/ f(r)dr.
to

e VOt AUoeig dapépouv povov Katd 1 otabepd ¢ mou €xel KaBoplotel anod TG apyikeg
TIEG.
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v KaBe pédog g owkoyeévelag £xet v i81a kAion f(1).

v KdBe pédog g o1koyévelag tov AUoEV NG ‘fl—? = f(t,u), pe apxwkn upn u(ty) = c.
propet va urodoyiotet pe pebodoug yia v apOpnuky midvon mpoBAnpdiov apXikov
TIHOV.

v KdBe pédog g owkoyévelag éxet drapopetikr) xkhion f(t, u).

21 1n nepimoon priopoupe va Bpoupe 1ig Tipég g u(t) pe érowa oe1pd, t.X. u(7,), u(73), u(71).
21 21, ouvnBwg, v PIMOPOUPE va UTIOAOYICOUHE TNV TN NG ‘fl—zt‘ = f(t,u) oto T péxpt
va yvopiloupe kat myv wpr) mg u(7).

[Mapddetypa H Avon g ZAE

d

d—? =e ' u(0)=c
etvat

u(t) =u(0) +1—e’
KAl g

d

d—? = —u, u(0) =c
elvat

I'a kabe duvartr) tpn tou u(0) untapxet pia Avor). Iapakdte napouoialoviat ot akpBeig Auoetg
yla kKaOe pia amno tig rponyoupeveg e§1000ETS.

[Tpooé€te ot yia edopévo t, o1 akpiBeig Avoeig g 1ng e§iowong éxouv v i61a kAion. Avtibetq,
autd Sev oxvel yla ) devtepn eSiowon).

Mepikd péAn g owoyévelag O0Awv tov Aucewv g lng ZAE pe Sagopetikn Siakpirotnta
u(t) = u(0) + 1 — e~* gatvovrat oto napakdte diaypappa.

[Mapatnpnoelg To naparave npoBAnpa sivar ZAE mpodng 1ding apKetd YeVIKO ylati TTOAAEG
ZAE pmopouv va PETacynpatiotouv Kat va AaBouv kat va Aubouv oe autn Tt popen :
IMapadewypa 1.

o
dt3
u(0) = 71,4/ (0) = 72, u"(0) = 7.

= f(t’ u? ul? u”)

Tote 9¢touue

= u, 2 = u, N3 =1u
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Family of solutions for u'(t) = exp(-t), given u(0) Family of solutions for u'(t) = -u(t), given u(0)
T T T

3 T T T T

curve for u(0)=3

u()
u(t)

curve for u(0)=-3

General solution u(t) = exp(-t)*u(0)

General solution u(t) = u(0)+1-exp(-t)

-1 1 1 1 1 1 3 | | | | |

0 05 1 15 2 25 3 0 0.5 1 15 2 2.5

omote mpokuUTtel to ovotnua ZAE :

=1, m(0) =m
Ty = 13, n2(0) = 7o
Ny = f(t,m,m2,m3), 13(0) =3

Av yia mtapabewyua n f eivar ypaupkn ovvaptnon, m.x.
ftu,u' vy = —2u — 3u’ — 4u”

UTOPOUUE VA YOAWOUUE :

dn
T _ A
ar
omou
0 1 0 m
A = 0 0 1 ,77 = 772
-2 -3 —4 M3

Kat va vnojloyioouue t Avon ueow tou tapanave ovotnuarog ZAE.

Katnyopieg pebodwv yia npoBArjpata apXikov THOV

MovoBnpatirég pEBodot: IIpooeyyiloupe TNV TN Yid TV EMOPEVI] XPOVIKY OTIYHI] XPNOotl-

porowwvtag v T tng twpvng Tpng: .. pébodot Euler, Runge-Kutta.

IToAuBnpatirég pEBodot [Ipooeyyidoupe v TIUn YA TNV EMOPEVI XPOVIKY|] OV XPNO1}10-
TO1WVTIAG TIG TIHEG ATIO 2 1) TIEPLO0OTEPES TTPONYOUEVES XPOVIKEG OTIYHEG: TT.X. HEB0d0g

Adams-Bashford-Moulton.
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Family of solutions for u'(f) = exp(-t), given u(0) Family of solutions for u'(t) = exp(~t), given u(0)
-0.55 T T T T T T T T
-06[ -095F
-0.65r u(0)=1 ] u(0)=1
-0.96
07k
u® g5k ]
=097
—08F
-0.98
-0.851
-09r 1
u(0)=-1 099 u(0)=-1
-0.951-
General solution u(t) = u(0)+1-exp(-t) General solution u(t) = u(0)+1-exp(-t)
-1 Il Il Il Il Il Il Il Il Il -1 L L L
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05 0 0.01 0.02 0.03

t t

®¢pata:
Erdoyn pebodou.

Extipnon opdaApatog.

Emoyn napapérpov ing pebodou: 1.x. mpooappoyr) peyeboug Bripatog.

Apxikortoinorn pebdédou.

Ap1Ounukn eniduon 'Eote

du

= = ftw),  ne apxun T ufto) = c.

0.06

Zntoupevo: Na propoupe va mpooeyyicoupe v Avon u(t) pe arnodektd opddpa Xpnotpo-
nowvtag KataAAnio Brijpa. Mia pébodog: 'Eote 6t unapxouv ot v’ kat u” xkat 6t eival ouvexeig

oto dwaompa [tg, T']. Téte and Taylor:
: AL,
u(t + At) = u(t) + Atu'(t) + —u (t + 0AY)

yia xarow 0 € (0,1).
MeBobog Euler

d u(t + At) — u(t)
—u(t) = O(At
7 u(t) A7 + O(At)
KAl KATAA)yOUHE OTIG IIPOOEYYioelg
Uks1 — Uy

At

= f(tUs), e apxush wan Uy = c.
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ETIOPEVRG
Uppr = Up + Atf(ty,Ux),  pe apxwr upn Up = c.
[Ipooeyyioeig:
Uo = C
Uy = U+ Aty f(ty,Up)
Uy = U+ Atzf(th Ul)
U = U1+ AL f(ti1,Up1))
s=0
repeat

urtodoyilopog tou Fy, = f(tx, Ug)
ermdoyn Bripatog Aty
tk+1 = tk + Atk
U}H_l = Uy + Athk
s=s+1
until ({511 > fmax)

e Y& kA0t Pripa, unodoyidetat n tpn tou U oto véo KOPBo ty1 XPNOTHOTIOIOVIAS TV TIHL)
otov KOpBo ty.

o Aly, = lj11 — t; NrKog Prpatog

npog ta eunpog Euler

e EITPEmEL TV ermdoyr) dapopetikou At kaOe @opda.

H epmpog Euler eivat evxpnotn aildd ... [TPOZOXH yuati eivat kat eubpavortn !

E@appoyn g Euler Av v epappdcoupe otig duo e§lomoeig rou eidape otnv apxr:
1) u'(t)=e" 2) u'(t) = —u(t).

Ag doupe 1 yivetat oy 1n ediowon:
Zto npoto Pripa, urnodoyidoupe
U = Uy + Ao f(0) = Uy + Agexp(—0)
EMOPEV®G, 1) Auor) oto t; = ty + Ay elvat oto onpeio U; yia 1o oroio oxvel ot
U, - U,
2 20— f(0
=10

eropévag, aro 1 (0, Uy), xapdloupe pa ypappny pe kAion f(0), 9étoupe Uy = Uy + Ao f(0),
kat 9étoupe oav onpeio g Avong pag to (i1, Uy).
[Tpocoxr:
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e To onpueio auto dev Bpiokeral méov kat avaykn oty «apoxia u(t) = ug+ 1 — e~ ' mg
swpnuikng Avong tou u'(t) = e~ * u(0) = wy,

e ... OpG Ya Ppioketal otnv IPOX1A KATIOAG AAANG KAPMUANG aro 11§ Auoelg g idiag ZAE
TIOU AVTIOTO1XEl OP®G 0 HLAPOPETIKEG APXIKEG OUVOIKEG.

e Emopévag, os kabe Pripa, propet va adddadoupe tpoxid. Xnpaviiko, oe KABe onpeio,
01 ArooTdoelg TV onpeinv mou urodoyidoviat anod ekeiva g dewpnuikng Avong va pn
yivovtat peydAeg,

e ... K4t nou eaptatat aro

1. v evotdBela ng ZAE, kabwg kat arnod
2. v euotdabela g apOpnukng pebodou.

3. T'a va éxoupe v eAniba va umoldoyidetal KaAr mpoogyylon ot Avorn eival ana-
paitnto va urnobeooupe Ot 10 padnpatko npoBAnpa €xetl «kadrn kataotaory, SnA.
otl pikpeg addayég ota Sedopéva dev odnyouv oe peydleg addayég otn Avorn. Av
oupBaivel autd Aépe 6Tt 1o IPdBANUa sival Kaxkd torodetnpévo! xkat 611 n Avon ivat
aotabrng.

AxpiBela katl euotdbela

e Av ermdédoupe pia péBodo eriduong (.. epmnpog Euler), n nmapdperpog mou €xXoupe
81aBéoun yia va edéyoupe 10 opdApa Kat v euotddeila eival to peyebog tou Pripartog

At.

Turukr katdotaon:

O xprotng 6&ivel oto mMPoOypappa éva PEYoto oPpAApd € yld Ty ardvinor)

To npoypappa erudéyel 1 ipooappolet 1o At (ote 10 Péyloto oPAlpa otV UTIOAOYIOHEVT
Avon va etvat gpaypévo ano e

Xpetddetatl Tpomog yla va eKtpdtat 11 akpiBela towv UIToAoy1opov

ZuyrAlon pebodav yia ZAE apyxikng tpng Mia apiBuntikr pébodog ouykAivel av yia kabe ZAE
oav v napanave, pe ouvdaptnorn Lipschitz f kat kd6e T > 0 woyvel ot

li t;)—=U;(h)||=0
B0 =0, Lo TR futts) = 5]

Avayrawotnra: Av pia pébodog dev ouykAivet tote dev elvat arodexry ...

Lill-posed avti yia acaAd toroBetnpévor (well-posed).
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EVE aKOPa KAl va oUuykAivel Sev ouvendyetatl arnodektd arnotedéopata !

e TIPETIEL VA OUYKAIVEL «apKeETA yprjyopar

e TPEIEL TO OPAApA va eival arodeKTo yia 1o - mou Xpnotponolovpe

TuykAton eprpog Euler Mepimoon v € R kat otaBepou At = h.
To mAéypa oto diaotnpa [0, 7] eivat

Qp = [0, At, 2A¢, ..., sAL, (s + 1)At], T = (s + 1) At
[Tpooeyytloupe pe v «kopBikr) ouvaptnor (dravuopa)
U= [Uo, Ul, ceey Uk+1]
Zopdipa
OUYKA101
)
limy,_o max; ||e;(h)]| =0

YrnoBétoupe ou n f(t, u) eivar S ragpopiowun kat ouvexng, omdte kat ot u(t), u'(t),u”(t) eivar
OUVEXEILG.

ultin) = Ujer = ulty) + h'(t) + b2 (t; + 0;h) — U; — hf(t;,U;), . 0; € (0,1)
= [u(ty) = Uj] + hf(tj,ulty)) — hf(t;,U;) + h*u"(t; + 0;h)
ei1 = e+ hlf(t;,ulty)) — f(t;, U;)] + h*u"(t; + 0;h)

lejeall < llesll + RAllesll + O(h%) = (1 + Ah)|le; ]| + ph?

av n u” eivat ouvexrg oto [t;,t41].
Me enaywyn prnopet va deixOet n aviootnta

el < ShlL+any -1, j=0,1,..

Eniong 1 + A\ < " onote

lejl < She™ -1, j=0.1,..
TA
—1
< Ppletrmr _q) = Priet™s 1) < pp
A A
h—0

le;ll — 0, av Kat 1o gpaypa 8ev etval mpaxktiko
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Awadoon opadpartog Siakprronoinong os aplOpunukr peéBodo Aa ypnotponoooupe v Euler
®g TIapddeypa:

At?

u(tk+1) = u(tk) + Atku'(tk) + Tku"(fk), ortou t; < tAk < Tkt
ETTOPEVRG
Ati /an
ultin) = Uk = (ulte) = Up) + Ate(f (8, ulte)) — fte, Ur)) + —7u(8)
Katl aro 10 dempnpa mg evolapeong Tung
0
Flteoulte)) — F(t,U) = S (u(t) — U)
ETTOPEVOG
d A2 .
u(tkH) — Uk+1 = (u(tk) — Uk) + Atka—z(’u(tk) — Uk) + Tku (tk),
9, AN

ortou t; < fk < Tkt1-

AvdAuon opddpatog ‘Eotw ot h = Aty

Tormiko odpalipa drarprronoinong g pebodou oto ti.1: To opdApa av ioxue ot n Avon
otov K6pbo t; frav arpBrg, dnA. Uy = u(ts).

e H 1ébodog eivat ouvenng av to TEA — () ka@wg h — (.

Av 10 0TS OPaAua Siarxprronoinong eivar tafne O(hP) Adue 6t n uédodog emifuong
slvar taéng p.

OAkG6 opdApa drakprronoinong tng pebodou oto txy1: H dagopd u(trs1) — Ugr1 petadu
Yewpnuikng Avong Kat UrtoAoytopévng Auong.

O xpnowng bivel éva ave gpayua/Kato@il yia 1o oo anodekto opaiua
e H pébodog ouyrAiver av to OZA — () ra®og h — 0.
Z¢paApa petadoong o 6pog (I + Atk%)(u(tk) — Uy).
Av 10 opaua pstadboong peysdvvetal os kade Bnpa 9a Exovue apduntikn aotadeia
Zuvteleotng peyéOuvong: pEtpo yua tov 6po [ + Atk%.
O ouvvtefeotng pueyéduvong kadopilel v svotadeia g apduntikng uedodou enijluong

Znpavikn dotnta:

’ ZYNEIIEIA + EY2ZTAGEIA = ZYTKAIXH




