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EMNETHMONIKOY YITOAOTTEMOZX 1

AIAAEEH 16, 18/12/09

E. TAAAOIIOYAOZ
Tpnpa Mny. H/Y kat TTAnpogopikrg
IMav/yo IMatpov
®¢pata
e [Tog puidyvoupe 10 MAEypa rou 61aKP1Tonolel 10 Xmpio oplopou;
e Ilog mpooeyyidoupe 11§ mapaymyous;
e I1OG AUvoulie TIG TIPOKUITTOUOES EE1000ELS ;

e 1600 Kovtd ivat n AUoT TV £§1000E®V AT TNV MPAYHATIKTY AUon ;

[MPOXOXH Xt1g pebodoug nenepacpévav H1adopwv:

e H eSaptunpévn petaBAntr), diakprroroteital kat rpooeyyidetat 1o 1avuopa tov TV g
OToUg KOPBoUG Tou ermAeypévou mAgypatog. To péyeBog tou diavuopartog ivatl mepirou
100 pe tov apldpo v e§apmpévev petaBAntov el 10 MAR00g twv KOpBrv, dpa Kat arto
) Aertétnta tou mAéypatog! Ot Tipég tou Slavuopatog uroloyidovial amnéd 1o 81akpitd
ouotnpa pe 1o oroio avukadbiotatat n Sradopikn e€iowon.

e AMO 11 S1akp1) Popdr] IOV MAPAYAYRDV KAl OAOKANP®UAT®OV (av Supdote amo v apib-
UNTIKY OAOKANP®OOT], TT.X. Kavovag Simpson) Propoupe va CURITEPAVOUHE OTL, OUVHO®G:

1. Ot €€1000€1g TTOU TIPOEPYXOVTIAL ATTO TNV ePappoyr] g pebodou nenepacpévav dia-
POPKOV 0t H1aPoP1KEG £6100WOEIS £lval apald cuotpatd.

2. O1 €§1000€1g TIOU TIPOEPYXOVIAL ATIO H1AKPITOTOINOoT] OAOKANP®WUATIKAOV £§1000EDV
ouvrnO®G AVIIOTO1XOUV O€ TTUKVA CUCTatd.

o (Aju)k = upp1 — ug,

o (A_u)k = up — up_1,

o (Agu), = Upp — Up_1s
o (Su)p = Upy1,

L'E86 9a 9swpnPei otatiko, addd n npdxAnon eival va anopacietal Suvapikd Kat va UNdpyel aUToIpoodpiioyT)
@OoTE va ermteuyOel AUOT Pe 1KAVOIo KA JiKpo opdApa.
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Aegtl7 Tlemepaopéveg dapopég Kivnipo: Oplopodg mapaywywv. Baowko spyaldeio: Zepég
Taylor

/ . .
wiz) = lim h
v oy u(@) —u(@—h)
wiz) = lim h

aAla kat

1
/ N
“@)_2}&%

u(z +h) —u(z) N u(z) —u(z — h)
h h
[Memtepaopéveg d1apopeg: 2 dok1PEG PaOIoPEveG OTOUG TTAPATIAV® TPOTIOUG VA OPloOUPE TNV
apay®yo

u(x + h) —u(zx)

1)Dpu(x) =

h
2)D2u(z) = u(z + h) 2hu(m h)
@) @@ Due)  Dfula)
C 0 0 0
2 2x 2x+h 2%
sinr  cosx w cos izt

[Mapawmpnoeig:

e O te)eotng nenepacpévng dagopdg Dy urnodoyilel owotd v nMapdymyo otav n ouvap-
orn eivatl otabepr] 1) YPAPUIKY.

e 'Otav n ouvdptnon eivat oAuovupo 2o0u Babpou, o Dy mpooeyyidel v mapdywyo pe
opdApa nou ouprnepidpépetat orwg to O(h).

e ErumAéov, o tedeotng nenepaopévng dadpopdg D,% UTI0AOY1iel O®OTA TV ApAy®yo otav
N ouvdptnon €ivatl moAvwvupo Babuou O, 1, 1 2.

e H napdymyog tng nuitévou mpooeyyidetat a) pe opdipa O(h) pe 1o Dy, kat opdaipa O(h?)
pe 1o D2

eppop To opdApa av XpnolpoIiolr)CoUE TOUG TAPATIAVE TEAEOTESG Yia TAPAy®yo 1ng tagng

u(z) = c= |u'(z) = Dyu(x)| = [v/(z) — Diu(z)[ =0
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u(z) =z = [v/(x) — Dyu(x)| = [u'(x) — Dju(z)| =0

uw(x) = 2% = |[u/(z) — Dyu(x)| = h, |u/(z) — Diu(x)| =0

u(z) =sinx = Dju(x) — cosx onodte ...

... péow Taylor
sin(z + h) = sinx + hcosx — sinzh?/2 + O(h?)
OIote
(sin(x + h) —sinz)/h = cosx + O(h)
EVR

(sin(z + h) — sin(x — h)) — eosa sin h

2h h

Kat rpoo€dte ot (dAt péow oelpag Taylor - e18ikdtepa v ekdoxr) Maclaurin)

inh h?
R 14+ cos 6, ormou § € [0,h]
h 6
ETTOPEVRG
: B — sin(r — 2
cos T — (sin(z + )2h81n(x h))| = |cosx% cos 0|

dapa 1 mPooEyylon ivat 2ng tagng.
Aegtl8
[Memtepaopéveg drapopég

[pooeyyioape t) ouvaptnon u(z) ano ug tpég g oe £va Slakpttd uroouvolo €,
T0U Ypiou oplopou () = AstypatoAnyia!!!

[Tpooeyyioape v MApay®yo aro YPapHRiKo ouvduaopo (61apopig) Tov TIpeV g U
oto (2,

[Ipooeyyiloupe 10 OAOKATPOUA PE YPAPRHUIKO ouvduaopo (aBpolopa) Tov TipeV g

u oto ),

AvdaAvuorn): pe oepég Taylor
Av n u 61a6¢te1 Touddayiotov 4 apaymyoug:

h? h3 ht
u(x; £ h) = u(z;) £ huV(z;) + ?u(z) (z;) £ Eu(?’) (x;) + ﬂu(‘l)(mj +07h)
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érouv —1 <0, <0< 9;7 < 1. Enopéveg
4

w(x; —h) +ulz; +h) —2u(z;) = h*u?(x;)+ 2

(u(x; + 07 h) +u™ (2, + 05 h))

STV 5
w(zj+h) —u(z; —h) = 2hu'V(z;) + ry (u(?’)(xj +nh) + u® (x; + n; h))

c’)r[ou—1<7];<0<7]j+<1.
Oswpnpa evdrapeong TIPNG:
Av [ ovveyrig oto [a,b] kat f(a) < A < f(b) 10te undpyerx € (a,b) wote f(x) = .

f(a)+/(b)
2

Mrnopoupe va AdBoupe A := kat va epappocoupe 1o evpnua otg u' (z) kat u® (z),

ortote

u™ (z; + 07 h) +u™ (z; + 60 h)
2

= uW(x; 4+ 0,h),0;| < max{0;,0; } <1,

u® (25 + nfh) +u® (z; + ;5 h)
2

= uP(w; +nh), ] < max{f 0y} <1,

Ta naparndave deixvouv ot

u(z; + h) —u(z; —h) o W

o — (/j + Eu(B’) (Jjj + 77]'}7,), |’rb‘ < maX{n;F’ n;} < 17
u(z; — h) +u(z; + h) — 2u(z;) o h? _
j hg A u§ ) 4 ﬁu(‘*)(l‘j +0;h),10;] < max{ejﬂej }<1.

[Tpoooxny: I'vooto Sewpnua tng Avaduong Agel 6t av pia ouvaptnon f eivat ouvexfig oe éva
KA£10T6 oUvoAo 1to0te Ya elval Kat @paypevn eKel.

Eropévag: Av uroBéooupe ot ot ul® u® eival ouvexeis oto Sidotpa opiopov [a,b], ta
unerowa h?u® (z; + n;h) xat h2u® (z; + 0;h) 9a tetvouv oto 0 émeg kat to 2.

Enopéveg

u(z; +h) —u(z; —h)
2h
u(x; —h) +u(x; + h) — 2u(x;)
12

= u + 0

= u§-2) + O(h?)

e vV 10 0pdApa petovetat oav to O(h?)

e Vv Ol TUTTOL €ival «CUPPETPIKOD OG TIPOg ) déon &
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Ot mapandve oX€0e1g artoteAouUV IIPOoeYYioelg

2ng taéng g 1ng Kat g 2ag mapay®you aviiotolXa HE KEVIPIOPEVES TTETIEPACIEVES
dragopég

Yrodoylouka daypappata
«@uokr) apibpnorn» KopBmv aro aplotepd rpog ta Hedid.

Q X

Xo

Q,
Txvn/Aotpa

ZXNPATIKI [apouoiaon tov KOPBmv mou rap€yXouv MANPo(opies yia v IPooEyy1lon oV Ia-
PAYWY®V O €va Onpeio ToU MAEYHATOG

O 0000 0 00

i1 j it
>

Erntiduon ZAE pe nenepaopéveg d1agopés 'Eotw 6t 1 ayveotn petaBin) u(x) éxet edio opt-
opou o 2 = [X, Xy] kat out kavorotet ) AE

d*u du
U 0) 4 b() T (@) + elau(a) = d)
Tpagpoupe
L(u,b,e,d,z) =0

To npoBAnpua etvat va vrnodoyicoupe o u(z) oto X, <z < Xyp.
Op1lakég ouvOrkeg IMa povadikn Avorn mpénel va oploBel 1 oUPTIEPIPOPA TOU U OTA «AKPA TOU
X®plour. Avadepopaote o «CUVOPIAKEG TIHESH 1] «OUVOPLAKEG GUVOT|KESY.

ZAE 21g 148ng — 11poBAnpia cuvoplak®y TV

Zxeukd pe 1g ouvoplakeg ouvOnkeg Kabe ouvoprlakr ouvOnkn,

e UITOpEl va avadépetal otnyv Tiun mg ouvaptnong (Dirichlet),
e 1] OTNV TN TAPAY®YOU g ouvdptnong (Neumann),

e 1] pelypa tewv napandave (Robin),
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e ... O£ OAOKANPO 1 O€ TNIA TOU OUVOPOU TOU X®P10oU,
e 1) ITEPLOBIKEG.
e Kwdwkoroovpe wg B(u, z) = 0.
e IIpoooxr): O1 ouvoplakEg ouvOrKeg ermdpouv otnv Urapén Kat povadikotnta g Auvong
mg AE.
[Mapddetypa m.X. yla 1o nmapanave rnpoBAnpa Sa propovoape va €Xoupe
o u(Xp) = g1, u(Xv) = g2 —
o Slx =91 Elxe = g1kt
e u(ry) + 72%|XL = g1, 01u(zy) + 522_:|XU = 92,

o u(Xy) =u(Xy) =g.

'Eva @sopnpa Yriapéng M'vepidoupe ot:
Oswpnpa 1. 'Eotew 10 Tapandve yoauutko mpo6Anua ouvoplakov O 2 onueiov

d*u du
——— () + b(x)—(2) + c(z)u(x) = d(x).
T )+ ba) T ) el = d(a)
Av ot ovvaptroeig b(x), c(x),d(x) eivar ovvexeic kar c(x) > 0 oto bwaotnua opiouov (X, Xy]
101€ 10 MPO6Anua gxet pia povaducn Avon. [
Erntiong propet va deixtet 6t av b(z) = 0, n u(z) €xel ouvexny 4n napdyeyo oto drdotpa Kat
yivel 1] 61aKp1Toroinorn pe Keviplopéveg 61adopEg, TOTE T0 CUVOAIKO opAaApa oty eriduon ivat

1
foax Ju(z;) — Uyl < %h2(XU — X1)* M,

orou M, eival gpaypa ya v 41 mapayweyo.
TXETIKA PE 10 opAApa

e IIpoogdte o1l 10 mapandve EPAyHA avadEpetdl 0to OPAAPa IPOCEYYIoNS TV TIHOV NG
u(x) ano 1o 8idvuopa U ota onpeia tou méypartog.

e AnAadr): Aev €xel OUVUITIOAOY10TEL TO OPAAPA OTPOYYUAEUONG KATA T AUOT TOU oUoTHa-
tog yua to U

e Me a.x.u. 1o ovotnpa AU = F smotpépet U rou TIEPLEXEL TO EUTTPOG OPpdApa!

e I'a pa mAfpn avdduon Sdrmpere va eEetA0OUNE TIG TIHEG OTA APLOTEPA TNG AVIOOTNTAG
MAPAKATRD

lu(z;) — Us| < |ulz;) — Uyl + ||U; = U;|
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O log 6pog 6e&1a eivatl 1o opaApa and v rpoogyyion ou u pe U,

0 20G 6pog eivat 1o (eprpog) opdApa and v eriAuot ToU CUCTPATOG

e 10 10 10 PPACCOUNE ATIO TO TAPATIAV® ATIOTEAEC|Id, TO0 20 Ao T Yewpia Mmou £Xoupe
avarttuéetl ota Red. 4, 5

e Ot ermdoyég pag otnv ermiduon (.. 1éco peyddo n 6nd. pikpd h) mpémet va AdBouv
unoyn 1 oxéon petail autdv TV oPAApdtov (Kabdg PiKpaivel 10 MPAOTO UITOPEl va
peyaldovet to deutepo...)

Brjpata

Siaxkprronoinon xwpiou ) —
Siaxkprronoinon tedsotav/eicwong L — L,
Slarpirronoinon oplarwv cuvOnkwv B — B,

Eupeon Swarprg Avong u — U

Maxptronoinon xepiou dIAéypar 2, ano n + 2 woanéyovieg «wopBoug» oto [ X, Xyl

Qh = {$]|[L'] :XL +]h,] = O,...,TL"— 1}

u—Xr

orou h = Xn+1 . 29 = X, 2,11 = Xy radouvial akpaia 1} ouvoplakd onpeia.

Avuortoia u(x;) < U;

[Mapawmnpnoeig H dakpironoinon tou xwpiou pe ouvvolo katdAAnda torobetnpévov Kopbmv
elvat éva onpaviiko kat Suoxkodo S€ua.

e (OOTE va eival 1kavr) va epappocHel o TIOAUTIAOKA AVIIKEIPEVA.

e OTE VA avarapaotel pe AETTIOPEPEIA TIEPIOXESG OTIS OIMOIeg 1] AUOH avapEéveral va pPnv
etvat opadr), .. neployég pe dlaitepa onpeia, yovieg, KA.

e OTE va yiveral ypryopa Kat gBnvd oe riepBaAAov @1Akng dienadrg

210 mapedBov yvotav oto ¥EPl Kat ntav 1moAu xpovoBopa. Ia mapddeiypa, 1 KATAOKEUr)
MAEYHATOG Yid TNV avanapdotacn g Pong yUp® aro €va dgpooKAdog Artaltouoe mepi t1oug 6
HNVEG, VR ONEPA O XPOVoG £xel Pe1wbel otig 2-3 eB6opnadeg.

Ta mAéypata 1mou Xpnotpornolouyv 01 KATAOKEUAOTES AVIIKEIPNEVEV KAOe e1doug (amo agportddva
HEXPL pikpoepyaleia) Sewpouviatl anoppnia.

Alakpttorioinon AE
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®a propouoape va XPnotHOIIOI|00UHE TG KEVIPIOPEVEG TTIPOOEYYIOEIS

Uj+1 — Uj—1 (1)

2h =
Uj1 + Ui —2u; ()
B2 ~oUy

H noidtnta kabe npoogyyiong e§aptdtat aro
1. To péyebog tou h
2. 10 péyebog tov napayoyev 1), u? yupe ano to xj.
Av ayvorjooupie toug 6poug O(h?) g kdOe e§icnong AapBavoule TG N OXE0EIS

Ui — U 2U. U.1—-U._
j—1 h23+1+ J J+12h Il U =djj=1,...n

yla toug ayvwotoug Uj.
Eivat n oxéoeig ou ouvdéouv g tipég tng U otoug kopBoug tou mAEYHaAtog.

b

e Av £xoupe 2 ouvoplakég ouvOnkeg Dirichlet, 1ig a§loroloupe ota onpeia =y, T,:

Up=u(x0),  Unt1=u(Tnt1)
OTIOTE
—Uy — Uy +2U Uy, — U
0 h; 1+b1 22h 0+01U1 = d1
—Un—-1 " U’n, 2Un Un - UTL—
1 h2+1+ +b, +12h Lo U = d,
'OAeg padi ot e€lo0oetg yia ouvlrjkeg Dirichlet:
—U2 + 2U1 U2 Ug U
T+b1%+01U1 = dl_‘_ﬁ_‘_blﬁ
U1 — U, 2U; U1 —U;_
j—1 h23+1+ I yb, ]+12h j—1 VU, = dyj=2...n—1
—Un—-1 + 2Un _Unfl o Un+1 Un+1
% + by, o7 +cU, = d,+ 02 by o
OTI0TE
2 1 bl Uo Ug
(01 4+ E)Ul + (_ﬁ + %)UQ = dy+ ﬁ + blﬁ
1 b; 2 1 b, ‘
—(a + ﬁ)Ujfl e+ Ui+ (=5 + ﬁ)UjH = djj=2,...,n—-1

1 b
h?  2h

E)U - d +Un+1 _b Un+1

U,y + (cn :
Wi+ (en + 75 12 o
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Ot napandve n e§lomoelg anotedovv ovotua og rpog [Uy, - -+, U,]:
AU = F
To A eivat 1o tpidiaymvio pe ototxeia v;, oy, B oug 9éoeg j — 1, 7,7 + 1 g j ypappng,
OnA.
A = tridn[y;, 05, 3]
OIT0U
05 = (54 6) % = (o — ), 6y = (o + 2)

‘Orou éxoupe ouvOrikeg Neumann, r.y. prnopet va pnv yvepidoupe tpty ou u(zg) adda
Hovov ot u, (o) = g. Ti KAvoupe TOTE;

1) @e@pPOUPE OTL ETUTPETIETAL VA YPAWOUHE Pla akOpa e§lomor oto Xg:

U, — U, + 20, U, —U_,
h2 +bo oh

+00U0 = do

orov U_y =~ u(x_q) := u(xg — h).
2) AlaKpP1TOTIO0UIE T OUVOP1aKT) ouvOrkn Neumann:

Uy —-U_
2h

=

U_1 = U1*2hg

3) Zuvdudoupe ta nmapandve yla va aradeiyoupe tov 6po U_; amnd myv e§iowon

—(Uy — 2hg) — Uy + 20U, Uy — (Uy — 2hg)

b Uy = d

12 + 0o 5 + colo 0

'‘OAeg o1 e§lowoelg yia ouvOnkn Neumann oto €va akpo (.. otov kopbo urt apidp. 0)
kat Dirichlet otov k6p6o vt apiOp. n + 1:

—2U; + 20U, 2
— "t aly = do—bog—ﬁ
h? h
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—U2+2U1 U2 U Uo
— 4+ bh— Uy = di+—=+b—
o gy Tatt T Gt iy,
—U;_1 = U, 2U; Uiy1—Uj;_
j—1 h23+1+ b, J+12h j l—l—chj — dj=1,..n-1
- n—1+2Un _Un—l Up+1 Up+1
bn nUn = dn _bn
e o f e oh
OII0TE
2 2 2g
— )0 — U1 = dy—byg— —
(Co+h2) 0~ a1 0~ %9~
1 b; 2 1 b; _
—Gg o (G + 55U + (g + 5 U = dyj=1,...n—1
1 by, 2 Up 1 Up+1
gV Tt 35) e 2h
Ot napanave n + 1 e§oooeig anotedouv ovotnpa wg ripog [Uy, Uy, -+, Uy
AnpU = F
To Anp etvat to tpidlaywvio pe otoxeia v;, oy, B oug 9éoeig j — 1, 7, 7 + 1 g J ypappng,
OnA.
A = tridn[y;, 05, 3]
OTIOU
2 , 1 b; .
a; = (ﬁ +c),yaj=1,...,n+1,~ = (_ﬁ - ﬁ)ytaj =2,..,n+1,
Kat
2 1 b, .
51 - _ﬁvﬁj = <_ﬁ + ﬁ)a] = 27 ey T

[MTPOXOXH: I'a pia ouvoplakr] ouvorKn pe apdy®yo, £10aydyape pida mapandve e§lom-
on!!! T'a Neumann kat ota 2 akpa 9a eixape n + 2 e§lomoetg. Ta replodikég ouvOnKeg,
Ya eixape n — 1 ewoeig.

'Et0o1 kataokeuddoupe 10 PNTPMOO IOV CUVIEAECTOV ITOU avilotolxel oe kKAOs ermAoyn ou-
VoplakeVv ouvOnkeov. Ailet va onuelwbel o611 pia «kalrp Slakpirornoinon mpEnet va
«Anpovopelr g 1810tteg g draPpopikng e€iowong oto Stakptto npoBAnpa. Ermiong,
va edayilotorolel I dnpoupyia Kar petddoon «exvniovr TPOoBANUATOV oto H1aKP1Tto
npoBAnpa ylatl peta avtd Sa epgaviotovv kat 9a sloayouv 96puBo otn Avorn. 'Eva
napddetypa: Av to poBAnpa £xet povadikr) Auon, 9€Aoupe T0 PNTPWO MOU KOGIKOTIOEL
1 S1akpTornoinon va eivatl avtlotpeWio. Avtiotpodad, av 1o UnIp®o Sev eival aviiotpe-
Wipo, auto J€doupe va opetdetal oto Ot 10 ouveyxEG TIPoBAnpa dev £xel povadikn Auvor.
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Av, 1.X. 8lakplronowjoete oUPPOVA PE Ta napandve w npoBinua —u’(x) = f(z), pe
ouvoplakeég ouvOrkeg Neumann kat ota duo Akpa, TOTE TO PNIPWO eival tpidiayavio,
aAAd €xetl otoixeia

2 =2 0
-1 2 -1
1
72 0
-1 2 -1

Mropeite va e§akpiBooete Ot Sev eival aviloTpEWPHo, OTIOG KAl TO0 OUVEXES TTPOBANa dev
éxel povadikn Avor (av to U eivat Avon, yua kabe otabepry tpr) C' 1o U + C' Sa eivar kat
auto Avon g AE.

[Tpooé€te: To pntpoo avédei§e v 1610t ta T0U cuvexoug rpoBArpatog! Autod
etvatl KAt KaAo - 10 Slakpitd mpdBAnpa va «kAnpovoped TG 1610TNTEG TOU
ouveyoug!

®¢pata

{
{
{

Etivatl 1o pnipmo 1oV CUVIEAECTOV AVIIOTPEWYIHO ;
Av vai, idg va Avocoupe 1o cuotnUad ;

[Towd eivat n) oxéon PeTagyu tng AUong Tou §1aKP1toy CUCTHIATOS AU (h) = f katng
Avong g AE u;
[Tpémnetl va ouykAivel n pébodog

Autd oupBaivel av to opddpa max; |U;(h) —u(z;)| — 0 xabog h — 0. IIoco
YP1YOPa OUYKALveEL;

O1 napandve OXE0e1g MPOEKUYAV AdoU AyVOr|OAPE TOUG OPOUG O(hg), Sa eivat
TIPOOEYYIOEIS TOV APXIKWV e§1000e®V evw 1 Auon U Sa eival povo mpooéyyion g
AUong TOU ApX1KOU TIPOBANIATOG.

O1 OX£0€1G PETETPATN KAV OF £§100MO0ELG HE TEMEPACEVO ap1OP6 Op®V 10U eArtiloupie
vVa PIopoupe va AUOOUNE HUE YVROTEG 1) VEEG TEXVIKEG. Ot e§1000e1g aUTEG AEyov-
Tat e§1000E1g H1aPoPAOV KAl AMOTEAOUV £va YPAPIIKO CUCTNHUA N £§1000E®V Yid N
aAyv@otoug.

Ot ayvaortot givat éva diavuopa U = [Uy, ..., U,| nou AapBavoupe g npooeyyioetg
ToU u otoug KOopBoug tou mAéypatog. H akpiBela tng mpoogyyiong eAéyxetat ..
Héoe Karolag voppag tou Savuopatog |U — ul|, orou wpa to v oupBodilel g
TIPEG TNG U 0TOUG KOPBoUG.
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{ Ta opdApata 1ou IPOKUITIOUV Ao ) S1aKPITOoinon Kat )V XPror TV e§1000ERV
dlapopwv yla va pooeyyiocoupe 10 apX1ko rpoBAnpa ovopalovial tontka opaiuata

Saxpitonoinong 1y tonuka opdiuata arokonrg eve 1o ||U — ul| ovopddetat ofuco
opajua.

Xapakinplotka
A = tridnhj, O{j, 5J]
OTIOU
1 b, 2 1 b,
VJ_(_ﬁ_ﬁ% j (ﬁ—i_C])?ﬁ]_(_ﬁ—i_ﬁ)

Etvatl to unipoo avuotpéyipio;

{ H anodeiln Sev eivat amdn ot yeViKY TepIintoon
{ E§etaoupe pia e1dikn) nepimeon : Ewdwka otav b; =0, ¢; > 0 V7.
1 . 9
A= ﬁtndn[—l, 2+ ;b7 —1]

{ H avuotpsyipomta mopet va anodeixOet pe d1apopoug tpomoug :

Gerschgorin Ot 18otpég wou [g;;] = A € C™" Bpiokoviat oy KAe0T| MEPIOXT] TOU
pyadikou ermuredou ou opidetal anod v Eveon eV 1 610KV

n

|z — ay| < Z i), i=1:n.

=L

Apxn) peyiotou Aev v egetalouiie edw

Méow Jewmpripatog Gerschgorin @eopnpa G.: Ot botiues v [a;;] = A € C™" Bpiorov-
Tat omv K10t Teploxmn tou puryadkou emmeéSou Tou opietal ano TNY EVwon ToL N 6I0K®OU

n

’Z—Oéu“g Z ’C(ij’, 1=1:n.

=1,

Egpappodoviag 1o Sedpnpa G. oty nmepirmtoon Tou 1pidlay®viou MoU MPOEKUYPE ATTo 1)
dlakptirortoinorn,
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epdoov A = AT = dheg ot 161otpég A\(A) € R

U
—2<ANA) - 2+ ch?) <2,i=2,...n—1
I
cih? < MA) < 4+ ¢;h?
U

av ¢; > 0 énetat out A(A4) > 0.

Ertiong, otig 6uo akpaieg meptrrtdoetg —1 < A(A) — (24 ¢1h?) < 1 rat —1 < A(A) — (2+
cnh?) < 1 emopévag

14+ h?< AMA) <3+ cih?, 1+ c,h? < MNA) <3+ c,h?,

Kat raAt énetat ou av ¢; > 0, wte A(4) > 0.

av &va UNTPaO Exel 071 TOU Tig IOIOTIUES UN UNOEVIKES TOTE glval AVTIOTPEW O
— 1.X. LU pe pepikn obrjynon

Eniong
av £va UNTpao £xel 0jleg tou g 1d10TuEG IeUKESG Tpayuatikes tote ivar 200

— 1.X. Cholesky

[Tog Avvetatl 1o ouotnpa;

— T8 (2) + b(2) () + ew)ulz) = d(z). u(0) = g1, u(1) = g3

. 1 bi 2 1 b;
A = trldn[—ﬁ — —2, w2 + Cj, 2 + ﬁ]

[Tpémnetl va ekpetadAeutoUpie ] POPPI] TOU PNTPROOU :

{ Kevipiopéveg nenepacpéveg S1apopig 2ng tagng
= TP181aynvio
{ Zuvtedeotég kKatl cuvoplakeg ouvOnKeg

— OUHHJETIPIKO,
— Yeukd oplopévo

— Toeplitz

Hevbpo aropaong — éumnelpo/ESurnvo cuotnpa, recommender
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oyt

vait

£00 c>=0 >—on TPIdiaydvio
TPy OVIO Toeplitz
Toeplitz

vat
200
TPy DOVIO

[Mapadetypa

L: —%(I) + zu(z) = (9 + ) sin 3z

B: u(0) =0, u(n/6) =1
Q: [0,7/6]

(= . Q= oy = i = 0..om + 1)

{
2 1 .
(x1 + ﬁ)Ul — EUQ = (9+ z1)sin3z
1 2 1 . .
_ﬁUjil—i_(xj—i_ﬁ)Uj_ﬁUjJrl = <9+$j>Sln3Q3j,j 22,
1 2 1
_ﬁUn—l + (z, + E)Un = (9+x,)sin3z, + —

— AU = F énou

A = trid, [y, o, B)]

,n—1

14
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1

2 , 1
aj = (33 Tih)v =350 = =73

VR

F; = (9+ jh)sin3z;, j=1,..,n—1
1

F, = (94 nh)sin3x, + 72

Avvoupe AU = F ypnowonowoviag Cholesky yia tpibiayovia cuotjpata (kéotog O(n))
Kal ouykpivoupe g urtodoyiopéveg tipeg tou U pe g tipég g akpiBoug AUong .

0.9

0.8

0.7

0.6

0.5

0.4+

0.3

0.2

0.1

1 1 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

! ! !

0

Zupnepdpopd g UOAOY10HEVNG AUONG TOU S1aKPITOTIOEVOU OUCTHIATOG TOU
napadeiypatog oe oxéon pe v npaypatikr Avon u(x) = sin(3z) yua n = 20
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n=20, maxReR=1.68e—4

10k

n=40, maxReR=4.41e-5

n=60, maxReR=1.99e-5

Rel. Error
=
o
T

n=80, maxReR=1.13e-5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

To oxfpa deixvel 11g urodoytopéveg tiég tou U otav §1akpitonotrjooupe pe
méypa n = 20 eowtepkOV KOPBrV eve 10 8e§10 oxfjpa deixvel T1g KAPITUAEG
TOU OXETIKOU oPpdApatog |- U | KaBhg KAt 10 PEYIOTO OXETUKO opadpa yia Tig
nieputtooetg ou n = 20,40, 60, 80. Av topa €EeTACETE TIG TIPEG TOU PEYIOTOU
opdApatog yia n = 20,40, 80 autég eivar [0.1680,0.0441,0.0113] x 1073 xat
BAémete o1l Otav duthacialoupe ToUg KOPBOUG TOU TAEYHRATOG, T0 opAApa
unotetparidaoctadetat. O1 ypadikeG rmapaotdoelg UITode1KvUouv 0Tt T0 PEY10TO
oxeukd opdipa ouprnepipépetat og O(h?). H mporAnon BéBaia eival va
arodeyBel autn) n cupreptPopd KAt Avadutikd - KATL TIou avaBdddoupe yia
o MIPoX®PNUEvVa pabnuata.

Mia kowr) niepimwon

Uy = d(x) =

—Ui1 = Ui + (2)U;

= dj,j:2,...,n—1

12
Zvowua AU = F énou
2 -1 U By
e Uy 2
7 N
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Antpoopevn 1610tnta (ITPOAIPETIKO)

{ O118101uég kat 181adouoeg Tipég tou A sivatl d1abeopeg avaluuxa!!!

Ai(A) =2 =2 cos( mh

n -+

E=1,..
1)7 ’ 1

Ao 11§ avaAuTikeg TIEG aKOAoUOel apéows OTL

mkin Ae(A) = A (A) =2 —2cos( ) >0

n+1

apa o0Aeg ot 1810T1EG etval deTikeg.
'Eva cuppetpiko pntpwo pe 0Asg 11g 1010tipeg detkeg eivat ZOO0

{ Ot18otpég eivar Stabeopeg avadlutuika yia 0Aa ta tpidiayovia pnrpea ToeplitzA =

trid[y, a, 5]
Emmléov ... amnd ug 1dotpég ouppetpikou A unodoyietal kat o Seiking Kataotaong
Amas(A)]
ra(A) = =7
|/\min(A>|

aAAd adou Setkeg

Amin(A) = mkin A(A) = M (A) =2 —2cos(

n+1
— 2-2(1—2sin® ———) = dsin® —
( sin 2(n+1)) sin S+ 1)
2
~ 4 T 2 = T
2(n+1) (n+1)2
Amax(A) = max(2 — 2 cos( h ) <4

[Mapaderypa Egetdoupe v i61a AE pe d1apopetikég ouvOnKeg:

—u” —7?u =1, u(0) =u(l) =0 AEN EXEI KAMIA AYZH
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—u” —7*u =1, u(0)=0,4'(1) =1 EXEI MIA MONAAIKH AYZH
" 2 2
—u" —7m*u =1, u(0) =0,u(l) = —; EXEI ATIEIPEZ AYZEIX
™

H avaAutukn Avon:

1
u(z) = Asin(rz) + B cos(mz) + —;
s
OTIOTE €UKOAA @aiveral ti 1oxXUel yia 11§ AUOEG.

[Mapatwnpnoeig Zin 2n nepinmtoon (pia povadikr AUor) avilotolxel aviloTpEPo PnTp®wo
Kal 10 opaApa drakpirornoinong vnotetpaniaoctddetal kabwg uvnodirmdaciadoupe to Pripa

H 1n nepimwon 6peg nog epgavidetatl oto S1akptto nmpobAnua; Mropeite va dei§ete ot
kaBog pikpaivet 1o A, o deiking katdotaong tou A peyalovel idpa oAy, deixvroviag ot
0plaKd 10 PNTP®Oo Sev £ival AvIIOTPEPIHIO KAl EMTOUEVRG Hev UTIAPXEL AUoT).



