100
1100190
1010101n

MOTjOVIKOC YTroAoy)
Y 343: AIAAE=H

E. aAAdmouAog
Tunua H/Y & MAnpogopiking
TMavemornuio Marpwv

@ﬁ@

| @ TMHYTN ey

Meragppaon (1)

compiler

intermediate code

|

‘ object code ‘

assembler code ‘

l

‘ object code ‘

assembler

linker
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Mavemoripio Marpdv

MNpooé¢re Tn oxéon n, Q, Mflop/s ot kKATTOLG’

/,/‘,'“A",J“ﬂ"n 2 ,mxn‘i?ﬁ%‘"
+ Operations n Q Mflop/s
+ calling PAPI flops 200 2 0.15
+ dot product 200 413 13.73
¢ matrix vector 200 82053 252.12
* random matrix 200 139967 67.12
« chol(a) 200 3201127 789.27
¢ lu(a) 200 5493443 829.53
« x=a\y 200 6228144 742.98
+ condest(a) 200 7126555 173.63
« qr(a 200 13236723 1033.10
¢ matrix multiply 200 16000012 1280.42
* inv(a) 200 17398916 853.39
* svd(a) 200 27039244 685.65
+ cond(a) 200 27000896 763.26
3 hess(a) 200 30180072 1063.27
* eig(a) 200 82578728 680.60
+  [us,v]=svd(a) 200 138280160 691.18
- pinv(a) 200 170228800 764.50
+ s=gsvd(a) 200 303512192 765.81
. [xe]=eig(a) 200 198741216 753.79
. [u,v,x,c,s]=gsvd(a,b) 200 319475232 789.67
| @TMHYN —_—
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Fortran, C
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|

object code
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linker
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0010010301
Thhon

Mapddeypa [0

Aidovtan Ay, ..., A 0mov kabe A, eivar n; X ny
Ko BéLovpe va vmoloyicovpe To B=A A | - A,
EKAOXH ApAe:

B=A,; for j=2:s, B = mxmul (Z—\], B); end

Av n, = 1 ka1 n; = n for j = 1:s, 1618
ApioTepd pog Aegid T = O(s n3)
Ac&ia mpog Apiotepd T = O(s n2)
MeydAn diagopd k6oToug (O(Nn)) Trou eapTdral aTrd Tn CEIPpd TWV
utToAOYIoHWV
EmiAuon pe Suvauiké mpoypauuariouo
Axoépa o 5Uokolo va AdBoupe uroéwn Tn Sopur Twv A,
AKOUA TTI0 EVEIAQEPOV KAl < OVOATPOTTIEG> OE IEPAPXIKN MVAMN
block Householder (keg. 6)

jTMHYI'I

0010010301
Yoo

. a 01
MovTéAo aplOunTIKAg y %0k 7 1120103018

EmITTWOoEIg TNG avaTrapdoTaong Twv aplBuwy pe
TTETTEPACHEVO APIBUO Yn@iwv.
Ap1OuNTIKA KIVNTAG UTTO3Ia0TOARG

Floating point arithmetic is by nature inexact, and it is not difficult to misuse it

so that the computed answers consist almost entirely of “noise”. One of the

principal components of numerical analysis is to determine how accurate the
results of certain numerical methods will be

David Knuth oto The Art of Computer Programming, vol. 2

Page 4

e T
MabnpaTiké poviého E EiBIKEG VIa TO
e N TPoBANUa
Amhotoifioeig
EIBIKEG yia TO
TPOBANUA
BiakpiTotoinon

STpoyyUAeuon

EK@pacIpéTTA

peragpaoTry

Ko Ty axpi

Navemoipio Matpiv

/410352000
730049510 101058
1051 01!
ot ;
g I
0 1110101010

4010,

i
050
10090
190919017

091010%
2.0

O1 TTaPaKATW TrPAEEIS €ival I008UVANESG KAl TO ATTOTEAECHA i00 HE
10, aAAd ot a.k.u. IEEE &imrAiig akpiBeiag (m.x. otn MATLAB)

1020 420 - 10— 1020 =
1020 420 — 1020 — 10 =
1020 — 10— 1020 + 20 =

Mpooégrte 611 1020 > 252 grropéving T TTOPATTAVW TIPETTEI VA
avapévovrall

EpwTtnon: Ao Toug 24 (=4!) 1pé1Toug UTToAOYIOHOU TTAPATIAVW,
TTOI0i ETMIOTPEPOUV CWOTO ATTOTEAEOHA;

| @ TMHYN | & TMHYN _— o



Napaderypa 9 icoi0nm
03!

110101010

* MNoéoeg emavaAyeig Ba ekTeAETEI O TTAPAKATW
Bpox0G?

e >> d= 0; while (d ~=1.0),d = d+0.1; end

¢ To amoTtéAeopa Ba éxouv
>> sqrt(10)-sqrt(2)*sqrt(5)
>> sqrt(100)-sqrt(20) *sqrt(5)
>> exp(10)-exp(5)*exp(5)
>> exp(10)-exp(5)/exp(-5)

,_j%’?ﬂhﬂ!j){[] ......lllllllllllllllﬂﬂﬂﬁﬁﬂﬂaﬁhl

Attractive mathematics does not protect one from the rigors of
digital computation

[J.H. Wilkinson, “von Neumann Lecture”, SIAM Meeting,
Boston, 1970]

Accuracy and Stability
of Numerical Algorithms

gro 010010101
090 001!

150
4 v
o305 110101010

MovTéAo apIBuNTIKNAG

AvamapdoTtaon apipwv otov H/Y woTe va SisukoAUveTal n «SlaxEipion Toug»
- MEMEPACUEV aKpifeIa
Aképaiol
AvaTrapaoTAoEIg TTPAYHATIKWV:
< Fixed point ka1 floating point arithmetic
Ap1BunTikég TPAgelg, Aoyikég pateig, I/0, ...
* Kevtpikd Bépara
Api8poi KIvNTHG urodiaoToAng (a.K.u.)
< AvatrapdoTtacn, apiOunTIkn, diaxeipion
Z@dAuata oTpoyyUAguong
“Aiadoon, cuoowpeuon
“+MNpoBAeyn, éAeyxog

| © TMHYT se——my
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EmioTnpoviki ypaen

Ma (peydAoug i pikpoUg) apiBpolg awna@i{um n «EmioTtnuovikn Mpagr ApiBuiv>» 1/
«EKBETIKA ypa@n>» dnA. oTn popen ax10e,

MN.x. To 350 pmropei va ypagrei wg 3.5x102, i} 35x10%, R 350x10°.

Mo va uTTdpxel HOVOSIKOTNTA OTNV AVATIAPATTACT, CUHQPWVEITAI CUVIIBWE va
U £ nor i EMIOTNUOVIKI YPAQPN:

PO} 5 1
EmAéyerar 1 < |a| < 10

Av Xpnoip U JHEVN avaTrapdoTaaon, To PéyeBog Tou ekBETH e
Kueopl)(u Gueoa TNV TAgN peyéBoug Tou apiBuoU.

Av o £kBETng gival apvnTiKOg, o apiBuog Ba ivar petagu 0 kai 1 og ardéAuTn TIPM.

AVTIOTOIXO UTTOPOULE VO OKEPTOUHE KAl TV AVATIAPACTAON A.K.U.

Wiy
) o}
Jiniotios 0 110101010

ZTOIXEiO VIO TNV O.K.U.
s

010"‘0“‘

01 a.K.U. oUVIHBWG ypagovTal 6TTwg Kai n «EmiaTnuovikni
y = mxpe
B: Baon

e: ek0itg, aképorog mov avarapictarar pue Lo wnoia otn Bdaon B,
€ € [emins @max]

m = 0.,000000 === 00  0vpd, avarapictatar ot popen (sign-
magnitude) pe t ynoia (Baon p)

‘OAol o1 TTapaTTavW O.K.U. EiVal EK KATAOKEUIG pNTOi

MropoUpe va oupBoAicoups To guoTnua pe F(B, t, € ins €max)
H ék@paon auth Sev divel OAA TA OTOIXEID ..uu

‘Exouv umrdpel ouoTApaTa Pk
<> g =2, 10, 16, axéua ka1 3 (umoloyioTég Setun omig EZZA, 1958) 1!
o Tp10dIk6 (ternary) ouoTnua - trits avri yia bits!

_galjw*r![!....-----IIIWmmmmaﬁ.

HOOY!
11010101

71000
01001010"

Q

0y

y
Vs
iiotio
e

a.K.U.: ETOTNHOVIKA YPUQr OF TEMEPAOHEVD XWPO

2041303
0519503
1 1“,1\ 0:

y= mxB

A

[TTTTTTTT e 170107 0] e

«\éEn» utrohoyioTr (32 1} 64 bits)

50
10
110101010

3 /ot
o1t Vs
031051 11010101

O1 apiBuoi dev gival 6Aol IcoKaTaveunuévol HeTagu

I||||III||||Illmlllllllllllllll I | |

71000
01001010"
000!

Q

M.x. av

xl‘; m x B¢, X, = (M+2t1) x ge = x,-x; = 2°t+1

Y, =mx pet+, Y2 = (m+27t+1)  getl = Yy Y, = 27
t+1 Be+1
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B3P0 & howro? ||

. . 7370t 10101 5 B How To..2
loTopikd oToIxEia Y i : ESES E! :
7925095 0 . - e . N ) create POF
854003500 Mathematics Written in Sand Version of 22 Nov. 1983
i =t ) Review & Coms
MATHEMATICS WRITTEN IN SAND - B seare
the hp-15C, Intel 8087, etc. /A sin
¢ To 1955 n IBM siofjyaye 1o povrédo 704 pe Baoikéd apxiTéktova Tov Gene | Advanced edit
. W. Kahen, —— -
Amdahl; University of California @ Berkeley 1§ Print Productiq
To IBM-704 fitav 1o TPWTO EUTTOPIKG CUCTNHA PE UAOTTOINONG = more Topics...
0.K.U. 0TO UAIKO @ complete Acrof
sy . This paper was presented at the Joint Statistical Meeting of the
Emdéoeig mepi 1a 5 KFLOPS. American Statistical Association with ENAR, WNAR, TMS and SSC % Show o Tovindo

o A6 TOTE TO HOVTEAO TWV O.K.U. Bpioketan aTo KévTpo Tng EmoTANG Ko held in Toronto, Canada, August 15-18, 1983. Then the paper
. . appeared in pp. 12-26 of the 1983 Statistical Computing Section
TexvoAoyiag Twv YtroAoyioTtwv!

of the Proceedings of the American Statistical Association It
no)\At’g Iat’sg, ﬂoA)\ég dVdﬂdde’TdO’Elg had been typeset on an IBM PC and printed on an EPSON FX-80 at
< MoAU pmAégipo!

draft speed with an unreadable type-font of the author’s devising,
and then photo-reduced. The paper is reproduced here unaltered
* ... The simplest and best, though harder to attain, solution to the LI B GD B et G G i te (Gt ari
problem of environmental parameters is to standardize floating-
point hardware, so that the values of the parameters become
universal constants.

< [Webb Miller, The Engineering of Numerical
Software, 1984.]

ABSTRACT: Simplicity is a Virtue; vet we
continue to cram ever more complicated circuits
ever more densely into silicon chips, hoping all
the while that their internal complexity will
promote plicity of use. This paper exhibits
how well that hope has been fulfilled by several
inexpensive devices widely used nowadays for
numerical computation. One of them is the
Hewlett-Packard hp-15C programmable shirt-

ocket caloilaror. on

TMHYTI

Loonly o few keve peed Z

7 7
1010820 Wi
Wit Wi
A 7303707 5101998 = 47175101707 409055 -
Tumromroinon [zl MNpoBAnpariopdég ota GPUs Aiieitio o100t
5155010 Je 10032 L10101010

* Aladikaoia §ekivnoe oTig apxég Tou 1980

lNa va avTIHETWTTIOTOUV O HEYAAEG AaoUNBATOTNTEG PETASU
SIAPOPETIKWY TUCTNHATWY TNG ETTOXNG OTNV APIOUNTIKN TOUG. Karl E. Hillesland

[GPU Floating-Point

« Tumorroinan amé To Institute for Electrical and Electronic University of North Carolina at Chapel Hill * University of N,
Engineers (IEEE)

MNpétutro 754 (1985)

1 Introduction Operation R300/arbp NV30/5p30

InpavTiki n cuyBoAn W. Kahan (UC Berkeley), Intel, Addition 1,000, 0.000] | [-1.000, 0.000]
pple, ... Up until the late eighties. each computer vendor was left to develop Subtraction | [-1.000, 1,000
. . . their own conventions for floating-point computation as they saw Multiplication | [-0.989. 0.125
lNa «gavarikoug»: Acite Tnv 10To0eAida Tou Kahan oto UCB. it As a result, programers needed to familiasize themselves with Division §69,0.004

o ‘Exel TAéoV UIOBETNBET aTrd GAQ TO GNUAVTIKG UTTOAOYICTIKG the peculiaiics of each systens i onder to wite cfective sofy

- Table 1: Floating-Point Error in ULPs (Units in Last Place). Note
GuUGTAMATA. v ¢ .

* H Tumromroinon agopd Tnv avarapdotaon KAI MOAAA AAAA

(Trpdgeig, PETATPOTIEG, ...)

¢ TMeIpaPATIOTEITE OTN http://babbage.cs.qc.edu/IEEE-754/32bit.html

TMHYTI

vendors now design to this standard [IEEE 1087].

Today there is an interest in the use of graphics p6cessing units.
or GPUs, for non-graphics applications such # scientific com-
puting. GPUs have floating-point representations similar to, and
sometimes matching, the IEEE standard. However, we have found
that GPUs do not adhere to IEEE standards for floating-point op-
erations, nor do they give the information necessary to establish
bounds on error for these operations. Another complication is that
this behavior seems to be in a constant state of flux due to the depen-

that the R300 has a 16 bit significand, whereas the NV30 has 23 bits. Therefore one
ULP on an R300 is equivalent to 27 ULPs on an NV30. Division is implemented by a
combination of reciprical and multiply on these systems. Cg version 1.2.1. ATI driver
6.14.10.6444. NVIDIA driver 56.72.

Schryer [Schryer 1981]. By testing all combinations of these num-
bers, we inelude all the fest cases in Paranoia, as well as cases that
push the limits of round-off ervor and cases where the most work
must be performed. such as extensive carry propagation. Table |
gives results for some example systems.

Page 7



IEEE floating-point standard

10101011\

http://en.wikipedia.ora/wiki/IEEE_754-1985

To mpéTuUTrO IEEE yia Suadiki a.k.u. (IEEE 754invu| 70 £UPUTEPA XPNOIHOTTOIOUHEVO TIPSTUTIO Yia
0.K.U. Kal UAOTToIEiTal O Trdpa TToAAG CPU kai F
Z10 TpéTUTTO opn;ovml

Formats 16 yia a.K.U. (Kot 6 undév>» Kai

apiBpoi»)

Eidikég mipég (Gmreipa, NaN)

Z0voAo TrpAgewv TToU PTTOPOUV Va EKTEAECTOUV ETTH O.K.U.

(4) lpoTrOI oTpoyyUAeuang (roundmg modes)

(5) (more n £xouv)

IEEE 754-2008 (previously known as IEEE 754r) was published in August 2008 and is a
ant revision to, and replaces, the IEEE 754-1985 floating point standard. The
on extended the previous standard where it was necessary, added decimal

arithmetic and formats, tlgh ened up certain areas of the orlglnal standard which were
Ietftt undefi neg, r:id merg IEEE 85;14({ P standard).
: ipe:

To mpétutro IEEE 754-2008 otoxeUel WOTE pia UAOTTOINGN TTOU TO IKAVOTTOIE wAnpwg va pTropei va
YPagei £§ OAOKARPOU GTO AOYIGHIKS, i OTO UAIKS,  OF OTTOIOBHTTOTE GUVBUATHS TOUG.
THANGTO ToU TPOTUTIOU HTTOPET VO UAOTFOIOGVTAI O ETriTTES0 A/E, BIBMOBNKMY HETAGPAGTA  YEVIKGV
BIBAI0BNKWV.

H ouppépewon pe To mPSTUTTO UTTOAOYIZETal 0TO GUVOAD Tou UAIKOU Kai AOYIGHIKOU TTOU TO IKaVOTrOIE
Kal 6X1 TUNHOTIKG.

g 00 -
XapaKTNPIOTIKA KWdIKOTToinoNng ; 0 T o10030001

o1
110101019

Suadikn Aégn pe w bits (B=2) mou mapioTd a.k.u.
1 bit mpoéonuo oupdg
L bits ek0étn
t bits oupa
oupd: 0.0000 ---0
**KOVOVIKOTTOINUEVN aVATTAPACTACT => TTIPWTO
Ppneio pn pndeviko

v ggoIkovopEeiTal pia B€on «kpUBovTag» To TTPWTO bit
KOl a1rolnkevovrag pévov Ta t-1 bits perd Tnv
UTTO3I1AOTOAN — TAKTIKI) Kpuppévou bit

v péTrel va «wvTaveUgl» OTav yivovral Tpdaeig i
ATTOKW3IKOTToinon

i , Yen

110101010
Single Single-Ext Double Double-Ext Quad-Precision

(max) +127 1023 +1023 +16383 +16383
(min) 126 1022 41022 16382 16382
[méAwon P +127 +1023 +1023 +16383 +16383
_#:"" oupdg)| gy 232 53 >64 13
jurikog a.k.u. 32 243 64 80 128

its s 1 1 1 1 1

its e 8 11 11 15 15
pis yia 23 >3 52 64 12
kAdopa

| @™

Memepaocpévn avamapdoTaon ) # S io10010901
/ Loi01010

AkpoTareg (0eTIkEG) TIPEG
Ymin = MpipxBemin

Ymax =

Yovoro G= {0} U {x e Ry, <<y, ..}

Page 8



AKpOTATEG TIMEG

*  O1 akpOTaTEG TINEG TTOU PTTOPOUV VO aVATTaPAcTaBodv OF KAVOVIKOTIOINpEVN
popen givai:

Venin = (1.0--0) x i = Bomn
= (1.1---1) x Bemex

(B-1) (14B1 + ... + Bt+l) x Bomn
= (B-1) x Bomect*? (Bt-1)/(p-1) = Bomnct*? (Bt-1)

Ymax

Ymin < 1Y] < Ymax
ztnv IEEE 3i1mmAng akpiBeiag, yia mapdadeiypa,

271022 1 2.2251 x 10-3%8-, £y MATLAB realmin
21024:53 (253.1) ~ 1.7977 x 10+3%, 51n MATLAB realmax

Ymin
Ymax

| @ TMHYN -_—

Yap 2.4.1398 - [2004Root.dvi]
%) Fle View Toos Window Help

d\éé\?ﬁ!&%\«--ﬂ@ec'l‘TUEIEH#UTWQ

Kwbixoroinon i IEEE povic axpiBeios

AV 0 XVt evan | 6t 1 aproed, Th ea
E0bibo bag)y x 2
ELbby baz)e X 2
(00000010); = (2)19 | £(Lbiba...bas)e x 272
(o1111111),
(10000000,

(11111110),
(11111111,

254) 0 | £(1b1by...by)o
5)10 | £oo av by = -+

by = 0, ahhowix; NaN

[(no source specals found) [224,318pt [Page: 45 (45th of 268)
7y

Mapdadelypa o€ pIKpoypapia 1910 o1

09; X
110101010

93950199

°© w=12,L=7, t=4+1 ¢ Inf=01111111 0000
© S EEE EEEE MMMM = (70)s6
© P=2v1-1=63 ¢ realmax=01111110 1111

6 x (1+1-2-5)
= 264 (1-1/64)
« 0=0 0000

©  F=(-1)5 x 2¢F x (L.MMM),

* O ek usmg\i .
(00000 aMAd auTég « realmin=0 000 0001 0000
o1 aKpaieg TIES AgIOTOIO0VT va = (010

o emax = (2--1)-1-P = 63 . 1111
©  €min=0+1-P = -62
. E: 11f1111 xai MMMM=0000 avatrapioTosv
Ta+In
. E=1111111 kot MMMM pn pundeviké +  Min umok.=0 0001

avamapiotoiv NaN = (001)
. E=0000000 zivai To 0 kai o1 pn = 21Py (0+2-(m))
xt:v9vnxowonnuévol apiBpoi = 262 x (0+2-4)= 266
min

2emin x (0MMMM), . -Inf=11111111 0000

= (ff0)y5
o g, =200 =1/16

=0011 1011 0000
= (3b0);6

jTMHY" wﬁh

MATLAB 7.* single precision

110101010

Maximum and Minimum Single-Precision Values. The MATLAB functions realmax and
realmin, when called with the argument 'single’, return the maximum and minimum values that
you can represent with the single data type:

str = 'The range for single is:\n\t%g to %g and\n\t %g to %g'; sprintf(str, -realmax('single’), -
realmin('single'), ... realmin('single’), realmax('single))

ans = The range for single is: -3.40282e+038 to -1.17549e-038 and 1.17549e-038 to
3.40282¢+038

Numbers larger than realmax('single') or smaller than -realmax('single’) are assigned the values
of positive and negative infinity respectively:

realmax('single’) + .0001e+038 ans = Inf -realmax('single’) - .0001e+038 ans = -Inf
Creating Single-Precision Data. Because MATLAB stores numeric data as a double by

default, you need to use the single conversion function to create a single-precision number:
X = single(25.783);

jTMHYl'l wsﬁ
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Mpoosyyiosig & ZTpoyyUAeuon + £15ikoi apiBpoi

O1 0.K.U. gival éva (HIKPOOKOTTIKO) TTETTEPATHEVO UTTOOUVOAO TwV
TPAYHATIKGWV.

MpéTrel va TOUG XPNOIPOTTOINCOUHE YIO VO aVATIOPACTHOOUNE 6Aoug
TOUG ap1Bpoug!

Tpooeyyioeig — quantization

Atreikévion mpayuatikwy oto F: ouvdaptnon fl: R » F
Tpeig TEPITTWOEIG
xeF
=y = fl(x)
X¢G
= umepxeilion A uroxeilion
X € G ka1 x ¢F
= Tpoatyyion Tou X pe otoixeio fl(x) € F

Mavemoripio Marpdyv

2005510008
01!

711000
0 10
010 010010101
110101019

ATTEIKOVION TTPOYHATIKWY O€ OKU

51004

R X, X, X4 X3
— | |
vroygiiion
F akpiPiig TPOGEYYION
avanapioTact)

Mn KavoVIKOTTroINUEVO! d.K.U.

ZuvBwg ol a.k.u. IEEE gival kavovikoTtroinpévol

To mpoTumo IEEE emitpémrel To amotéAseopa mpdgewv peTagl a.K.u.
Va gival a.K.U. TTou €ival uIKpOTEPOI TOU EAGXIOTOU
KavovikoTtroinuévou (realmin). Auroi gival TTOAU pikpoi a.K.u. Mou
eV gival KAVOVIKOTTOINMEVOI.

MpokeiTal yia a.K.U. Tou £Xouv TpwTo Yngio 0 (pndév), dnA.
0.% % ¥ acc % Demin

AnA.{(0.0---1),, (0.0---10),, ...., (0.1----1),} x 2emin
Etropévwg, o eAdX10Tog (N KAVOVIKOTIOINHEVOG) BETIKOG
AVATTaOPACTACIPOG O.K.U. 8d gival o

0.0---1 x 2emin

Ze a.K.Uu. IEEE &1tTARg akpifeiag, ~ 4.9407 x 10-324
Av 10 Siaipéooupe pe y>1 emoTpéperan 0.

| © TMHYT s——

‘EgiAov Tng unxavng kai ulp

eps pnxavng: Eival n amréotaon tou 1 améd Tov apéowg
ETMOPEVO O.K.U., £0Tw 1* dnA. gy = 1+ -1
ZT0 oUoTNUa a.k.U. IEEE g, = 27t+1 = 2u

€y SITTAAG akpiBelag = 2°52x 10716

To gy UTTdpXEl XpnoipoTrolsiTal o€ aAyopiBuoug yiari

deixvel TN S1AKPITOTNTA TOU CUCTAUOTOG O.K.U. AgiTe T.X.
Tn ouvdptnon rank Tng MATLAB.

To g, opioTnke Bdoel Tou 1. H yevikeuon Tou ot
pHeyaAuTepoug apiBpoug ovopddetal ulp (units in the
last place)

Av x = m x 2F 161e ulp(x) = g, x 2F
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