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Amreikévion fl: R - F

ouvdptnon fl: R - F
Tpeig epimTwoeig yia 1o y := fl(x)
xeF
=y = fl(x)
X¢G
= utrepyxeilion | utroxeiAion
X € G ka1 x ¢F
= Tpooéyyion Tou X ue ortoixeio fl(x) € F

ATTEIKOVION TTPAYHATIKWYV O& OKU Gidi0160030s0
11051951 :
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Ei5ikoi apiBpoi o1o mwpdTutro IEEE y 1 iooroim

1010101

-t Inf (infinity), -0 (pciov pndév),
* NaN (Not a Number) yia ammotéAeopa dkupwv
mpagewyv, m.X. 0/0, 0 x co, K.AT.

o EmiTpétTouv va d1aTNPROOUME TO CUCTNHO TWV
0.K.U. «<KAEIOTO>:

210 ouoTtnpa IEEE, ka0s mpdén pe a.k.u. odnyei o€
MéAOG TOU CUCTAMATOG O.K.U.:
“*KOVOVIKO R €181KO apiOud TOU CUCTANATOG O.K.U.

MavemoTrApio Marpwv

Yap 2.4.1308 - [2004Root.dvi]
Fle View Tools Window Help
B e8| Taliled0eoc T T[EMEHBMETR

Kwbixonoinon yia IEEE povg axpifelag

+ |ayas...as |biba.. by

Av o exlérrg eivan Tote 1) aprdunocy Ty etva
(00000000)2 = (0)w | £(0.b1ba bag)a x 270
(00000001)3 = (1)1p | £(Lbsba...bog)a x -2-"2{'
(00000010)2 = (21 | H(Lbiba...beg)a x 2712

(01111111}, = (127) g | £(L.bsbs...bag)e x 20
(10000000)s = (128) 19 | (1.0 1bs...bg) % 2
(11111110}, = (254) 1 | F(L.bsba...bag)a x 2127

(11111111)y = (255) 4y | £oc av by =« -+ = byy = 0, chhow NaN

[ |(no source specials found) [224,318pt [Page: 45 (45th of 268)
LAAY
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Mn KavoVvIKOTTOINHEVOI O.K.U.

Zuvnlwg ol a.k.u. IEEE cival kavovikotroinuévol

To @doua Twv avatmapaoTAoiywy apibuwyv Tng IEEE emekreiveTan
TPOG Toug TTOAU MIKpoUG (KOvTd oTo 0) pE <« N KAVOVIKOINMEVOUG
apifuoi»
MpoKeITAI YIO TOUG d.K.U. TTOU £€XOUV TTpWTO Yneio 0 (undév),
SnA.

0_* X K mmm X X zemin
AnA.{(0.0---1),, (0.0---10),, v..., (0.1--=-1),} x 2emin

Etmropévwg, o eAdxioTog (Un KAVOVIKOTTOINMEVOG) BETIKOG
AVATTOPOCTACIYNOG a.K.U. Ba gival o

0.0---1 x 2®min

Ze a.K.Uu. IEEE &ITTARg akpipeiag, ~ 4.9407 x 10-324
Av 10 Slaipécoupe pe y>1 emioTpégpeTal 0.

I MH I n MavemoTipio Marpwv I

Ap1BuNTIKESG TTPALEIG

‘Eva oUoTnpa a.K.U. dev TTpétrel va eSao@alilel
MOVOV TNV avamapdoraon ...

«ea OAAG KOOI TIG APIOUNTIKES TTPASEIC METASU TWV
HEAwWV TOU.
ZupBaivel apiOuNTIKN £§aipeon 6TaV TO ATTOTEAECHA
givar NaN f oo ) av

filxoy)zxoyn

21tnv IEEE opifeTal AeTrTOopgpwG TrOIEG Eival Ol
eaIPECEIG KAl TI YIVETOI OTAV TTPOOKUTITOUV.

] I MH I n MavemoTrApio Matpwv i
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Ap1BunTIKéG e§aipéaceig (exceptions)
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Jiniottiti38

Eéaipeon mapddeiyua amoréAsoua
Invalid op 0/0, 0 x Inf NaN
Overflow +Inf Q=N
Divide by 0 Netrepacpévog apibu./0 + Inf
Underflow 0, £Nnin 0
subnormal
Inexact filxoy)zxoy oTpOoyyUAeuon
N i Ninax £V O1 KOVOVIKOTOMELEVOL EAGYIGTOL KO HEYIGTOL OL.K.V.
MPOZOXH: O éAeyxog (NaN==NaN) emioTpépel 0
To NaN givai n pévn «ToodTNTA» TTOU EXEI AUTH) TN CUNTTEPIPOPA.
”TMHY" MavemoTrApio Marpwv
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Mapadeiypara Jirisisiotiiei0n0n Toroo10101
Jiitinso0rt
Z1tn MATLAB: mpoo£8Te TIG TTAPOKATW EVTOAEG
>> realmin realmax
ans = ans =
2.225073858507201e-308 Tieffffffff
>> format hex § I
= ans >> format long e
ans = >> ans
0010000000000000 ans =
>> realmin/2"51 1.797693134862316e+308
ans = >> ans*2
0000000000000002 ans =
>> realmin/2"52 Inf
ans = n
0000000000000001
>> ans/2 MapdAa autd, deite TO TTEPiEPYO
ans = >> realmax+100
0000000000000000 ans =
>> format long e 1.797693134862316¢+308
>> realmin/2/52 %% A
ans = 070 YIATI!
4.940656458412465¢-324
I MH I n MavemoTrApio Matpwv .‘P
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Epwrnua: MNati otnv a.k.u. IEEE &imrAnig akpiBeiag (default Tng MATLAB) dev 10XUe1 6T1

z = 100; realmax+z = Inf,

InpEIVOUpE OTI To iB10 10XUEl KI av TTpooBégoupe peyaAuTtepa z (61 pévo 100).
AvdAuon: MNpooégre 611 oe 1631k avatapdoTaon

>> realmax

ans = Tfefffffffffffff

>> realmax+100

ans = Tfefffffffffffff

BnAadn dev utrdpxel Kappid aAAayri. Auté o@eileTal oTov TPOTTO TToU UAOTTOIEITaI N GBpPOIOT A.K.U.

Mari; ZTNV apIBPNTIKA KIVNTAG UTTOSIa0TOARG, éva atrd Ta apXIKd BrpaTa gival a) n cUyKpIon TWV EKBETWV
Kol adgnan Tou PIKPOTEPOU PEXPI VA EGICWBET HE TO PHEYOAUTEPO KOl B) 10GpIBpoUg UTTOBITTAACIANOUG
NG oupdg Tou.

EvdéxeTal, katd Tn didpkeia Tng Siadikaciag, va undevioTei N oupd Tou HIKPOTEPOU aPIBUOU Kal va unv
emdpdoel otV dBpoion:

X=m, x 2%,y = m, x 2°, Kal X >= Y TOTE TO X+Y UTroAoyileTal «TrepiTrou» wg £§ig
X+y = (my+ (my x 20 ) ) x 2%

£Mopévwg av e_x — e_y >= t (prikog oupdg) o épog m, x 2-(ex-ey) undevigetau Kai dev emMdPE OTO
ATroTéAECHA.

MPOZOXH: n rapamdvw amoppoé@non cuppaivel 6Tav ol aplBuoi TTou TPETTEl va TTpooTeBoUV Slapépouv
mapa TOAU o€ péyeBog €KOETN T.X. 1+ (1/realmax) =1.

MavemoTrApio Marpwv

D%

ouoTtnua IEEE pe dirAnl akpifela (t=53);
H oupd undeviletan dtav 1o TrpwrTo bit (hidden) Tou avtioToixei oTo 1. dioAigBioel
0eg1a karta 53 duadikég Béaeig.

Etropévwg apkei o1 ekBETEG va Slapépouv Katd 253

Mapadeiypa (MATLAB):

2752

ans = 4.503599627370496e+015
>> l+ans

ans = 4.503599627370497e+015
>> 2753

ans = 9.007199254740992e+015
>> l+ans

ans = 9.007199254740992e+015
AnA. 2534+1=253
MpooégTe emmiong oTI 2752 = eps.

MavemoTrApio Matpwv
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Eidn otpoyyuAcuong

Nwg Aeitoupyei 1o fl(.) 6Tav X € G aAAd x ¢ F;

APXH: O apiBu6g mou Ba XpnoihoTToINCOUNE EaPTATAI OTTO TN OXEOT TOU X ME TOUG
0.K.U. TTOU 0pidouV To €AAXIOTO BIGOTNHO TTOU TO E£YKAEiEl.

Mpog Tov TTANCIE0TEPO «Juyo>»:
y = fl(x) émou y = arg min« . |y*-x|

Av TO X 100TTEXEI OTTO TA AKPA TOU SIACTHHOTOG, TOTE OTPOYYUAEUOUHE TTPOG TOV apIBuo
Tou éxel 0 wg TEAIKO Yngio oTnVv oupd.

Atrokotr) (oTpoyyUAeuon mpog 0)

KareguBuvopuevn (XpAOIPN O OPIOPEVEG EQAPMOYEG, TT.X. ApIBUNTIKA SI0OTNPATWV):
Mpog +co
Mpog -

1 I MH I n MavemoTrApio Marpwv
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H améoTtaon d1a80XIKWV KAVOVIKOTTOINUEVWY O.K.U. YIO
5edopévo €KBETN €ival TO MAKOG TOU SIACTAMATOG TTOU T

Xwpiler:
d = p-(t1) x Be
Etropévwg,
max |fl(x)-x| =d/2 = g-(t1)x Be /2
o€ duadikd cuoTnua:
max |fl(x)-x| = 2et

MavemoTrApio Matpwv
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2@aApa oTpoyyUAguong

* To |fl(x)-x]| atmrokaAsitai
améAuro opdApa orpoyyUAsuong.

¢ To am6Auto o@dApa oTpoyyUAeuong peyiororroisital (TOTIKA) OTav To «UTro
oTpoyyUAguon>» X € R e§aptdral ammd 10 €id0g OTPOYYUAEDONG TTOU XPNOIUOTTOEITAl.
‘Eotw 611 X~ < X < x*, 6mou X, X* € F givai o1 a.k.u. TTou mepiBdAAouv To X. TéTE TO
amOAUTO OQPAAPO OTPOYYUAEUONG HEYICTOTTOIEITAI OTAV TO X KEITAI:
a) 0TO ME€CO TOU SIOCTAPATOG, AV XPNOIUOTTOIOUNE OTPOYYYUAEUDT TTPOG TO TTANCIECTEPO
(to “default” otnv a.k.u. IEEE).
B) apéowg IV To «B5e§16>» GKPO TOU SIACTHHATOG, AV £XOUUE OTTOKOTIT BETIKOU.
Y) apéowg PETA TO «APIOTEPO> GKPO TOU SIACTANATOS OV £XOUNE OTPOYYUAEUON TTPOG TO
+o00
pog Tov TANCIéoTepo Ba ival ioo pe To péyeBog Tou diaoTiparog ‘ETol utroAoyicape To
HEyIoTO SuvaToé oPAApa oTPOyYUAEuoNg.

* To péyeBog Tou amoAUTou o@AApuaTog aAAdGdel HE TOV EKBETN TTOU AVTIOTOIXEI OTNV
KOVOVIKOTTOINHEVN avaTTapdoTacn Tou X.

*  TuvABwg «OTTOKAIHOKWVOUHE> Kal HEAETANE TO OXETIKO OQAApa OoTpoyyUAsuong:
rel(x) = |fl(x)-x]|/|x]|

MavemoTrApio Marpwv

//a
5000
{,Wtﬁ{a.fﬂm 10101
2 10516 010
030
Maparnpnoeig Jhiieie1iatitso
101409500105010
/7219539019510

o Agilel va TpooégeTe a1rd TWPA OTI TTAPOAO TTOU EVOINPEPONACTE YIO TO
O@AAPATA, TIG TTEPICOOTEPEG TIEPITITWOEIG BEV MTTOPOUME VO TO UTTOAOYioOUHE
akpIBwg!

° ... av ymropoucapg, dev Ba gixape avTikeipevo oudATRONg, Kabwg Ba
HTTOPOUCAUE VO TIPOOOECOUUE TNV UTTOAOYIOHEVH TIHR OTO O@AAUA KAl VO
AdBoupe TNV akpiBA TR (TTou yevikd gival dyvwoTn!

Emouévwe «xalapwvoups» Kal 0Tav avapspOuaoTs oTnv «gUpean Tou
oQaAuarog>» ouviBwg gvvooUps TNV UPEDT) «KAAoU dvw @ppdyuarog» yid 1o
uéye6o¢ ToUu oPdAuarog

® ... QvTi TOV aKpIB UTTOAOYIONO TOU GPAAMATOG, TTOU YEVIKA gival aduvaTog,

° . OTTWG TTAPATIAVW, TTOU SIEPEUVIHCANE TTOI0 UTTOPEI VA Eival TO PEYIOTO
o@dApa oTpoyyUAguong av X € (X, X*) Kol TTOTE PEYICTOTTOIEITAI.

MavemoTrApio Matpwv
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Movada oTpoyyuAsuong

7 t‘,ﬂl‘tg‘ 03 1010
Y9/0%0200% 0 00
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Eme1dn ta o@dApara gival ouviiBwg HIKPd, Ta PJETPAPE pe Bdon TN «povada aTpoyyUAEuong>» TTou
avadeikvUel TN dIOKPITOTNTA TG AVATTAPACTACNG.
H povdda oTpoyyUAeuong €ival To HEYIOTO OXETIKO O@AApa oTpoyyUAeuong (Bswpolpe 6T 0 aplBudg
dev givar 0).
Tnv opifoupe Bdoel TOU OUYKEKPIPEVOU OUOTILATOS A.K.U. KOI TWV ETTIAOYWV Trou £XOUV Yivel 600V
agopa

1) omnv avamrapdoTaon

2) oo £iS0g OTPOYYUAEUONG TTOU XPNOIUOTIOIEITAI.

Av Tr.X. Xpnoipotroigital n avamrapdortaon 1.u, ... u,_, B Kal oTPOYYUALUON TTPOS TO TANTIEOTEPO,

To u amokaAsital « » (unit roundoff)
XPNOIUOTTOIEITAI EKTEVECTATA WG HOVASA PETPNONG TPAAUGTWV.

e—t+1 —t+1
maxrel(z) = B :g

2¢ 2
u

MavemoTrApio Marpwv

V)

353950758
05035900
41149 2010

9919 1010
/z,r;tn‘ 010101

)

Movada oTpoyyuAsuong

44115193 ]
'?"f’d”l”a(’j 0101
1090509102510
1745053 05109 015

EmeidA Ta o@dApata gival guviBwg PIKPd, Ta HETPAPE PE BAoN Tn «povdada oTpoyyUAguong>
TTOoU avadeIKVUEL TN SIGKPITOTNTA TNG AVATTAPACTATNG.

H povada oTpoyyUAeuong gival To HEYIOTO OXETIKO O@PAAPa oTpoyyUAeuong (Bswpoupe 611 o
apiBuog dev gival 0).

Tnv opifoupe BAoel TOU OUYKEKPINEVOU OUCTHUATOS A.K.U. KOI TWV ETTIAOYWYV TTOU £XOUV YiVEl
6oov agopd

1) otnv avatrapdoTaon

2) oT0 €id0g OTPOYYUAEUONG TTOU XPNOILUOTIOIEITAI.

Av 1r.X. XpnoipoTroigital n avamapdortaon L.u, ... u,_, B Kol oTPOYYUAsUON TTPOS TO

mAnagIEoTEPO,
A(z) — 2 3F—f+1
maxrel(z) = max fi(z) = 2] =
A0 |z 23¢
g—t+1
u = B
2

To u atrokaAgiTal « » (unit roundoff)

XPNOIUOTTOIEITAI EKTEVECTATA WG MOVASA PETPNONG CPAANATWYV.
MPOZOXH: Av aAAdgel o Tp6TTOG OTPOYYUAEUoNG, Ba aAAGEel kal To U.

MavemoTrApio Matpwv
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e 21nVv a.K.u. IEEE pe otpoyyUAguon 1rpog
mwAnociéoTepo, B=2, omoTte

yia apiOunTik HOVAG akpipelag
u=2t= 224596 x 108

yia api@unTikn diITARg akpipeiag (default
u=2t=2353~1.11 x 10-16

MATLAB)

MavemoTrApio Marpwv

Botw z € R xo 61 déhoupe va unokoyloouys gedype yio To opdhye ToU TPOXGRTEL YETd T} oTpoyYUAeuon ToU T 01OV

mhnogatepo aa. FBotew [z, 2] o pupdtepo Bidompa aatu. nou eydeler 1o @ (enopéwas 2,0t € F.)
To ogdhua g otpoyysheuong da etvan

|[fl(z) — 2| = min{|z — 27|, |z — 2" |}

To ogdhpa o shon péyioto drav 1o @ ebon axpide ot péon Tou BioThuatos, orbTe 10 & wWwanéysl omé Ta dpat [, ),

onbre:
gitie
2

Avz € [85 (1 + 87" x 5] 167e 10 pévioto oyenind opdyn B svan

fi(x) =]  p1THe B
[z = 28 2

Ava e[(1+87N8% (1+ 287" x 9 1ot 10 gévioto oyeTnd opsdya da svo

o) —a| g g
TR AR S 2

xon yeuxbtepa, av @ € [(1+ )55 (1+ ¢ + 317 x ¢, ér0u 0 < ¢ onére

[fl(x) — x| fitte
] = 21 +4)fe

%ol ipepavess to ehdyioto Do eriteuydel dtav i = 0, Sk ot LRodidoThia Rou Peloxstal dxpa dpioTEpd.

Page 11
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‘EgiAov Tng pnxavng kai ulp

eps pnxavig: Eivar n amréocrtaon tou 1 amd Tov apéowg
EMOUEVO O.K.U., €0TW 1% dnA. gy = 1+ -1
Ito oUoTnua a.k.u. IEEE g, = 27t*1 = 2u

gy OITTARG akpiBelag = 2752~ 10716

To g, UTTapXEl XPNOoIPoTToIEiTAl € aAyopiBpoug yiaTi

Seixvel Tn S10KPITOTNTA TOU cucrr%pmog o.K.U. AgiTe T.X.
Tn ouvdpTtnon rank T™ng MATLA

To g, opioTnke Bdaoel Tou 1. H yevikeuon Tou o€
rsya UTapoug api1Buoug ovoudletan ulp (units in the
st place)

Av x = m x 2E 161¢ ulp(x) = g, x 2F

MavemoTrApio Marpwv

> MATLAB 7.5
>> eps('single’)
ans = 1.1921e-007
>> eps('double’)
ans = 2.2204e-016

>> eps
ans = 2.2204e-016

H rank emoTpé@el TNV TaEN Tou pnTpwou. ETeidr) dpwg o opiopdg NG TagNS e§apTaral até 1o
TTIANB0G TwV 1I81aOUCWV TINWV TTOU gival un PNOEVIKEG, TiIBeTal To BEua T onuaivel 6Tav AEue
oTI KaTTrola TToodTNTa Eival 0; Oa TpéTTel va eival akpIBwg 0; 'H Ba dexTouue 6TI Adyw
«BopURou» oToug utToAoyiopoUG, 6,TI gival KATw aTrd KATTOI0 KATW@AI UTTopEi va AngOei kai
auTté wg 0; ZTnv TPAEN xpnoiyotroicital n deUTEPN EpUNVEia, OTTOTE XPEIAJETAl VA OPICTE TO
KOTW®AI, KaTI TToU yiveTal Baaoel Tou eps. MNa apadeiypa, help rank ng MATLAB emmioTpépel

RANK Matrix rank.
RANK (A) provides an estimate of the number of linearly
independent rows or columns of a matrix A.
RANK (A, tol) is the number of singular values of A
that are larger than tol.
RANK (A) uses the default tol = max(size(A)) * norm(A) * eps.

MavemoTrApio Matpwv
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Mpageig a.K.u.

H oulATtnon dev €€avTAcital oTnV avamrapdoTacn Twv apifuwv!
To emrépevo peydAo BEpa agopd oTnV UAOTTOINON TWV TTPASewV
oTO0 CUOTNUA O.K.U.

... KOl OTO CQAAPATA TTOU TTPOKUTITOUV OTTO TNV UAOTTOINCH TOUg
o€ OXEON HE TA «OEWPNTIKA ATTOTEAECHATA>» TNG <« APIOUNTIKAG
drreipng akpipelag> .

To {nTnua sivar ol «mWPAgeIS d.K.U.> TTOU AVTIOTOIXOUV OTIS

ouvnliouéveg mpAaseis as apibunTikn arreipng akpipeiag.
YAomoinon twv mpaéswv > 8éua Computer Arithmetic
Ta xapakTnpIoTIKd TOUuS 2 o@aAuara, €I8IKES TTEPITITWOEIS.

MavemoTrApio Marpwv i

2,050
5009558
W i
o o o y ;,1;{/;711 110 1
Aiwpata apiOuNTIKAG oTO TEdio R Vi
19010301
/1009509103 01
/721951901

AO: X, ye R=x+y € R

Al: x+y = y+x

A2: x+(y+2z) = (x+y)+z

A3: 30 € RT.W. VX € R, Xx+0 = X
Ad4:VYxe R I(-X) e RT.w. x+(-x) =0

NO:x,ye R=>xxYE€ER

Ml:xxy=y xX

N2: x x(y xz)=(xxy)xz
N3:31eRT.W.YXER, XXx1=X

Nd:vxeR 1TW.X20,IXTcRT.W. X x X1 =1

EO: X x (y+z) =xxy+xxz

’ APKETES aTTO TIC TTAPATTAVW 1010TNTES OEV IGXUOUV OTOUS A.K.U. ‘

I MH I n MavemoTrApio Matpwv i
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O1 TapaKkdaTwW TPAEEIg gival ICOSUVOUES KAl TO ATTOTEAECUA i00 ME
10, aAAd oe a.k.u. IEEE &1iTARg akpipelag (r.x. otn MATLAB)

1020 + 20 — 10 — 1020 = 0
1020 4+20-1020—-10= -10
1020 —10-10204+20= 20

MNpooégte 611 1020 > 252 gropévig TA TTOPATIAVW TTPETTEI VO
avapévovrail

Epwtnon: Ao Toug 24 (=4!) 1p6TTOUg UTTOAOYIOHOU TTAPATTAVW,
TTOI0i ETMICTPEPOUV OCWOTO ATTOTEAEOHQ;

¥

MavemoTrApio Marpwv ‘

141,

7
0351000
1297035100

199100030
. . Y it 102929
Mapddeiypa TTapaATUTTIWV y i .
170150953190019%
1140370%500%01

Epwtnua: Av z € F, 10x0ouv Ta TTapakdTw;

e lXzx ==
e x#A0=>a/z=1
° O.5§<x:1:72

eycFxz-y=0=z=y

lMpiv a6 ro 1980 ummnpxav H/Y yia toug otroious n amravrnon o éva
N TEPICOOTEPA QTTO TA TTAPATTAVW ELWTNAUATA NTAV QPVNTIKN.
2mv a.k.u. IEEE o1 amravrijoeic o€ 6Aa ra maparmrdvw givar NA.

¥

i
MavemoTrApio MNatpv 8
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Mapadsiypa

Aev 10xUel TAvTa 1o A2:

t1="Ff(z+y) s1="F(y+ =)
to =flI(t1 +2) sp="fl(z+s1)
Aev e€aocalileTal n IgéTNTA
t,=s,

onAadn n 10oTNTA

fl((x+y)+z) = fl(x+(y+z))

I MH I n MavemoTipio Marpwv I

197
500
,«,;fwn;tﬂ 01_0

i Hi31050 11000
Atrotuyia Tou N4 farsisiaicies Sicotoiel
4403310510970 110101010

index = [];
for i=1:170
if ((L/D)*i"=1)
index = [index i]
pause;
end;
end;

e MATLAB @ P4 1o atmmotéAecpa ATav Index = [49 98 103 107 161]

Av 1pé€ouue wg 1000, utrdpyouv 82 apiBuoi TTou amroTuyxdvouv aTo TTapaTTavw TECT

i
MavemoTrApio Matpwv
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9752070,
Ils1500
10083003950
4275190150

Ze oxéon pe 1o A3:

Mtropei va 1o0xU0€l
X, Yy \in F\{0} aAAd x y = x
Moapddeiypa: T
Ix] > |yl ka1 kard Tnv ekTéAEOn TG GOpoOIONG, N £§opOiWON TOU

€KOETN TOU Y ME €KEIVOV TOU X 0dnyei o€ amwAgia OAwv Twv
Yneiwv TNG OUPAg TOU Y.

XapakKTnPIOTIKA gival n TepiTTTwon mou x=1.

Mo Toug Adyoug 1Tou ava@épape 6a utTTdpxouv

y#0rw.1 y=1.

To péyioTo auTd Y €ival TTEPITTOU i00 HE &,

MavemoTrApio Marpwv

110101010

Ocepehiwdne npodiaypopr ox.u.: Buvdien axpBols otpoyyLAisuong

Or meptoodrepol xaTaoxcuaoTéG £youv ouluoppuiel Xo TPoopEpOUY LOVEBES TOU Lxave-
notoOv T cuviipe oxptBols otpoyyiheuong:

Ave ouuBoAilel Tny vhorolnon tng Teding O, téte Sodéviwy z,y € F
Loy GeL 6t

2@y =z Qy)EF (1)

Anhadh: To anotéheaua TN Tedine oto olotnud svat oav va exteheltar n Tedln axpBhe
AN GQaL THS TPORN T 1) TRoSH o
otov R (Brh. & ® y) %o petd vt oTpoyy UhoTOLERTAL TO amOTERETUAL

Page 16
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0303
n A a"fi"”ff’”ti ]
#1050
apaTnPnoeis Ve
1305303630
Y. d

[
) -
1‘01‘70 110101010

* H diaoc@dAion TG ouvlAKNg akpifoug oTpoyyUAeuong Sev
gival Tpo@avng:
Qaiveral va amraiTouvTal JEYAAOI KATAXWPENTES Yid TNV
AaTToOAKEUOT] TWV EVOIAUNECWY OTTOTEAECHATWYV.
e InMavTiké atrotéAeoua (1980-)
MNa Tn owoTth uloTroinon Tng ouvlnKNng apkoUv TTOAU Aiya
emimAéov yneia/bits:
“*Wneio oTpoyyUAeuong
+*Wneio rpooTaciag
<+ KoMwbdeg (sticky) bit

MavemoTrApio Marpwv

Topdderype 7. Eotw suabikr apifuntuc] pet = 3 ondte u =272 /2 =273

€ Yhngib TpocTacies  xwpls Yrpio Tpootaciag

+ 2T % 0.100 2T x 0.100

— 2 x0.111 2 % 0.111
2' > 0.100 2' > 0.100

— 21 x 00111 2! % 0.011

= 21 % 0.0001 21 % 0.001

= 277> 0.100 27T % 0.100

Me ipngio tpooteoias éyoure to axpifés arotédeopa aAdoids To oxeTiké opdApa Vivetan

272x01-21%x0.1

| 22 % 0.100

| =1=28u

Page 17
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To TTapakdTw TTPdypappa utroAoyilel To EAAXIOTO Y yld TO OTTOiO 10XUEI TO
1+y > 0 kai TTou €ival TG popeng 1.0 x 2P

T=1.0
While (1.0+T > 1.0)
T=T/2.0;
End
T=T"2.0;
Av 1pé€eTe TO TTapatrdvw Tpoypappa otn MATLAB, m.x. og P4 (a.k.u. IEEE):
T = 2.220446049250313e-016

o€ 16kA pop®r (YIa GUVOTITIKA avatrapdoTacn Tou duadikou) eival
(3cb0000000000000),4

AUTO GUUTTITITEI YE TO €, TTOU €TTIOTPEPEI N MATLAB.

Mapatripnon: MapoAa autd, o T dev gival 0 EAAXIOTOG KOVOVIKOTTOINKEVOG
BeTIKOG O.K.U. yIa ToV oTT0i0 1I0XUEl OT1 1+T > 1.

O apiBudg autdg gival o

25342105 = (3ca0000000000001

MavemoTrApio Marpwv

0
/13539507508
Wb
/11093103100
Y 1y

/A

0303

43

#1940

Y i
)

Y. i

Maparnpnoeig

o
0%900%

XPAOIYO VA UTTAPXOUV TTPOYPAMHOTO TTOU OVAKOAUTITOUV Kal
avadeIKVUOUV OTOIXEIO IO TO OUCTNHA APIBUNTIKAG
MaAaidTepa ATAV ATTOAUTWG ATTAPAITNTA, TT.X-
< PARANOIA (Kahan)
“*MACHAR (Cody)
< Ta mpoypdppaTa QUTA €ival SUOKOAO va ypa@TouUV yiaTi

AeiToupyoUv oTa dkpa TnG apiBunTikig (extreme
arithmetic!!!)

% Tla «@avarikoug>» (To CUVIOTW BePUd aKOUA Kal av dev TO
KaTaAdBeTe evreAwg! !

v To apBpo Tou Kahan, "MATLAB's loss is nobody’s gain”
(2004)

I MH I n MavemoTrApio Matpwv i
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MpoBAnupatiopég ota GPUs

Karl E. Hillesland
University of North Carolina at Chapel Hill *

1 Introduction

Up until the late cighties, each computer vendor was left to develop
their own conventions for floating-point computation as they saw
fit. As a result, programmers needed to familiarize themselves wit]
the peculiarities of each system in order to write effective softw
and evaluate numerical error. In 1987, a standard was estaby
for floating-peint computation to alleviate this problem,
vendors now design to this standard [IEEE 1987].
Today there is an interest in the use of graphics grfeessing units,
or GPUs, for non-graphics applications such # scientific com-
puting. GPUs have floating-point representations similar to, and
sometimes matching, the IEEE standard. However, we have found
that GPUs do not adhere to IEEE standards for floating-point op-
erations, nor do they give the information necessary to establish
bounds on error for these operations. Another complication is that
this behavior seems to be in a constant state of flux due to the depen-

IGPU Floating-Point

University of North Carolina at Chapel Hill *

|/ Operaiton R300/arbip NV30/1p30
Addition | [-1.000, 0.000] | [-1.000, 0.000]
Subtraction [-1.000, 1.000] | [-0.750, 0.750]
1 1
1 1

Multiplication | [-0.989, 0.125] | [-0.782, 0.625
Division [-2.869, 0.094 [-1.199, 1.375

Table 1: Floating-Point Error in ULPs (Units in Last Place). Note
that the R300 has a 16 bit significand, whereas the N'V30 has 23 bits. Therefore one
ULP on an R300 is equivalent to 27 ULPs on an NV30. Division is implemented by a
combination of reciprical and multiply on these systems. Cg version 1.2.1. ATI driver
6.14.10.6444. NVIDIA driver 56.72

Schryer [Schryer 1981]. By testing all combinations of these num-
bers, we include all the test cases in Paranoia, as well as cases that
push the limits of round-off error and cases where the most work
must be performed. such as extensive carry propagation. Table 1
gives results for some example systems.

MavemoTrApio Marpwv

A6 MACHAR (Cody)

A =ONE

10 A=A+A
TEMP = A+ONE
TEMP1 = TEMP-A

B = ONE
20 B=B+B
TEMP = A+B

7

) g
W
710370 51089%
11719195 o1
H17091050% 101
,;;;’,;?ggfgég 5100
Y 10030

IF (TEMP1-ONE .EQ. ZERO) GO TO 10

ITEMP = INT(TEMP-A)

IF ITEMP .EQ. 0) GO TO 20
IBETA = ITEMP

BETA = CONV(IBETA)

C
C Determine IT, IRND.
C
IT=0
B = ONE
100 IT=1T+1
B =B * BETA

TEMP = B+ONE

MavemoTrApio Matpwv
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Ta KeVTPIKA BEpATO

T1 atroTeAéopaTA TTPOKUTITOUV HETA OTTO TTPAEEIS OL.K.U. ;
Mwg peTpdue T0 OQAANQ;
Mwg di1adidovTal Ta cPAApATa
Av utrdpyouv ota dedopéva g16660uU
AuTd TTOU TTPOKUTITOUV KATA TN SIAPKEIN TWV
uTTOAOYIONWYV;
WG emnpeddouv Ta TEAIKA atToTeEAéoUATA;
Mwg PTopoUpE va PETPAOOUNE TNV aIoTICTIA
TWV ATTOTEAECHATWYV;
TOU aAyopiBuou Kal TnG UAOTTOINCAG TOU;

2070
1703919700
1050900
‘ . < < ii0310170" 510
Baoikoi kavoveg 51ddoong o @aAparog y i otd
ih0300903 23002
H524043953093017

1010

‘Eotw X,y € F ka1 611 dev £Xoupe utrepxeilion f utroxeiAion otnv
EKTEAEON TOU X @ Y, TOTE

[fi(z0y) — (z0y)| <u, zOY#F0, ©e{+,— x,/}h
|z © y|

Av 1o0x00UV TO TTOPATTAVW TOTE IGXUOUV ETTiIONG
fi(z) =2(1+6), |5 <u
fllzoy) =(xoy)(1+5), [§<u

xr )1
fllx ©Oy) = —
(r©y) 145
O1 mapamavw axéociC givail 1a Bagika epyaicia:

Me ouotnuarikn xprion roug 6a peAsrioouue 1 61ddoon kai 8a EKTIUCOUUE
ppayuara yia 10 TeEAIK6 oQAaAua UTTOAOYIoUWY UE A.K.U.

0] < u

¥

i
MavemoTrApio MNatpv 8
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Tlopdderypo

Mo hentouepric avdhuon tou opdhuotog oyetnd te A2:
=0z +y) s =H0y+2)

toy =ﬂ(t] +Z) S92 =ﬂ($ +51)

Enopévorg ty = (& + y)(1+ 6;) oty = (t; + 2)(1 + &) dpar

tr=((& +y)(1+ &) +2)(1 +&), érov [§] <u.

Ouolexg
s2= (2 +(y +2)(L+m))(L+m) énou n| <.

ty # 83 dpa Bev 1oy let 1 mpooeToLpoTX LBLGTTY TpdalEong . v,

7050

(003 G0
T
1 010101

) Vi
Maparnpnoeig Jisiiettooion
/Z‘iv”i’l’,} 103 9 0 110101010

o Agilel va TpooégeTe a1rd TWPA OTI TTAPOAO TTOU EVOINPEPONACTE YIO TO
O@AAPATA, TIG TTEPICOOTEPEG TIEPITITWOEIG BEV MTTOPOUME VO TO UTTOAOYioOUHE
akpIBwg!

° ... av ymropoucapg, dev Ba gixape avTikeipevo oudATRONg, Kabwg Ba
HTTOPOUCAUE VO TIPOOOECOUUE TNV UTTOAOYIOHEVH TIHR OTO O@AAUA KAl VO
AdBoupe TNV akpifn TR (TTou yevIKA gival dvvwa'rn!rs

Emouévwe «xalapwvoups» Kal 0Tav avapspOuaoTs oTnv «gUpean Tou
oQAAuarogc» ouvijwgs evvoouUlE TNV EUPECN «KaAoU dvw @PAyudarog» yid 10
uéye6o¢ ToUu oPdAuarog

® ... QvTi TOV aKpIB UTTOAOYIONO TOU GPAAMATOG, TTOU YEVIKA gival aduvaTog,

° . OTTWG TTAPATIAVW, TTOU SIEPEUVIHCANE TTOI0 UTTOPEI VA Eival TO PEYIOTO
o@dApa oTpoyyUAguong av X € (X, X*) Kol TTOTE PEYICTOTTOIEITAI.

MavemoTrApio Matpwv
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Ocepehiwdne npodiaypopr ox.u.: Buvdien axpBols otpoyyLAisuong

Or meptoodrepol xaTaoxcuaoTéG £youv ouluoppuiel Xo TPoopEpOUY LOVEBES TOU Lxave-
notoOv T cuviipe oxptBols otpoyyiheuong:

Ave ouuBoAilel Tny vhorolnon tng Teding O, téte Sodéviwy z,y € F
Loy GeL 6t

oy =z ®y) € F (1)

Anhadh: To anotéheaua TN Tedine oto olotnud svat oav va exteheltar n Tedln axpBhe
AN GQaL THS TPORN T 1) TRoSH o
otov R (Brh. & ® y) %o petd vt oTpoyy UhoTOLERTAL TO amOTERETUAL

149%;

40105
0503510
350"
R . . y
Baoikoi kavoveg 51ddoong o @aAparog et
17501008
721951%

110101010

* 'Eotw X,y € F ka1 611 dev éxoupe utrepxeilion | utroxeihion otnv
EKTEAEON TOU X @ Y, TOTE

Ifi(z©y) — (z0y)| <u, zOY#F0, ©e{+,— x,/}h
|z © y|

° Av io0xU0UV TO TTOPATTAVW TOTE ICXUOUV ETTIONG
fi(z) =2(1+6), |5 <u
fllz®y) = (zoy)(1+596), ol <u
fl(z A O) ?{=
146

O1 mapamdvw oxéosis sivai Ta Bagikd epyaieia:
Me ouotnuarikn xprion roug 6a peAsrioouue 1 61ddoon kai 8a EKTIUCOUUE
ppayuara yia 10 TeEAIK6 oQAaAua UTTOAOYIoUWY UE A.K.U.

DY) = 16| <

MavemoTrApio Matpwv
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Tlopdderypo

Mo hentouepric avdhuon tou opdhuotog oyetnd te A2:
=0z +y) s =H0y+2)
toy =ﬂ(t] +Z) S92 =ﬂ($ +51)
Enopévorg ty = (& + y)(1+ 6;) oty = (t; + 2)(1 + &) dpar
to =((z +y)(1+ ) +2)(1 +d&), tnov |§] < u.

Ouolexg
s2= (2 +(y +2)(L+m))(L+m) énou n| <.

ty # 83 dpa Bev 1oy let 1 mpooeToLpoTX LBLGTTY TpdalEong . v,

Y
y 07D
Vi 1010108
o , < WrhV; 0
] J10}02
Ti pITOoPpOUME VA TTOUHE YIO TO CQAAHA; fiseitiose
/3200330530930

* ATO Ta TAPATTAVW UTTOPOUME VA HEAETCOUMPE TO COAAMA
yia Tig duo peBOSoug utTtoAoyiooU.

(x4 y)(1+61) + 2) (1 + ) (L4 01)(1+ 62) +y(1+61) (14 02) + 2(1 + &2)

I
[(Fy)+2) = (z+ ) +2)] = [—((@+y)+2)]
= |2(81 4 02 + 0102) + y(01 + 62 + 6102) + 265
< Jz](2u+u?) + [y|(2u + u?) + |z|u
[(@H(y+2)) = (e + (y+2)| < Jelu+ [yl(2u+u?) + [2](2u + u?)

ITPOXEZETE 6nwe avauevotay, o dve Qparyuo Lo To Godhud eZoptdton xat and
TIC TWES TOV &, Y, 2 %o umopel Vo efvon BLagopeTind atoug do Teémouc. Av ol Tiuég
elvar Vetiée, goivetor vo euvoelton 1 ddpolon xatd adouca T,

H AZIOHNIETH ddpoton evéc ouvérou aprdudy eivar onuovtins Hépo (xadot etvon
TUpAYVOC TOAAGOY LTOROYIOPGY) (Belte enduevn ddhedn).

MavemoTrApio Matpwv
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Ti pITOpOUME VA TTOUHE YIO TO CQAAUA;

A6 Ta TTOPATTAVW UTTOPOUME VA MEAETACOUME TO OCQAAMQ
yia Tig duo peBddoug utTToAOYIoHOU.
((+y)A+01)+2)(1+d0) = x(1+5)(1+2)+y(1+61)(+2) + 2(1+92)

(F)F2) — ((z+y)+2)| = [ta— (z+y) +2)]
= |z(61 + 62+ 6162) + y(61 + 62 + 6162) + 22|
|z|(2u + u®) + y|(2u + u?) + |z|u

[(aF(y+2)) - (@ + (y+ )| |zlu 4 [y|(2u 4 u?) + |z|(2u + u?)

MPOXEZTE 6nwg avapevorav, 1o Avw eEayua yia 1o Spaaua
etaprdral kar anod TG TREG TWV &, Y, 2 KAl JNopei va eival
SlapopeTikd oToUG SUO TEOMOUG. AV O TIUEG €ival BETIKEG,
@aiveral va euvoeital n aBpoion Kard augoucd Tiun.

H AZIOMIZTH &Bpoion evdg CUVOAOU apIBUWY eival onuavT-
kS Béua (KaBoT eival NUPAVAG MOA®WY UMOAOYICUWY) (Beite
enduevn SIAAEEN).

'Trdfrrr!lllllllllllllllllwmmmmi%l

/10,
17573950%;
; ,;,i;,”;;’._;a.! 13 100
1,’},47;1 21078
AN i“,‘j 14 010

1010

ATT6 TO ATTOAUTO OTO OXETIKO OCQAAMQ

44115193 ]
'?"f’d”l”a(’j 0101
1090509102510
1745053 05109 015

Me ppn} yoAdpnaon Tou PEEYHUTOS, UTORPOUKE VO XATUANEOUUE GTO (Bl dve pdyud
Y10l TO UEYIOTO GQPAIAUN XL 0TOUS B0 TpoTouE ddpotong:

(e 4y)+2) — (@ +y) +2)| < (ol + [yl +]2)(2u + u?)
(@F(yt2)) = (@ + (g + )| < (2] + [yl + [2]) (20 + )

To dvw @pdyua yia To atréAuto c@daApa e§apTdral aTd Ta
HEYEDN TwV z, ¥, 2

Mwg PpAcTEeTAl TO AVTIOTOIXO OXETIKO CQAAMQ;
[((z4y)+2) — (= +y + 2)| (2] + [y + 1))
[z +y + 2] [z +y+2

(2u + u?)

EPQTHZH: MNoio €ivail 1o pelovéEKTNUA auToU TOU QPAYUATOG;

¥

i
MavemoTrApio MNatpv 8
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ATT6 TO ATTOAUTO OTO OXETIKO OCQAAMQ

Me uikpr) XaAdPwon Tou PEAYNATOG, MNOPOUNE VA KATAAN-
Eoupe o710 D10 Avw PEAYHA YIA TO JEYIOTO CPAANUA KAl OTOUG
duo Tpdnoug dBpoiong:

I((@Fy)F2) — (@ +y) +2)] < (z|+ |y + |2))(2u+ u?)
|z F(yF2)) — @+ @+2))| < (z|+ [yl +|2])(2u + u?)

To dvw @pdyua yia To atréAuto o@daApa e§apTdral aTd Ta
HEYEDN TwV z, ¥, 2
Mwg PpAcTEeTAl TO AVTIOTOIXO OXETIKO CQAAMQ;

(((zty)+2) —(@+y+2)| (x| + |yl +]2])
[z +y + 2] [z +y+2

(2u + u?)

EPQTHZH: MNoio €ivail 10 pelovéKTNUa auTtoU Tou PAYUATOG;

MavemoTrApio Marpwv i

105010958
/ *”"é"?f’?;w oy
ATTé 5\ 3 A 0750 030 13000
TTO TO ATTOAUTO OTO OXETIKO OPAAN «%‘:”';”f”,;o' 010103 1010010161
1050 0 0 4
£i30370319930 1110101010

To @pdaypa egapTdTal Ao TIG TIHEG TWV I, ¥y, 2
OUCIAOTIKA eV £XOUNE KATAPEPEI va GPASoupE TO
miow o@AApa

To @pdaypa ptropei va yivel TToAU peydaAo

(atmrokA€IoTIKA AGyw TOU TTPWTOU O6pou), oTroTe Ba

gival axpnoTto

SnA. av (lz|+ lyl+ 1z])/ |z+ y+2z]| gival TTOAG
peydAo

M1ropoUpe TTOAU KaAUTEPO av E€XOUME
TEPICOOTEPES TTANPOYPOPIES VI TO TTPORANMa:
m.X. OV Td z, y, z Eival opéonua

i
MavemoTrApio Matpwv
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Avw @PAYHA YIO TO OXETIKO OQAApC

Otav z, y, z opyoéonuol TOTE

(@r)F2) =@ty +a] (el 1D
[z 4y + 2| [z 4y + 2|
< 2u+u?

TTOAU KaAS dvw @pdypa, pag TAnpo@opei 611 To oPdAua Ba
gival pikpo (Tagng u)
id10 @pdyua Kal yia TRV EVaAAOKTIKH d8poion

z+(y+2)

gival WG aTaApPAiTNTO VA KAVOULE UTTOBECEIG YIA TIG TIMEG
Ty Yr 2

¥

A’fﬂ?i{ o0
/’/%??‘jv “4‘701010;010

2& AAAEG TTEPITITWOEIG HTTOPOUNE TTOAU Kq)‘:i,ijjggpao;l

(1405300290030

010

/

[(zxy)xz—azxyxz| = [(xxy)(1+8)x2)(1+6)—zxyx 2|
= |zyz(1+61)(1 4 62) — ayz|
= |wyz(1 + 02 + 0162)]

emouévee av xyz # 0

|(xxy)xz — zyz|

|61 + 8 + 0162
|zy2|

< 2u + u’

¥

i
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A’fﬂ?ai,{ o0
Vi '3 “4"”1010;01"

2& AAAEG TTEPITITWOEIG HTTOPOUNE TTOAU qugpu 83550
[0 1035003030

010
11101010319

(aSy)%z —wxyx 2l = |((zxy)(1+61) x 2)(1+62) — 2 x y x 2]
= |eyz(1+61)(1 + 62) — ayz|
= |zyz(61 + 02 + 6162)|

enopévwg av xzyz 7= 0

(a%y) %2 — ayz]

= |01 + 62 + 6162]

< 2u—|—u2

|zyz|

1000t
01001010
Ron
o
110101 _

Av T 6edouéva Bev efvor oLxX.U. xaL TRETEL VoL To <0TROYYLAEDoUUE> pxel Vo Découpe

T=a(1406),7=y(l+0),2=2(1+5),

(EXXE = xyx 2l = (o1 +6) x g1+ E)(1+ 1) x 2(1+65)(14+8) — o x y x 2
[2yz(1 4 01) (1 + 02) (1 4 03) (1 + d4) (1 + 05) — wyz|
= \acyz(él+62+63+54+5,;+5152+~'*+516263646_;)|

Mrnopolue vor ouUTERdVOUPE OTL TO OYETIXG QPN PpdooETL Und

W@ Zayzl 50 | you? 4 10u® 4 5ut 4 u?

|zy2|
< 5u+0(u?) \

’ até SUWVUUIKG aVATITUYHA ‘

KUpiapxog 6pog avw QPAyHaTog
UTTOPOUE Va €ipaaTe TTOAU IKAVOTTOINUEVOI

¥

i
MavemoTrApio MNatpv 8

Page 27

27



V.
wﬂ,ﬂ‘

EtrekTeiveTal akOpa Kal av €XOUME ocpa)\quwqm\? gwoﬁo

’4 u"p 1,,0
/ 7 l’ 1

Av 1a dedopuéva dev €ival a.k.U. Kal NPENeEl va Ta «OTPOoYYU-
AéWoupe» apkei va BEcoupe

Z=1x(1+03),§=y(1+d1),2=2(1+ds),

|@ExPXZ—zxyxz = [((@(1463) x y(1+62)(1+ 1) x 2(1 +5)(1 4+ 62) —z x y X 2|
[zyz(1 4 81)(1 + 62) (1 + 83)(1 + 62) (1 + J5) — xyz|
= |oyz(d1 + 02 + 63 + 04 + 05 + 6102 + - - - + 6102039405)|

MnopoUue va cupnepdvoupe 4T To OXETKO OPAAUA PPAC-

oeral ané

< 5u+10u?+ 10u3 4 5u* + u®

|zyz|
< 5u+0(u?)

/ ’ aT1ré OUWVUNIKO QVATITUY O ‘
KUpiapxog 6pog avw QPAyHaTog
UTTOPOUE Va €ipaaTe TTOAU IKAVOTTOINUEVOI

MavemoTrApio Marpwv

Eptrp6¢ o@daApa — eurpog avaAuon o(pcx yﬁ;i‘ﬁq c

H d1adikacieg TTou gidape wpiv ocuvowifovTral wg €§AG:

EkkivwvTag ammrd Ta oToIXEia £10080U Kal TTapakoAouBwvTag
TO O@AApa o€ KABe TpdAén TTpooTTadolpe va PPAasoups TO
MEYIOTO ATTOAUTO | OXETIKO CQAAMA TToU Oa pTITOpOoUCE va
TPOKUWEI OTO TEAIKO ATTOTEAEOHA —

avadnroupe dnAadn 10 gAdyioro dvw @pdyual

H 16éa gival atTAf
...« 0AAQ N €@appoyn TNG PTTOPEi Va gival TePIiTTAOKN
.... OKANPR doKnon o€ aviodTNTEG
vier TEPAOTIEG EKPPATEIS oux K.ATT.
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Eovarei (H a110d€1EN — TTpQUIPETIKY| - GTO BiBAio)

Yuc avokboag €youue dpouc p, = []1, (14 &;) érov ywopilowe 6t 6] < u. Apéowc
Bhénouue 6t
(1—w) <p, <(1+u)
non 61 p, = 1+ nu +O0(u?).
Tu mo wpPéc propolue vo modue;
To wtéhovdo Afuua eivor oAl yproo epyoheio:
Adupe 1. Ar |6 <Su karp; ==+1 pai=1:n rkanu <1 wdre

n
[T+ =1+,

i=1

nu
6, < =y
Bul < 7=

[MpocéEte du unopolue enlone va ypddouue:

(]- +0n)(1 +3m) =1+0n4n

Ardbedn. Me enaywyr. H oyéon woybe yion = 1. 'BEotw éu p, = 1, téte
n
[T +ay: = (1+6.0)(1+ )
i=1
146, = 14+60,1 +8, +0,-16,
n—1u
|0n| = |‘9n71 + +0n—1‘5n| < 1 (_ (TL —)l)u
(n =Du+(n—1u?+u—(n—1u° <
1—(n—1u

146,
140,
= Hn + 6n +(9n6n
Bn—l - 6n
T1+446,
< [Pty
nu — (n — 1p?
= 7 =M
1—(n—lu+(n—1u
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Megucéc gopéc ypdpouue [TI, (14 6)% :=<n > onéte
<n>x<k>=<n+k> <n>/<k>=<n+k>

Xerown elvor xon 1) avobrnre (utodétouue 6t nu < 1):

nu
In =

1 —nu
nu(l+nu + (nu)’ +--)
nu+0(u2)

(1+8) < (L+u)" <e™.
1

Méyedoc 10U 7, 6tav u =2 x 10710
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XpRon o€ TTPonyoUHEVO TTapAdEIya

Efyape dei€el 61t

PIXE—a Xy Xz

X

[(@(1483) x y(1+8)(1+61) X 2(1+685) (L +2) — 2 X y X 2|
= |eyz(1481)(1 + 62) (1 + 5) (1 + 04) (1 + &5) — zyz|

(@

[(EXP)XZ—x X y X 2]

5u 4 10u® 4+ 10u® + 5u’ + v’

IN

|zyz|
< su+0(u?)

Me Béon to Afppa urtopolue dueco va ypdpouue

|(Ex7) %% — wy2|

= |(1+46;)—1
- |1+ 65) — 1]

5u

< =

1—5u

[(EXP)XZ -z xyxz| = [((x(1+03) x y(1+382)(1 + 1) x 2(1 +65)(1 +2) —x x y X 2|
= |zyz(1 4+ 61)(1 + 62)(1 4 03)(1 + 64) (1 + d5) — 2yz|
5u+ 10u? + 10u3 + 5u® + u®

IN

zyz|
5u+ O(u?)

IN

Me Bdon 10 Afjuua unopouue dueca va ypdyouue

= |(1465)—1]

_ 5u
T 1-5u

|zyz|

IN

75
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