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EMNETHMONIKOY YITOAOTTEMOZX 1

AIAAEEH 15, 14/12/09

E. TAAAOIIOYAOZ
Tpnpa Mny. H/Y kat TTAnpogopikrg
IMav/yo IMatpov

Mntpoa pe eidikn doun (Kegp. 7.1)

E1d1kr) 6opn: Fevikd, evvooupe, PNTp@a IOU PITOPOUHE VaA «IIEPTYPAWPYOUHE e Alyotepar Ao
n? otoxeia. I'a va sipaocte mo cageig xpetaletar e&edikevon). Iapadeiypata: Zupperpikd
Yeukd oplopéva, Toeplitz, Hankel, Vandermonde, Cauchy,

EniAuon ouotpatog pe KAte IPyoviko Pntpeo {ovng

AAyop1Opog
Eioobog: A,b 6mou A At 1piyoviko pe nuievpog p. '‘Efodoc: Avon x tou Ax = b. Kdaorog:
Tape /2 2np otav n > p.
j=1:n
& = B/ oy;
fori=j 4 1:min(j +p,n)
Bi = Bi — ayz&;
end
end

BAénoupe nwg 6tav 1o €Upog {ovng eivatl oAU PIKPOTEPO TOU 1, TO KOOTOG ETHAUONG £ival TTOAU
HKpSTEPO Tou Kavovikoy O(n?).

[Tapayovtomnoinon pnpwou {ovng

Ocopnpa 1. 'Eotw A(plg) € R™" 10 onoio emibéxetar napayovtonoinong A = LU. Tote L éxet
kaww evpog p kar U ave evpog p, nA. A(plq) = L(p|0)U(0]q). O
Apa

e av bev ypelaletar odnynon, ol mapayovieg 9a £xouv 1o 1810 (avtiotorxo) eupog {ovng

e dpa ot mapayovieg L, U prmopouv va arnobnkeubouv otov 1610 X®po mou katalapBavet
0 A. O aAy6p1B110g mapayovionoinong PIopel kat autdg va eKPetaddeutei ) pundevikr)
dourn pe arnotédeopa ) eAATIOON TRV TIPASE@V.

[Tapayovtornoinon pntpwou {ovng
Eioobog: A orou A pntpeo {ovng A(plg). 'Eobog: Tapayovieg L(p|0), U(0]q) arodnkeupévor
0Ta KAT® KAl Ave TPYOVIKA tphpata tou A. Kootog: que ~ 2npq o6tav n > q.
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fork=1:n-1
fori =k+1:min(k+p,n)
Qi = Q[ e
end
for j =k +1:min(k+ ¢, n)
fori=Fk+1:min(k +p,n)
Q5 = Oy — QG Qg
end
end
end

Te pdlayovia pnrpoa: Av dev xpetddetat odryynon, A(1|1) = L(1|0)U(0[1).
o [ 1 0 m G
vy Tea e N 0

ﬁn—l 6n—1

Awaoraon LU tpibiayeviov untpowou Eicodog: Mntpoo A = trid[y;, «;, 5]
'E¢obog: L,U.
Q= que =3n—3

=
for 1 =2:n

Ai = Ci/nifl

N = o — Niffiza
end

Enifvon Ly = b
Eioobog: Kaww 8i81ayeovio pntpwo L = trid[y;, oy, 0]. \ 'Efobog: y.
0= Tape =3n—2

1= Bi/on

for 1 =2:n

Vi = (Bi — i) e

end

LUVOAMKO KOoToG ertiduong tou Az = b

Tape =8n+ O(1)

PAgelg a.xK.u.

[Tog etudpd n 0dnynon; Av xpelddetal od8rynor, Ot UAOIIOW0E1S IPEIEL va TPOITOITolnOouv
katdAAnda. IIpoocédte yiati tote ot mapayovieg L, U amattouv mepioodtepa otoixeia yia a-
noBnKeuvon.

'Eote 6t 1o puntpoo A(1|1) sivat tpidiayovio kat ot o < g ondte Xpetddetal va AdBoupe
oav 0dnyo oto mpoto 1én Prpa 10 OToXelo aipy. AUTO onpaivet 6t mpéret va aviaAAdgoupe tig
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ypapuég 1 kat 2 tou A. 'Eotw 6t auty) eivat ) povn addayr] rou arnatteitat katd ) Siapkea
g napayovrortoinong LU tote:

HMapawmpoupe 6w Ay = A;(1]2), enopévag L = L(1]0)U(0]2), apa to gupog {ovng tov L, U
augavet.

Tt propovpe va TOUPE av TO0 PUNIPXOO €ival AviloTpEWPpo addd sival anapaitnin n HeEPIKN
0dnynon ya tmyv «acpair) mapayoviornoinon;

@copnpa 2. 'Eogto A € R™" avuoéypo kar A = A(plq) kat ou ypnowonowitar anaijowpn
Gauss e pepikn 0dnynon yla v urtoAoylouo g napayovionoinone PA = LU. Tote 10 ave
oyeUko untpwo U gxel nuievpog p + q Kat 10 Kate 1tyeuiko untpao L éxel kata péytoto p + 1
un unbdevika otoyceia ava otnan. [

Eropévag: Epooov yia tov A xpelaldpaote niepinou (p + ¢ + 1)n otokeia dtav p, g < n:
xopig 0diynon A(p|q) = L(p|0)U(0|¢) xat ta L, U priopouv va anobnkeutouv oto A

pe odfiynon  PA(plg) =
arnobrnKeuong.

L(p|0)U(0lp + ¢) xat xpewalovial mepirou pn erurdéov doeig

AnAadn: Mropei va xpetaotei emrpoobetog Xopog ard autdv rmou exoupe yia tov A ... adda
OX1 TIapa oAug!

[Mapadeypa 1:

A=toeplitz([4, -1, zeros(1,3)]) A=

4 -1 0 0 0
-1 4 -1 0 0
0 -1 4 -1 0
0 0 -1 4 -1
0 0 0 -1 4

>> [L, U, P] =l u( A

L =
1. 0000 0 0 0 0
- 0. 2500 1. 0000 0 0 0
0 - 0. 2667 1. 0000 0 0
0 0 -0. 2679 1. 0000 0
0 0 0 -0. 2679 1. 0000
U=
4. 0000 - 1. 0000 0 0 0
0 3. 7500 - 1. 0000 0 0
0 0 3.7333 - 1. 0000 0
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0 0 0 3.7321 -1. 0000
0 0 0 0 3.7321
P =

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

[Mapddetypa 2: 'Exoupe aviaddayég Aoym odr)ynong rmou odnyouv oe Kataotpodr) tng doung:

A=toeplitz([-1,4, zeros(1,3)]) A =

-1 4 0 0 0
4 -1 4 0 0
0 4 -1 4 0
0 0 4 -1 4
0 0 0 4 -1
>> [L, U P]=lu(A)
L =
1. 0000 0 0 0 0
0 1. 0000 0 0 0
0 0 1. 0000 0 0
0 0 0 1. 0000 0
- 0. 2500 0. 9375 0. 4844 -0. 8164 1. 0000
U=
4. 0000 -1. 0000 4. 0000 0 0
0 4. 0000 -1. 0000 4. 0000 0
0 0 4. 0000 -1. 0000 4. 0000
0 0 0 4. 0000 - 1. 0000
0 0 0 0 -2.7539
P =
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 0 0 0 0

Mrntpwa Hessenberg
[Mapayovtoroinon LU: Av A = LU, 10 A sivat Hessenberg kat 6ev yivouv petabéoeig Aoyw
obrynong, to L 9a eivat katw &i6aywvio.
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0] 0
1 . . . . . . . . 1 .
2 . . . . . . . . 2 . .
3 . . . . . . . 3 . .
4 . . . . . . 4 . .
5 . . . . . 5 . .
6 . . . . 6 . .
7 . . . 7 . .
8 . . 8 . 0
90 2 4 6 é 90 2 4 6 8
nz =43 nz=15
0
1 . . . . . . . .
2 . . . . . . .
3 . . . . . .
4 . . . . .
5 . . . .
6 . . 0
7 . 0
8r 0
90 2 4‘1 6 8
nz = 36

ArAr) vAdonoinon otav dev xpetddetal o6nynon

fork=1:n—-1
forj=kFk+1:n fork=1:n—-1
forz:k+1//z ak+17k:%
az’,k:z;;i N forjzk:—l—i:n
Q5 = Q45 — QG g Qg 5 Q5 = QG 5 — QG g Qg g
end end
end end
end

e Iapayovroroinon LU Ty = Pi2(n — k) + 1) =n? —n = O(n?) npdgeis.
e [lowd elvat n enintwon g pepkrg odrynong oty LU pntpwou Hessenberg;

{ Towa eivat n 6opr) twv napayoviev; A(ljn — 1) = LU eropévag 1o L £xet 10 TI0AU
p+ 1 = 2 pn pndevika otokeia ava othAn.

{ Ilog aAAddetl to KOOTOG;
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{ owa etvat n evotdBela ; LU pe pepky odnynon = p, < n.

LAPACK (Keg. 5)

H mio onuavukrn Bi6110dnkn pe kodkeg ayyung yia mvu ernifuon tov Jepediodov
TPO6ANUATOV Yyoauuiknc aiys6pag mov ypnooToEital eupUtata otov EMLOTNUOVIKO
unofloyioud eivar n LAPACK. IToAjla mepi6aijlovta tou EY otnpifovtar o' avtniu
(MATLAB, Octave, Scilab) eva UEPIKEG POUTIVEG TNG XPNOWUOTIOOUVTAL WG UETPOTPO-
yoaupa yia v atofoynon eniboong UmoAoyloTIK®V OUOTNUATOV. XPNoTHoIotel ta
BLAS a2Ad dev ta ouprieptdapBavet.

v' LAPACK can solve systems of linear equations, linear least squares problems, eigenvalue
problems and singular value problems. LAPACK can also handle many associated compu-
tations such as matrix factorizations or estimating condition numbers.

v" LAPACK contains driver routines for solving standard types of problems, computational
routines to perform a distinct computational task, and auxiliary routines to perform a certain
subtask or common low-level computation. Each driver routine typically calls a sequence of
computational routines. Taken as a whole, the computational routines can perform a wider
range of tasks than are covered by the driver routines. Many of the auxiliary routines may
be of use to numerical analysts or software developers, so we have documented the Fortran
source for these routines with the same level of detail used for the LAPACK routines and
driver routines.

v Dense and band matrices are provided for, but not general sparse matrices. In all areas,
similar functionality is provided for real and complex matrices.

The distribution tar file contains the Fortran source for LAPACK, the testing programs, and
the timing programs. It also contains the Fortran77 reference implementation of the Basic
Linear Algebra Subprograms (the Level 1, 2, and 3 BLAS) needed by LAPACK. However
this code is intended for use only if there is no other implementation of the BLAS already
available on your machine; the efficiency of LAPACK depends very much on the efficiency of
the BLAS.

The complete package, including test code and timing programs in four different Fortran
data types (real, complex, double precision, double complex), contains some 805,000 lines
of Fortran source and comments. You will need approximately 33 Mbytes to read the
complete tape. We recommend that you run the testing and timing programs. The total
space requirements for the testing and timing for all four data types, including the object
files, is approximately 80 Mbytes.

OvonatoAoyia otnv LAPACK 'Oniwg kat pe ta BLAS ta ovopata €xouv ) popor SYYZZZ omou
S dnAdvel Tov apOpNTIKO VIO TV Hedopévav Kat tng apdpnuikng rov Sa akoAoubnOet, YY to
€1d0g ToU PNTPOOU Kat Tov TPOTIo arobrKeUong tou, ZZZ v mpddn ypapuikng diyeBpag mou
exteAeitat.
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X wnog ototyeiov 77  umoAoyioudg
S REAL TRF  napayovrornoinon
D DQOUBLE PRECI SI ON TRS  ermiAuon and napayovtornoinon
C COWPLEX COND  extipnor &eiktn katdotaong
Z  COVPLEXx16 RFS  refine emiduon
TRI avVToTPOdI)] AItd IaAPAYOVIONOoinoT)
EQU rxAwmdxkeon
YY eibog untpaouv / doun wivaka YY elbog unrpaou / dour mivaxa
CE yevikog PO ouppetpikog (Eppitiavog) detikd oplopévog
TR tpiyevikodg PP otuBaypévog ouppetpkog (Eppitiavog) etkd oplopévog
TB tpywvikog {ovng PB ouppetpikog (Eppitiavog) Setikd oplopévog taviakog
TP ouBaypévog tpiyevikog PT ouppetpikog (Eppitiavog) detikd oplopévog 1pidlayoviog
GB  yevikog taviakog SY OUPHETPIKOG (Myadikog) aopilotog
Gl yevikog tpidiaymviog SP oTB8aYEVOG CUPHETPIKOG (Pyadikog) aopilotog

HE Epptiavéog adpiotog

Xapaxkinplotika MeydAn onpaocia 600nke :

e YV akpiBela: ermorpépovial Seikteg OU MANPOPOPOUV TO XPNOTH Yid TV a§lrmorotia
TV anotedeopdtev (.. deikteg katdotaong, enpog opaipa, rmioe® opdipa, K.d.)

e X1V AMOTEAEOPATIKOTNTA KAt TV taxutnta: Xprjon BLAS-3, a§oroinon tdrou pnipwou
yla @Onvotepn arnobnkevor, K.d.

E161kotepa oXeTIKA 1€ TO TeAeutaio:

Avdloya pe 1o €idog T0U pnTPwou, propst va xpnotporiowBeil kat doprn arobrkevuong mou
a&lorolel ta oUyKeERPIEVA Xapaktnplotikd. Eibikotepa:

Ia Terpaywviko pntpwo n X n:

YEViKY Sopny ouvnOiopévn arobrikeuor oe §16idotato mivaka n X n
CUPHETPLKI], EPPLTIAVE] 1] TPLYDVIKY] Sopr) otBaypévn arnobrkeuor avd othAn
Tawwarn dopn arobrkevong {Hvng

Tpdayovia 1 §18rayovia dopn arnobrkevon oe 2 1) 3 povodidotarovg rivakeg (Sravuopata)

IMa napadsiypa, n ava otjAn ouBaypévn arnobnKeuon evog KAT TPY@VIKOU untpwou A sivat
ornwg oto AP.

a1 0 0 0

Qo1 (X9 0 0

A =
ag; sy agz 0
Qg1 Qg Q43 Olgg
AP = [@11, Qo1, 31, (41, (22, (32, (g9, V33, (V43, 0444]

IMa nieploootepeg AN popopieg deite
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http://www.netlib.org/lapack/lug/node121.html

Poutiveg Avtiypagoupe ano 1o eyxepidio:

Two types of driver routines are provided for solving systems of linear equations:
a simple driver (name ending - SV), which solves the system AX = B by facto-
rizing A and overwriting B with the solution X; an expert driver (name ending
-SVX), which can also perform the following functions (some of them optionally):
solve AT X = B or A*X = B (unless A is symmetric or Hermitian); estimate the
condition number of A, check for near-singularity, and check for pivot growth;
refine the solution and compute forward and backward error bounds; equilibrate
the system if A is poorly scaled. The expert driver requires roughly twice as much
storage as the simple driver in order to perform these extra functions. Both
types of driver routines can handle multiple right hand sides (the columns of B).
Different driver routines are provided to take advantage of special properties or
storage schemes of the matrix A. These driver routines cover all the functionality
of the computational routines for linear systems, except matrix inversion. It is
seldom necessary to compute the inverse of a matrix explicitly, and it is certainly
not recommended as a means of solving linear systems.

DGESV dri ver yiwa v emiduon yevikoU mpaypatikoU OUucTtpatog oe apldunukr SumAng
akpiBelag.

DGESVX expert driver yua to mapanave

DGECON extipnon tou aviiotpdpou Tou SeiKtn KAatdotaong YEVIKOU IPAYHATIKOU UNTPO0U OG
pog Vv vopua 1 1) ) voppa peyiotou ypnoworoioviag v LU napayoviornoinon mou
rnpoxkurttel ano 1 poutiva DGETRF.

[Mapadeypa: IMapayovionoinon otnv LAPACK

DCGETRF conputes an LU factorization of a general Mby-N matrix A
using partial pivoting with row interchanges.
The factorization has the form

A=P=x L+ U

where P is a pernutation matrix, L is lower triangular with unit
di agonal elenents (lower trapezoidal if m> n), and U is upper
triangul ar (upper trapezoidal if m< n).
This is the right-1ooking Level 3 BLAS version of the algorithm

Mapadewypa: Egaptyoeig tng GETRF
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SUBROUTINE DGETRF( M, N, A, LDA, IPIV, INFO )

. External Subroutines .

EXTERNAL DGEMM DGETF2, DLASWP, DTRSM XERBLA
* .. External Functions .

EXTERNAL | LAENV

SUBROUTINE DGETF2( M, N, A, LDA, IPIV, INFO )

* .. External Subroutines ..
EXTERNAL DGER, DSCAL, DSWAP, XERBLA
* .. External Functions .
EXTERNAL DLAMCH, | DAMAX

Enegnynoeig (1/3)

SUBROUTI NE DLASWP( N, A, LDA, Ki, K2, 1PV, INCX)

* DLASWP perforns a series of row interchanges on the matrix A

* One row interchange is initiated for each of rows K1 through K2 of A
SUBROUTI NE DSWAP( N, DX, | NCX, DY, | NCY)

* I nt erchanges two vectors.

* uses unrolled | oops for increnments equal one.

SUBROUTI NE XERBLA( SRNAME, | NFO)
* -- LAPACK auxiliary routine (prelimnary version) --
* Univ. of Tennessee, Univ. of California Berkeley and NAG Ltd..
* Novenber 2006
*  XERBLA is an error handler for the LAPACK routines.
* |t is called by an LAPACK routine if an input paraneter has an
* invalid value. A nessage is printed and execution stops.

Enegnyroeg (2/3)

| NTEGER FUNCTI ON | LAENV( | SPEC, NAME, OPTS, N1, N2, N3, M)
-- LAPACK auxiliary routine (version 3.1) --
I LAENV is called fromthe LAPACK routines to choose probl em dependent
paranmeters for the local environment. See |SPEC for a description of
t he paraneters.
This version provides a set of paraneters which should give good,
but not optimal, perfornmance on many of the currently avail able
computers. Users are encouraged to nodify this subroutine to set
the tuning paraneters for their particular machi ne using the option

b . . T R
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* and problemsize information in the argunents.

DOUBLE PRECI SI ON FUNCTI ON DLAMCH( CMACH )
* -- LAPACK auxiliary routine (version 3.1) --
* Univ. of Tennessee, Univ. of California Berkeley and NAG Ltd..
* DLAMCH det erm nes doubl e precision nmachi ne paraneters.

Enegnynoeig (2/3) Zuvaptioeig BLAS (6eite v 10t00eAi6a tov BLAS)

BLAS-1 DSCAL, IDAMAX
BLAS-2 DGER

BLAS-3 DGEMM, DTRSM

CLAPACK

CLAPACK (f2c’ ed version of LAPACK)

Version 3.1.1.1

Frequently Asked Questions (FAQ

HEHAH AR TR AR RS AR R AR R AR A AR R AR AR R RS H R R R R R R R R R R R
# PLEASE NOTE:

#

# THE CBLAS ARE NOT PROVI DED BY NETLI B WHEN CLAPACK ROUTI NES ARE REQUESTE

It is assuned that an optim zed version of the BLAS are already
present on your machine. |If this is not the case, please refer

to the cl apack/cblas directory.

HAHHBHHHBHHBHH B HH BB H B R H R H R R H R R H R H R R R R

#
#
#
#

dgetrf.c - evvoeitat #i ncl ude f2c. h

#i ncl ude "bl aswrap. h"
[* Subroutine */ int dgetrf_ (integer *m integer *n, doublereal *a, integ
| da, integer =*ipiv, integer =info)
extern /* Subroutine =/ int dgemm (char *=, char %, integer *, integer
i nteger *, doubl ereal *, doublereal *, integer *, doublereal =,
i nteger =, doubl ereal =*, doublereal *, integer =*);
static integer iinfo;
extern /* Subroutine */ int dtrsm(char =, char *, char %, char =,
integer *, integer *, doublereal =*, doublereal =*, integer =,
doubl ereal *, integer x), dgetf2_(
i nteger *, integer *, doublereal =*, integer *, integer *, integerx);
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static integer jb, nb;

extern /* Subroutine */ int xerbla (char *, integer =);

extern integer ilaenv_(integer *, char *, char *, integer =*, integer
integer *, integer *, ftnlen, ftnlen);

extern /* Subroutine =/ int dlaswp_(integer *, doublereal *, integer
integer *, integer x, integer *, integer *);

SUBROUTI NE DCETF2( M N, A, LDA [PV, INFO)

* -- LAPACK routine (version 2.0) --
* Univ. of Tennessee, Univ. of California Berkeley, NAG Ltd.,
* Courant Institute, Argonne National Lab, and Rice University
* June 30, 1992
* .. Scal ar Argunents ..
| NTECER INFO, LDA, M N
*
* .. Array Argunents ..
| NTEGER I PLV( * )

DOUBLE PRECI SION  A( LDA, * )
*  Pur pose

* DCETF2 conputes an LU factorization of a general mby-n matrix A
* using partial pivoting with row interchanges.

* The factorization has the form

* A=Px*L=* U

* where Pis a pernutation matrix, L is lower triangular with unit
* diagonal elenents (lower trapezoidal if m>n), and U is upper
* triangular (upper trapezoidal if m< n).

* This is the right-Iooking Level 2 BLAS version of the algorithm

*  Argunents

* M (i nput) | NTEGER

* The nunber of rows of the matrix AL M >= 0.

* N (i nput) | NTEGER

* The nunber of columms of the matrix A N >= 0.

* A (i nput/output) DOUBLE PRECI SI ON array, dinension (LDA N

* On entry, the mby n matrix to be factored.

* On exit, the factors L and U fromthe factorization

* A = PxL+xU; the unit diagonal elenments of L are not stored.
* LDA (i nput) | NTECER

* The | eadi ng di mension of the array A. LDA >= max(1, M.

* | PIV (output) INTEGER array, dinmension (mn(MN))
* The pivot indices; for 1 <= i <=mn(MN), rowi of the
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* matri x was interchanged with row I PI'V(i).
x| NFO (out put) | NTEGER

*
vV ANl

0:

successful exit

if INFO = -k, the k-th argunent had an illegal val ue

if INFO =k, U(k,k) is exactly zero. The factorization
has been conpl eted, but the factor Uis exactly
singul ar, and division by zero will occur if it is used
to solve a system of equations.

* .. Paraneters ..
DOUBLE PRECI SI ON ONE, ZERO
PARAMETER ( ONE = 1.0D+0, ZERO = 0.0D+0 )

* .. Local
| NTEGER

Scal ars ..
J, JP

* .. External Functions ..
| NTEGER
EXTERNAL

| DANVAX
| DAMAX

* .. External Subroutines ..
EXTERNAL

DGER, DSCAL, DSWAP, XERBLA

* .. Intrinsic Functions ..
| NTRI NSI C MAX, M N

* .. Executable Statenents ..

* Test the input paraneters.

I NFO =

0

IF( MLT.0 ) THEN
INFO = -1

ELSE IF( N.LT.0 ) THEN
INFO = -2

ELSE | F( LDA LT.MAX( 1, M) ) THEN
INFO = -4

END | F

IF( INFO.NE.O ) THEN
CALL XERBLA( ' DCGETF2', -1NFO)
RETURN

END | F

* Quick return if possible

IF( MEQO .OR N.EQO )
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$  RETURN
DO10J =1, MN( M N)

* Find pivot and test for singularity.
JP =J - 1 + IDAMAX( MJ+1, A( J, J ), 1)
IPIV( J) =JP
IF( A( JP, J ).NE. ZERO ) THEN
* Apply the interchange to colums 1:N.
IF( JP.NE.J )
$ CALL DSWAP( N, A( J, 1), LDA A( JP, 1), LDA)
* Conpute el enents J+1: M of J-th col um.
IF( J.LT.M)
$ CALL DSCAL( MJ, ONE/ A( J, J ), A( J+1, J), 1)
ELSE I F( INFO EQ O ) THEN
INFO = J
END I F
IF( J.LT.MN M N) ) THEN
* Update trailing submatri x.
CALL DGER( MJ, NJ, -ONE, A( J+1, J ), 1, A( J, J+1 ), LDA
$ A( J+1, J+1 ), LDA)
END | F
10 CONTI NUE
RETURN
* End of DCETF2
END

SUBROUTI NE DCETRF( M N, A, LDA [PV, INFO)

* -- LAPACK routine (version 2.0) --
* Univ. of Tennessee, Univ. of California Berkeley, NAG Ltd.,
* Courant Institute, Argonne National Lab, and Rice University
* March 31, 1993
* .. Scalar Argunents ..
| NTEGER INFO, LDA, M N
*
* .. Array Argunents ..
| NTEGER [PIV( * )

DOUBLE PRECI SION  A( LDA, * )

*  Purpose

*

DCETRF conputes an LU factorization of a general Mby-N matrix A
using partial pivoting with row interchanges.

*
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* The factorization has the form

* A=Px L * U

* where Pis a pernutation matrix, L is lower triangular with unit
* diagonal elenents (lower trapezoidal if m>n), and U is upper
* triangular (upper trapezoidal if m<n).

* This is the right-1ooking Level 3 BLAS version of the algorithm

* Argunents

* M (i nput) | NTECER

* The nunber of rows of the matrix A M >= 0.

*

* N (i nput) | NTEGER

* The nunber of columms of the matrix A N >= 0.

*

* A (i nput/output) DOUBLE PRECI SI ON array, dinmension (LDA N)
* On entry, the Mby-N matrix to be factored.

* On exit, the factors L and U fromthe factorization

* A = P«L+xU; the unit diagonal elenents of L are not stored.
«  LDA (i nput) | NTEGER

* The | eadi ng di mension of the array A. LDA >= max(1, M.

* | PIV (output) INTEGER array, dinmension (mn(MN))

* The pivot indices; for 1 <= i <= mn(MN), rowi of the
* matri x was interchanged with row I PIV(i).
*
* | NFO (out put) | NTEGER
* = 0: successful exit
* <0 if INFO=-i, the i-th argunment had an ill egal val ue
* >0: if INFO=1i, U(i,i) is exactly zero. The factorization
* has been conpleted, but the factor Uis exactly
* singular, and division by zero will occur if it is used
* to solve a system of equations.
* e s s e s
* .. Paraneters ..
DOUBLE PRECI SION  ONE
PARAVETER ( ONE = 1.0D+0 )
* .. Local Scalars ..
| NTEGER [, TINFO J, JB, NB
* .. External Subroutines ..
EXTERNAL DGEMM DGETF2, DLASWP, DTRSM XERBLA
* .. External Functions ..

| NTECER I LAENV
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EXTERNAL | LAENV
Intrinsic Functions ..
| NTRI NSI C MAX, M N

Execut abl e Statenents ..

Test the input paraneters.

INFO = 0

IF( MLT.0 ) THEN
INFO = -1

ELSE I F( N.LT.0 ) THEN
INFO = -2

ELSE | F( LDA. LT. MAX( 1, M) ) THEN
INFO = -4

END | F

IF( INFO. NE. O ) THEN
CALL XERBLA( 'DGETRF', -1NFO)
RETURN

END | F

Quick return if possible

IF( MEQO .OR N EQO )

$ RETURN
Determ ne the block size for this environnent.
NB = | LAENV( 1, "DGETRF, " ', M N, -1, -1)

IF( NB.LEE1 .OR NB.GEMN( M N) ) THEN
Use unbl ocked code.
CALL DGETF2( M N, A LDA, 1PV, INFO)
ELSE
Use bl ocked code.
DO20J =1, MN( M N), NB
JB=MN MN M N)-J+1, NB)

Fact or di agonal and subdi agonal bl ocks and test for

singularity.

CALL DGETF2( MJ+1, JB, A( J, J ), LDA IPIV( J),
Adj ust | NFO and the pivot indices.

IF( INFOEQO .AND. IINFO GT.0 )

$ INFO= [INFO + J - 1
DO10 | =J, MN( M J+JB-1)
IPIV( 1 ) =3 -1+ 1PV 1)
10 CONTI NUE

Apply interchanges to colums 1:J-1.
CALL DLASWP( J-1, A, LDA J, J+JB-1, IPIV, 1)
| F( J+JB.LE.N ) THEN

Apply interchanges to colums J+JB: N.

CALL DLASWP( N-J-JB+1, A( 1, J+JB ), LDA J, J+JB-1,

$ IPIV, 1)

15
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* Conmput e bl ock row of U.

CALL DTRSM ' Left’, 'Lower’, 'No transpose’, 'Unit’, JB,
$ N-J-JB+1, ONE, A( J, J ), LDA A( J, J+JB),
$ LDA )

| F( J+JB.LE. M) THEN

* Update trailing submatri x.
CALL DGEMM 'No transpose’, 'No transpose’ , M J-JB+1,
$ N-J-JB+1, JB, -ONE, A( J+JB, J ), LDA
$ A( J, JHJB ), LDA, ONE, A( J+JB, J+JB),
$ LDA )
END | F
END | F
20 CONTI NUE
END | F
RETURN
* End of DCETRF
END
KEPAAAIO 8

To Atakp1td Movtédo
YrievOupion

e H peyalutepn rinyn evoladpepdviov npobAnpdtev yia tov Ermotnpoviko YroAoyiopo eivat
1 Mpooouoiwon (PUok®V Kat dAAwv) atvopévev otov HY.

e H npooopoinon avtiotoiyel otnv ermiAuon evog padnpatikou POVIEAOU TTOU TEPypadeTal
HE p1a 1) TEPLooOTeEPES H1aPOPIKEG, OAOKANPOUATIKEG KAl AAyeBPIKEG e§1000E®V 1] OUV-
duaopo toug.

e Mup1adeg epappoyég onv Emotrun kat Texvoloyia

e E1d1kou evbiagpépoviog oto TMHYII: Euputato nebio epappoyodv, amo TG e§1000e1g Tou
51£mouv Aoy101K6 MPOCOP0imong NAEKTPOVIKOV KUKA@UATOV! péxpt ta ypadpikda H/Y kat
) oxediaon kat vdomnoinon nmaixvidiov UmoAoyiotr.

Evdiapépouoeg niapatnprjoetg ‘'Onwg rapatnpouv ot Foster kat Metaxas, évag amnd toug ota-
Yepolig 0TOX0UG TV YPAPIK®OV O UIMOAOY10TH| £ival 1) mapoxr] €pyaleiov ox1 povov yla v
KAAAUTEX VKT anodoon ToU QUOIKOU KOOHOU aAAd yla v 000 T0 dUuvatov IoTOTEPT] avarld-
paotaorn g npaypankotrag. Méxpt ta teAn tou 1980 autd apopouos Katd KUplo AOyo tnv
O] TIPOCOPO0IMOT) NG EMAPI§ TOU PXTOS HE To Ta aviikeipeva. o poodata, os epappoyeg
anod Kivnpatoypapikda £pya pexpt ta rnawxvidia, n kupiapyn tdon apopd otnv avarapdotaon
16edTOV KOOU®V 1€ 600 T0 SUVATOV TTI0 PEAAIOTIKA PovViEAa Baciopéva ot QUOIKD !

Mepikd Baoikég pabnpatkeg e§l0m0oelg - padnuatkd poviéda

'Onwg to SPICE = Simulation Program with Integrated Circuit Emphasis.
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Mnyxavikn: 206 vopog Neutwva - kivnon - games, F,. = %

HAexktpopayvnuopog: ESionosig Maxwell, ..., Kirchoff - - SPICE - xivntd, KUKAopata,

Peuotobuvapikn: Efiowoeig Navier-Stokes, ..., e§lowoelg aBabov uddtov - 1mpooopoimon
PEUOTOV OTA YPAPIKA

Owovopia: ESionoeig Black-Scholes,

Peuotoduvapikny: Navier-Stokes Aouprtieotn por) oe xopo 2 oto R? 1) oto R? pe ocuvopo I eivat
ot €&1g:

—vAu+u-gradu+gradp = f
divu = 0 ot Q,

u = 0 owI ouvoplakég ouvOrkeg

OTI0U 01 AYyVROTeg METaBANTEG ival To medio taxuttov u Kat 1) rieon p, f eival n e§aokoupevn
duvaun avd povada padag kat v o 6edopévog GUVIEAECTHG KIVIIATIKAG YA010TTag, OToU V =
1/Re kat Re o apiBpog Reynolds.

... Znv eriAuon tov e§100oewv NS 1) «rapayoymv» toug ereviuovial apeTtpnieg OPeg
xpnong H/Y evo enaveldnppéva ftav 1o Kivitpo yia ) oxediaon vEmv TeXVoAoyidv
otoug H/Y, m.X. QpXITEKTOVIKY], AOYIOUIKO, EIMIOTNHOVIKO AOYIONIKS Kat ypapikd?)

'Onwg avapépouv ot Foster kat Metaxas

Modeling physics on a computer and visualizing the results using graphics
techniques can lead to complex pictures as dazzling as the real-world phenomena
they are intended to represent, especially for such fluid effects as the motion of
water, fire, and smoke. It isn”t surprising that a great deal of effort has been put
into modeling such phenomena for computer graphics... Here, we are concerned
with modeling and animating water. Although modeling water for computer
graphics is not a new research area, only recently have graphics researchers
sought to take advantage of the huge body of literature on computational fluid
dynamics in the interests of generating highly realistic animations. Mechanical
engineers and physicists have been modeling the behavior of liquids on com-
puters for nearly 40 years. However, their approach in general has focused on
very specific goals, such as modeling the pressure around a newly designed ship
hull as it undergoes various ocean conditions or calculating how the coolant in a
nuclear reactor core flows around spherical rods. This focus on a few specialized
engineering applications provides students of computer graphics with extremely

2Agite http://portal.acm.org/citation.cfm?doid=341852.341864.
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useful techniques with which to achieve their own more general goals of modeling
water so it looks visually convincing, moves realistically, and can be simulated
on a desktop computer in a reasonable amount of time...

HAextpopayvntiopog — Maxwell

oD
H = J+
V X +8t
0B
E4+— =0
V X +8t
divD = »p
divB = 0

ortou H payvnuxo niedio, E nAektpikod nedio, D nAektpiky) petaxkivnon, B payvnuxkr) enayoyr),
J rukvotnta pevpatog, p n IUKvVOTNTA Qoptiou.

ZUYKpOTNTIKEG OUVONKEG Y1a TO X®PO OTOV OIOoio mapatnpeeital 10 UOLKO PALVOUEVO, TLX. AV
TIPOKELTAL Y1d 100TPOITIKO X®'PO, TOTE

D=¢E,B=uH,J=0E

€ etvat n dindekrpikn otabepd, (1 0 ouviedeotrg S1amEPATOTNTAG KAl 0 O OUVIEAEOTNG AYDYIHO-
mtag.

Xpnuatayopd — Black-Scholes Aikdiopa (= option) poBeopiakng ayopdg (= call option) 1
noAnong petoxov (= put option). H Black-Scholes: cuvdéel Tig NepIKEG apaymyous tou V' og
P0G TO XPOVvo t Kat tr petabAnt S.

OV 1, 0%V OV B
E—i—éaSa—Sz%—TS%—rV—O

Alapopikég e§lo0oelg To 1o onpaviiko padnpatikd PoviEAo yia QUOKA @atvopeva.

ZuvnOng dragpopiky eficwon (ZAE) uovo pia avefaptnin petabinty,
e Babpot e&iowon, x. u: [a,b] — G C R xatu € C*([a,b]),
Ugy + (@)U, + u* = d(x)

e Zvotnpa ZAE, ruy. u: [a,b) — G C R? katu € C'([a, b)),

d
—u; = —(uy + us)

dt
d

— Uy = —(ul—u2)

dt
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Mepik1) Sragpopikrn e§iowon (MAE) rieploootepeg anod pia aveddptnteg PetaBAntég

e Babpoet s§iowon, m.y.
Uy — b(2) gy +u® = d(z)

e YUotnua, 1.X.

=z i i i - - i F
atul + U1al‘1U1 + u28x2u1 + ugax3U1 pal’lp + £
10
il i i i - -2 4 F
0tu2+u18x1u2+u28x2u2+u383:3u2 p@x2p+ 2
10
il = i = - 2 p4F
atu;; + uq 61‘1 Uz + UQafL‘Q Uz + U38$3U3 pax3p + I3
0 up + 0 Uy + 0 0
U =
8x1 ! 81’2 2 8%3 3
E&lowon aBabwv uddatav
Awatnipnon oppng:
ou tan 6 g Oh
L uVu— — =0
8t+uVu (F+u )U+a00598A
ov tan 6 g Oh
EvLu.Vv—i-(vau )u—i—a% =0
Awatnpnon palag:
Oh* h*  Ou  O(vcosb)
Vh* —+———) =0
ot tu +a0089<8)\+ 00 )

ZUp6oda: aktiva yNg a, yeeypadikd urkog kai rddatog (A, #), mapdpetpog Coriolis f =
2Qsin 0, tedeotg V yia 1o eminedo (A, 0) opaipikeov ouvietaypévav, opidoviia taxutnta
u = (u,v), Uyog h eAevBepng EMMPAVELAG TOU OTPOHATOG TOU PEUCTOU AT TV EMMPAvVELd
avadopdg (r.x. ermgdveia mg SdAaocoag), Babog peuotou h* mave amnd 6pog Uyoug hg.

H avaykn yua éva Atakptto Movtédo

e UTTIOAOY10TIKO POVIEAO
e POVIEAO aplOPNTIKLG
e O1aKP1TO LOVIEAO
Ztoxog: Na npooeyyicoupe ) 6pdon tedeot®v mou opidoviat pe Bdorn ) cuvexela

TeAeotég: [lapaywylon, OAoKARpwon
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Movtéda kat anwdela mAnpodopiag Avaykn va €XOUpE HOVIEAA IOU EMMTPENOUV ASIOTTOTEG
iPpoBAEWETG.

Movtéo Ipo6Asyeig Zoajuata
UTTIOAOY10TIKO emtiboong ototntag emidoong
aplOunukrng  axkpiBeiag vrtodoylopwv OTPOYyYyUAguong

Slakpito akpiBelag npooeyyiosmv drakprronoinong

[Tpémet va elpaocte eviePOl y1a TIS ETMITIOOELS TOV ATIOAEIDV TIANPodopiag.

Mapabeiypata: Atapopikég e§1000e1g

Mé£Bo060og Sradopdv IIpooeyyiloupe TI§ MAPAYDOYOUS OCUVAPTNONG HE S1aPopEg TIHWV THG OU-
VAPTINONg 0 KOVIvd onpeia
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M¢eéBo60g rernepacpévav dadopwv

Zuvaptnolaky pEBodog Ipooeyyioupie ) ouvaptnon P piav arnAouotepn Ty ornoia mnapa-
yoyidoupe akpiBog.

Mé¢B060g merepaopévav ototXeiov

Mapabdetypata: OAOKANPOUATIKESG E§10WOELS

Ap1OpnTuiki oAoxrAnpwon Ilpooeyyiloupe 10 OAOKANP®HIA PE YPAHPIKO OUVEUAOHO TIHGOV TG
OouUVAPTNONG OtV IIEPLOXT] OPLOPOU onpeia

M£6060g 1eETpay®viopou

Zuvaptnolaky pEBodog Ilpooeyyioupe 1 ouvaptnon pe piav amlouoteprn) v Oroia oAo-
KANpwvoupe akplBog.

Mé¢Bob0og merepaopévav ototXeiov

SO0 O—0—@

Q\y

i - f(xi+1)_f(xi—1) f N
LS e S— j f@dx= 3w, f(x,)

N\ /

LY f . DVF [ f, f,x)=0,

xeQ, KO OPLOKES TIHEG

Srae (x)+a,9,(x)+..+a,0,(x)

Xovbpikn katatain
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ZuvnOeig AE ouyva n ave§dputn petaBAntn eivat o Xpovog
AE peplROU TUMOU XWPOEEAPTOHEVES 1] KAl XPOVOESAPTOUEVES
OAORANPOPRATIKEG £§1000ELG

Ala¢popoadyeBpirEg

ZUpoova pe g 1810tnteg tou tedeotr) L

® YPAPHIKEG

* I YPAPMIKES

Alaxkptroroinon

Anpoupyia 61aKp1ToU POVIEAOU Yld TNV MPOOEYY10T Katl AUoT Tou TpoBAnpatog:
Aadikaoia rou agopda
e NV IPOOCEYY10T TeSiOU 0PIOP0U, £§1000E®V, OPLAKOV GUVONKOV.

e Metd ) Siakpitonoinor), 10 ouveXEG MPOBANIIA PETATPETETAL O £va ouoTtnPd (YPappuiko
1] Y1) eS10W0EQV ...

e ... TO OTIOIO TIPETIEL VA ETTIAUCOULE.

e To amotédeopa Sa eival pia mPooLyylon g g MPAYHATIKAS AUoNG TOU apX1Kou pabn-
Patikou npoBApatog

Alaxkp1toroinorn Kat Mernepacpéeveg H1adpopeg

v' Ot o Sradedopéveg péBodot yia v apbunukr) eridvon tov AE ripooeyyilouv g napay®-
YOUG TV £5APTNHEVOV PETABANTOV HE YPARHPIKOUG 0UVOUAOoUS TRV TIH®V TOUG O TIpoKabopt-
opéva onpeila Tou X®piou oplopou Toug.

v/ Avuikaf10toviag Tig mapaymyous He Tig Mapartdve MPooeyyioelg, avayoupe tnyv apXiky AE
o€ éva oUoTNa aro €§1000e1S (YPARHIKEG 1 OX1) To ortoio rpéret va Aubel pe karowa pébodo.

e 1O X®pio oplopou avukabiotatal pe éva mAgyua anod KOU6Eoug Kat ol TIHEG TV ITAPAYOY RV
nipooeyyidovial and cuvéuaopoug TV TIPEV TS CUVAPTNoNG 0ToUg KOPBoUG.

e H AUon autov v e§lonoemv anotedel rmpoogyyion tng Auong tng AE kat ot ouvéxela
eAéyXETal @G TIPOg TV akpibeld tng.



