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EMNNETHMONIKOY YITOAOTTEMOZX 1

AIAAEEH 20, 11/01/10

E. TAAAOIIOYAOZ
Tpnpa Mny. H/Y kat TTAnpogopikrg
IMav/yo IMatpov

Mntpoa Hessenberg [Tapayovtonoinon LU pntpoou ave Hessenberg:

0 T T T T 0 o

4 6 4 6 4
nz =43 — nz=15 nz = 36

o Tlapayovroroinon LU Ty 59 = O(n?) npdeg.

e LU pe pepikn obnynon = p < n.

Avaywyr) oe popor) Hessenberg IToAU ouyxvd otig epappoyég XPNOHOIIoI0UHPE PNeETaoXUATt-
opoug Householder yia va urtodoyiooupe () to oroio odnyei tov A oe popgn ave Hessenberg.

QTAQ =H
[MPOXOXH ErmAéyoupe T0UG AvaKAAOCTEG WOTE va PV KATACTPEPOUV Td PNOEVIKA TTOU £10AYOUV
otav epappodoviatl aro ta He§1d. Autd propet va yivel Hovov av «xalap®oouper v arnaitn-
on yla dve tpyevikomta ou Q' A Kat emIpéyoupe plav akopa umodlayovio, dpa popdr)

Hessenberg.
Tto lo Brpa ermdéyoupe Siavuopa Householder u; = [0, x, ...,*]T yla va pndevicoupe ta
otoxeia A(3 : n,1) avti twv A(2 : n, 1) mou kavoupe oty turiky QR.
Tote,
0
- r|lx T x r|lx r x -
(Hy,A)H, = - (0 2 =z x)
0 ‘ r x T 0 ‘ r xr T xr
x

O‘xmx O‘xmx
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HESS Hessenberg form The Hessenberg formof a matrix is zero
bel ow the first sub diagonal. |If the matrix is symetric or
Hermtian, the formis tridiagonal.

[P,H = HESS(A) produces a unitary matrix P and a Hessenberg
matrix Hso that A= P~HP and P P = EYE(SIZE(P)). By itself,
HESS(A) returns H.

Avayayr O aAyopiBuog opiletat avadpopikd yia tetpayevo pntpoo A € R™*™: 'Eote ot mipv
v évapdn tou Brpatog k = 1, ..., n — 2 é€xoupe {8 pndevioet ta otoxeia oug 9éoeg (3 : n, 1),
(4:n,2), ..., (k+1:n,k—1) wou A pe avardaotég Hy, ..., Hy_1:

A® = H, |- -H,AH,---H,_,.

Toéte oto Brpa k urodoyidetat o avakdaotig Hy mou pndevidet ta otokeia (K + 2 : n, k) tou
A®) | Hapawmpoupe neg o noAdardactaopog (H, kA(k))H ¢ apnvel ta 1dn eoaxBévia undevika
avénaga, onote oto ¥Aog Ja éxoune nwg A2 eivar dve Hessenberg.
Zx€d10 adyopiBpou kootoug Tape = %n;%:
fork=1:n—-2
H = A; u = zeros(n, 1)
[u(k+1:n)] = REFL(A(k +1:n,k))
A(k+1:n,k:n) =REFLROW(A(k+1:n,k:n),u(k+1,n))
A(l:n,k+1:n) =REFL.COL(A(1:n,k+1:n),u(k+1,n))
end
Egpappoyés H avayoyn os popory Hessenberg pe opboycdvio petaocxnpatiopod €Xel moAAEG
ePAPPOVES.
[Mapadetypa IToAAég @opég Siboviar A kat s davuopata b; kat Pabpetoi w; Kat mpémnet va
unoAoyiooupe ta z;:
(A—w;Dz;=0b;,7=1,..,5

(* uroA. H xat (mapayovroroinpévo) @) *)

OTAQ = H
|3
QA-wQ=  H—-uwl

ave Hessenberg
dpa avti va Avocoupe ovotpata (A — wl)z; = b; AUvoupe ta w0odUuvapa cuotrpata
H — ij QTQ?J' = QTb]’
——
QT (A-w;NQ
Kat €xoupe ta &€ng Prpata:

Avayoyn Yroloyiopog tou H = QT AQ xat tou B=0Q" [b1, ..., bs]. Auto yivetal povo pa
popa xat xootilet Ty = o(n3).
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Enidvon (H —w;I)i; =b;,j =1,..., s. Kéorog sO(n?).
Kataokevs z; = Qi;,j = 1,...,. Kéotog sO(n?).

H &iadwkaoia eivar Suvatn enedry a) to H Hessenberg = H — al Hessenberg, ) tapayov-
toroinon kat Hessenberg xootiget 2 = O(n?), kat y) 1o Q eivat opBoyevio.

Av epappolape LU, yia kaBe w; 9a €rnperte va urodoyicoupe v napayovroroinon L(w;)U(w;) =
A — w;I, dpa ouvodiko6 k6otog sO(n?). ‘Adda 9épata oxetikd pe ATA.2

e Householder katda oppaboug yla vdornoinoeig péoo BLAS-3

@R pe o0bryynon mou arokaAurttet v tagn (rank-revealing)

[Teplotpopég Givens

Atlomoinon apaing popdng kat sparse QR

[TpoBAnpa 8roupov kat wodavuopatev (Algebraic Eigenvalue Problem)

Atvetatepntpoo A € R™™ kat avalnrovpe Babpwtoug A (16otipég) kat ta avriotorxa
dlavuopata x # 0 (16odiavuona) t.o. Ax = Ax.

e IS10Tipég Tou A eivat o1 n pileg TOU XaPAKTNPIOTIKOU MTOAUGVUHOU

det(A—XI)=0

e ddopa ovopddetat 1o oUVoAo eV 1810TIHGV, ouxva oupBodiletat o(A) 1 A(A).

[Mpoooxr) : Qg pideg TOAUGVUPOU, YeEVIKA eV UTIAPXOUV «TTETEPATHEVES 110060 UTTOAOY10110U
8lotpov, 6nA. pébodot mou pe apOpnukn dnelpng akpiBeiag vrtodoyiouv akpiBwg T1g 1610T1-
H€g o€ menmepaopévo aplOpo mpagewmv).

... the computation of eigenvalues from the characteristic polynomial is one of the
best known stupidities of numerical analysis. Good numerical analysis turns it
the other way round: the real matrix A is directly reduced, first to Hessenberg
form, then by a sequence of orthogonal transformations to the real Schur form

[Hairer,Norsett, Wanner, Solving Ordinary Differential Equations I: Nonstiff
Problems]

[Mapatnpnoeig

o XV Kapdid» pupladev epappoynv tou Emotnpovikou Yodoyiopou (m.X. Aladopikeg,
YroAoylotikr) ZTaTioTiKy))

e Ilpoopata «didonpo» oto €Upy KOO arod v epappoyr) tou ot pebodo PageRank tng
Google...
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e .... 10 181061Gvuopa twv $25.000.000.000 doAdapicv!!

[ToAAég 11€60d601 urtodoylopou, pe e181KA XapaKInPloTIKA
o .... TIedI0 ePpappooIPOTNTAG AVAAOYA HE TA XAPAKINPIOTIKA TOU TIPoBANHaTOg
e ... TIPAYHATIKY cUPHETPia, péyebog, apar) dopr), ukvr) dopy, ...

e Kal 10 {nroupevo: Idotipég (0Aeg, pepikeg, ... ), Idodavuopata (0Aa, pepika, ... )

ITeproodtepa otov «Emotnpoviko YrioAoyiopo ...

Zxéon pe SVD: Av €xoupe aAyopiBpoug yia urodoyiopo 1610/ pev-dtavuopdiev, epappodov-
1Al OTOV UTTOAOY1010 Tou SVD:

A = USVI = ATA=VZ2VT, AAT =UX2UT

EMOHEVRG UITOPOVYIE VA EPAPIIOCOUHE TOV aAyopiO1o urodoyiopou Botipey oto AT A yia va
uniodoyicoupe ta V, X 1 oto AAT yia unodoyiond v U, X. TIpocoxri: O moAAamdaciacpog
T0U A pe 10 avaotpodo evéxel KivEUvoug (Orwg Kat e T XP101] «<KAVOVIK®OV £§I000EDVY ....

Apiotepd 161061aviopata IMowd sival n oxéon twv 18lotpov/dlavuopdtov tou A pe autd tou

A*;

e Av Az = \x t0te ¥ A* = A\xr*enonéveg 1o A eivat oupr tou A*

e Ernopévag ot 161otiég tou A* eivat ot ouduyeig tov 16lotpcov tou A.
Tevikd Sev untdpyxetl amnir) oxéon petadu v 16odlavuopdtev tov A, A*.

e Av ) eivat 16iotar) tou A* 16te 9a undpyet 161061avuona y dote A*y = Ay

e criopévag ¥y A = Ayt

10 ¥* anokaleital apiotepo 161061Gvuopa Tou A ToU avilotolket oto .

Zxéon dlotpev/1610d61avucpdieov

e Av urtoAdoyicoupe pia 8o, ta avtiotoka dodiavuopata Prnopouv va UIToAOY10ToUV
ano ug oxéoelg (A— A )z = 0raty*(A—AI) = 0. (... ta pnrpwa dev etvat avuotpéypal)

e Av umoloyicoupe €va 181061avuopa, z, TOTe P aviiotolyn 1610t Propet va uroAoyiotet

)
z' Az
WG A = EE.

Aoylopiko Baowka Bripata:
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1. avayeyn tou A os armdovotepn! popdn (m.x. dve Hessenberg) pe opboymvioug petaoyn-
patiopoug (véo ouotnpa avadopdg)

2. eniduorn npoBANpPATog 1810TIHAV Y1d TO0 CUPITIECHEVO PNTP®O
3. (av xpeiadetal) petaocknUaATiopnog tng AUong o010 CUCTNHA avapopdg TOU ApX1KOU PNTP®OU
LAPACK Acite htt p: // www. netl i b. org/ | apack/ | ug/ node70. ht m

MATLAB ei g: AAyopiBpot LAPACK: Baoiopévot otov adyopifpo QR katdAAndot yia pntpoa
pétplou peyeboug xwpig dwaitepn dopr). YmoAoyidouv a) oAeg tig 1610tpeg, B) av ermAé-
goupe, 6Aa ta 1odaviopata.

MATLAB svd: 'Onwg ) el g ywa to SVD.

MATLAB €ei gS: Alyopi0pot Baciouévot os ipoxopnuéveg eravaAnmukeg pebodoug (Implicitly
Restarted Arnoldi), katdaAAnAeg yia peydda apaid pniped. YmoAoyilouv ermAeypéveg
16lotaég kat 1drodlavuopata.

MATLAB svds: 'Omnwg n el gs yia to SVD.

xriaypdgnon aiyopibpou QR yia 1610tiaég?

ITio onuavikog «afdyopduog» eUpeong 1OtV mou Laocifetal oe eNAVELANUUEVES
braornaoceig Q) R - anoteei 1ov kKupto 1po0mo uroAoylopuot OAwv tov (18otuov, drodia-
VUOUATOU) YEVIKOU UNTPODD.

Baown 16¢a: 1) A= QR,B := RQ = B =Q"AQ = A(A) = A(B)

A0 = A k=0
repeat
k =k+1
(@, R = qr(At=D)
A®) = mtimes(R, Q)
until convergence

e Iapawmpndnke 6t A®) — T, oxebbév dva tpryevikd®, opoto tou A

e To T eival oxebov Ave Tplyevike, opoto pe 10 A: ot 18otpég «armokadurnoviar ot
daywvio 1) epmepiexovial (g {euyn ouluyov piyadikev) oe pikpd (2 X 2) pnipoa otn
daywvio tou T

e Xperalovtatl oAAd yla va Kataotel mpaktikog alyopidpog: I. Meiwon kootoug enavAain-
yrg, II. Aiepevvnon ouykAlong (ouykAiver; I1ooo ypryopa; — EYII).

lgupnukvepévn - condensed
SMopor Schur
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Kpiowo otoikeio vdonoinong — peiworn KOOTOUG emavaAnyng

To K6ot0 KaAde emavainyng eaivetar ueyaio: ~ sn* + n®
. emetdn 1o A bev éxet ibaitepn Soun

IAEA ripiv EeK1vHiooUV 01 entavadfjyelg, petaocxnuatidoupe to A oe dveo Hessenberg pe opo16-
mta

... yivetat anag, xéotog ~ Fn’
KAEIAI Eoww 6t H ave Hessenberg kat ot
[Qv R] = qr(H)v H = RQ,

Tote 1o H mapapével aveo Hessenberg.

EINIZHE 1) H napayovrtoroinon QR untpoou Hessenberg kootidet O(n?). To @ emotpégetat
oe Tiapayovrorotnpévn popdn (n — 1 ieprotpopég Givens). 2) Tote o urodoyiopog REQ)
npaypatoroteitat pe O(n?) npdageig.

Kade emavainyn me QR umopet va yiver ue ) = O(n?) mpageig. Av A = AT 161
Q=0(n).

Me¢Bobdog Auvapng (Power Method)

AmAr), enavaAnnuky pébodog yla ) fabpiaia pooéyyion (tng kateubuvong) tou
Kuplapyou 181061avyopatog

. Katl yla (Oupnmopatiko) uroAoyiopo g Kupiapxng dotpng

[Ipoooxn: Enedr) Az = \x = A(x/v) = AMz/v) yia v # 0, yua va éxoupe povadikdujta
Xpetadetat TOUAdX10TOV KAVOVIKOIoinot), I.X. 10 & va wkavorotet ||z||; = 1.

Ze mapa mojég mepimiioglg, avio mou gvdlaPipel o Eva blodavuoua givar n
Katevuduvon Kat Oxt T0 UETPO TOU.

‘Eoww A pe doupég o(A) = {\;}, 6rou
i > Aol = As] > - = A
~—
Kuplapyxn 6lotun

Kai pe y.a. dodaviopata vy, ..., Uy

Aflyopduog. [Medobog Suvaungl
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Exkivnon: Tuxaio 6iavuopa z 1= xg
fork=1,...

x «— Ax
end

To= Gurt- A+ Gty
AFg E AR 4+ -+ &, AR,
= &Ny + -+ G N,

1 Ao A
—kAkl’ = &Gur + &(5) us + -+ &(2)

)\1 )\1 )\1

Av & # 0, Az tetver va yiver mapdAAndo e 1o u;. H taxUtta pe v oroia yiverat autd (6tav
yivetatl, £€xoupe ouykAlon) e€aptatatl oe peyddo Babuod and v noodtnta i—f

.. 000 PIKPOTEPT), TOOO KAAUTEPA ... TIpoBANpata 6peg av || = [A(].)
[Mapatnpnoeig
e Av & # 0 kat [ug]; # 0 tote
E(k+1) Ay
j _ A2k
m =Mt O
J

[Ipog anoduyr] unep /unoxeidiong:
Exxkivnon: Tuxaio 6iavuopa x := xg
fork=1,...
t— Az
T %t
end
pe katddAnda ermdeypéva y; . v; = ||ul|oo
[Ipocoxny: Av yvopioupe ott Ay =1 > Ay > -+ - > )\, 8ev xperadetal kavovikoroinon ! Aut 1
1616tnta untapyxet oto pnrpoo Google rmou xpnotponoteitat yia to PageRank...



