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EPISTHMONIKOS UPOLOGISMOS (Septèmbrioc 2001) APANTHSEIS

I. (40 b.) Na apant sete sÔntoma kai periektik� sta parak�tw erwt mata (stic erwt seic Swstì/L�joc
prèpei na dikaiolog sete tic apant seic gia na bajmologhjeÐte).

1)[6b] Na exhg sete ti eÐnai h mon�da stroggÔleushc gia èna sÔsthma arijm¸n kinht c upodiastol c kai
na th gr�yete sa sun�rthsh tou arijmoÔ twn yhfÐwn thc our�c t kai thc b�shc β.

H mon�da stroggÔleushc eÐnai h el�qisth sqetik  apìstash metaxÔ diadoqik¸n kanonikopoihmènwn arij-
m¸n kinht c upodiastol c kai isoÔtai me u = β1−t/2.

2) [6b] Poi� sunj kh prèpei na ikanopoieÐ to mhtreÐo A ¸ste na eÐnai efikt  h paragontopoÐhsh Cholesky?
Na eÐnai summetrikì jetik� orismèno.
3) [6b] 'Estw h sun�rthsh f : Rm → Rn thn opoÐa ulopoioÔme me k�poion algìrijmo. Na exhg sete

akrib¸c ti ennoeÐtai an sac poun ìti o algìrijmoc autìc eÐnai pÐsw stajerìc.
ShmaÐnei ìti an trèxoume ton algìrijmo se èna upologistikì sÔsthma, tìte to upologismèno apotèlesma

f̂ pou ja prokÔyei gia ta dedomèna tou probl matoc kai pou ja emperièqei, kat' an�gkh sf�lmata apì touc
diadoqikoÔc upologismoÔc, ja eÐnai Ðso me to apotèlesma pou ja eÐqame an ekteloÔsame tic pr�xeic me �peirh
akrÐbeia qrhsimopoi¸ntac ìmwc sthn eÐsodo dedomèna pou mporeÐ na eÐnai lÐgo diaforetik� apì ta akrib .

4) [6b] Swstì   L�joc: An èna mhtreÐo eÐnai antistrèyimo, tìte p�nta up�rqei paragontopoÐhsh A = LU ,
ìpou L eÐnai k�tw trigwnikì kai U �nw trigwnikì mhtreÐo.

L�joc: Gia par�deigma, A = [0, 1; 1, 0] den mporeÐ na grafteÐ wc LU giatÐ tìte l11u11 = 0 �ra u11 = 0,
opìte to mhtreÐo U eÐnai mh antistrèyimo, k�ti pou apokleÐetai giatÐ tìte kai to ginìmeno LU ja  tan mh
antistrèyimo.

5) [6b] Swstì   L�joc: To antÐstrofo enìc tuqìntoc, antistrèyimou k�tw didiag¸niou mhtreÐou eÐnai
epÐshc k�tw didiag¸nio.

L�joc: Ac doÔme thn pr¸th st lh s = [s1, s2, s3]> tou antÐstrofou tou mhtreÐou

T =




1 0 0
t21 1 0
0 t32 1




ìpou t21t32 6= 0. IsqÔei ìti Ts = e1 kai arkeÐ na deÐxoume ìti s3 6= 0. Ek kataskeu c ja prèpei na isqÔei ìti
s1 = 1, t21 + s2 = 0, t32s2 + s3 = 0. Epomènwc, an s3 = 0 tìte s2 = 0, epomènwc t21 = 0, pou eÐnai adÔnato.

6) [10b] 'Estw ìti èna polu¸numo dÐnetai sth morf  ginomènou pn(x) =
∏n

j=1(x − ρj). Na gr�yete, se
MATLAB , algìrijmo gia ton upologismì twn suntelest¸n thc dunamomorf c tou pn(x).

AntÐstoiqh diadikasÐa akolouj same sth 2h �skhsh. Eidikìtera, èqoume ton akìloujo algìrijmo:
a(2) = 1; a(1) = −r(1); a(3 : n + 1) = 0
for j = 2 : n

t(2 : j + 1) = a(1 : j), t(1) = 0
a(1 : j + 1) = t(1 : j + 1)− r(j) ∗ a(1 : j + 1)

end

II. (60 b.)

1. (20b) Na deÐxete a) ìti to emprìc apìluto sf�lma ston upologismì thc orÐzousac D = ad − bc tou
mhtreÐou [a, b; c, d] (sumbolismìc MATLAB ) eÐnai fragmèno wc ex c: |D̂−D| ≤ Au+Bu2, ìpou u eÐnai
h mon�da stroggÔleushc kai na upologÐsete ta A kai B wc proc a, b, c, d. b) 'Oti to sqetikì emprìc
sf�lma tou parap�nw upologismoÔ mporeÐ na eÐnai polÔ meg�lo.
Shmei¸seic, enìthta 3.4.4.

2. (20b) a) Na efarmìsete paragontopoÐhsh LU me merik  od ghsh kai na upologÐsete ton par�gonta U
gia to mhtreÐo A = [1, 0, 0, 1;−1, 1, 0, 1;−1,−1, 1, 1;−1,−1,−1, 1]. b) O deÐkthc kat�stashc, wc proc
thn eukleÐdia nìrma, gia thn epÐlush sust matoc me to A eÐnai κ2(A) = 1.8. Ti sumperaÐnete gia to



emprìc sf�lma sthn epÐlush tou sust matoc Ax = b gia tuqìn b kai to parap�nw A ìtan qrhsimopoieÐtai
merik  od ghsh? g) Poiìc eÐnai o par�gontac U pou prokÔptei an qrhsimopoi soume pl rh od ghsh?
Shmei¸seic, enìthta 5.7. To sumpèrasma eÐnai ìti to emprìc sf�lma mporeÐ na eÐnai meg�lo, kai ja
ofeÐletai, kat� kÔrio lìgo, sto pÐsw sf�lma gia thn paragontopoÐhsh LU me merik  od ghsh, pou
exart�tai apì to suntelest  aÔxhshc gia to parap�nw mhtreÐo.

3. (20b) 'Estw h diaforik  exÐswsh (DE) du
dt (t) = −Au(t) ìpou A = [2,−1;−1, 2], u = [u1(t), u2(t)]>

kai oi sunart seic u1, u2 eÐnai epilegmènec ¸ste u1(0) = 2, u2(0) = 1. a) Na qrhsimopoi sete thn
emprìc mèjodo Euler me stajerì b ma ∆t = 0.5 gia na upologÐsete arijmhtik  prosèggish thc lÔshc
sto shmeÐo T = 4.0.
b) Na qrhsimopoi sete thn Ðdia mèjodo all� me b ma ∆t = 0.8 gia na upologÐsete arijmhtik  prosèggish
thc lÔshc sto shmeÐo T = 4.0.
O algìrijmoc perigr�fetai sthn enìthta 8.2.2. Prìkeitai gia thn anadromik  sqèsh U(t + ∆t) =
(I−A∆t)U(t). Efarmìzont�c thn, ekkin¸ntac apì to di�nusma U(0) = [2, 1]>, prokÔptoun ta akìlouja,
me tic parap�nw epilogèc b matoc:

t 0 0.5000 1.0000 1.5000 2.0000 2.5000 3.0000 3.5000 4.0000
U_1 2.0000 0.5000 0.5000 0.1250 0.1250 0.0313 0.0313 0.0078 0.0078
U_2 1.0000 1.0000 0.2500 0.2500 0.0625 0.0625 0.0156 0.0156 0.0039

t 0 0.8000 1.6000 2.4000 3.2000 4.0000
U_1 2.0000 -0.4000 1.0400 -1.3600 1.9232 -2.6886
U_2 1.0000 1.0000 -0.9200 1.3840 -1.9184 2.6896

g) EÐnai gnwstì ìti h akrib c lÔsh tou parap�nw sust matoc twn DE teÐnei sto 0 kaj¸c to t →∞. Me
b�sh autì to stoiqeÐo, na sqoli�sete th sumperifor� twn proseggÐsewn pou l�bate qrhsimopoi¸ntac
to (a) kai to (b). (Upìdeixh: Gia mia pl rh ex ghsh, eÐnai qr simo na upologÐsete tic idiotimèc tou A.)
ParathroÔme ìti ìtan ∆t = 0.5, se k�je b ma oi timèc twn U1, U2 fjÐnoun, en¸ ìtan ∆t = 0.8, oi
timèc aux�noun se apìluth tim  en¸ to prìshmì touc all�zei k�je for�. 'Etsi faÐnetai ìti kaj¸c to
t → ∞, h pr¸th prosèggish ja teÐnei sto 0, ìpwc dhlad  h akrib c lÔsh tou probl matoc, en¸ h
deÔterh diark¸c megal¸nei (se apìluth tim ). Gia mia leptomer  an�lush tou ti sumbaÐnei, mporeÐte
na exet�sete tic idiotimèc: AfoÔ U(t + ∆t) = (I − A∆t)U(t) kai Q>AQ = diag[3, 1] gia Q>Q = I,
tìte U(t + ∆t) = QQ>(I −A∆t)QQ>U(t) = Q(I − diag[3∆t,∆t])Q>U(t) �ra U(t + ∆t) = Qdiag[1−
3∆t, 1−∆t]Q>U(t). 'Otan ∆t = 0.5, tìte max(|1− 3∆t|, |1−∆t|) = 0.5 < 1, ìtan ìmwc ∆t = 0.8 tìte
max(|1− 3∆t|, |1−∆t|) = 1.4 > 1, kai se k�je b ma, h prosèggish aux�nei se apìluth tim .
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