
EPISTHMONIKOS UPOLOGISMOS I Septèmbrioc 2003
Ta parak�tw jèmata kai oi apant seic touc ja eÐnai qr sima gia ìsouc  tan parìntec sthn exètash

SeptembrÐou

I. Na apant sete sÔntoma kai periektik� sta parak�tw erwt mata (stic erwt seic Swstì/L�joc prèpei na
dikaiolog sete tic apant seic gia na bajmologhjeÐte).

1a) 'Estw to sÔsthma arijm¸n kinht c upodiastol c me b�sh β kai t duadik� yhfÐa sthn our�. Na orÐsete
th mon�da stroggÔleushc kai na thn upologÐsete wc sun�rthsh twn β, t.

EpÐlush. (Kef. 3.2): To mègisto sqetikì sf�lma stroggÔleushc gia mh mhdenikoÔc arijmoÔc. To mègisto
sqetikì sf�lma gia mh mhdenikì z ∈ G eÐnai

|z − fl(z)
z

| ≤ βe−t

2
/β−1βe

=
β1−t

2
= u.

1b) 'Estw to sÔsthma arijm¸n kinht c upodiastol c IEEE me b�sh β = 2 kai t duadik� yhfÐa sthn our�,
èna apì ta opoÐa eÐnai krummèno. Na orÐsete to èyilon thc mhqan c kai na to upologÐsete wc sun�rthsh twn
β kai t.

EpÐlush. (Kef. 3.2): To èyilon thc mhqan c eÐnai h apìstash thc mon�dac apì ton amèswc epìmeno
megalÔtero a.k.u., èstw 1+ Gia to sugkekrimèno sÔsthma autìc eÐnai o 1+ = 1 + 21−t, epomènwc εM = 21−t.

2a) Swstì   L�joc: An duo mhtr¸a eÐnai �nw Hessenberg tìte to ginìmenì touc ja eÐnai epÐshc �nw
Hessenberg.

EpÐlush. LAJOS ìpwc mporeÐte na deÐxete me tuqaÐa genik� mhtr¸a �nw Hessenberg megèjouc 3.
2b) Swstì   L�joc: An duo mhtr¸a eÐnai Toeplitz tìte to �jroism� touc ja eÐnai epÐshc Toeplitz.
EpÐlush. SWSTO: Sta mhtr¸a Toeplitz ta stoiqeÐa k�je diagwnÐou (kÔriac kai mh) eÐnai Ðsa. Epomènwc

an ta mhtr¸a A,B eÐnai Toeplitz kai C = A + B tìte γi,j = αi,j + βi,j all� αi,j = α̂j−i kai βi,j = β̂j−i gia
stoiqeÐa [α̂1−n, α̂2−n, ..., α̂0, α̂1, ..., α̂n−1] kai omoÐwc [β̂k]n−1

k=1−n. Epomènwc γi,j = α̂j−i + β̂j−i kai ta stoiqeÐa
tou C pou brÐskontai stic diagwnÐouc eÐnai Ðdia kaj¸c γi+s,j+s = α̂j−i + β̂j−i.

3a) 'Estw ìti to upologistikì sac sÔsthma ekteleÐ thn ananèwsh pr¸thc t�xhc me meg�lh taqÔthta
kai ìti mporeÐte na d¸sete thn entol  gia thn ananèwsh mèsw miac sun�rthshc MATLAB , èstw r1upd,
¸ste ektel¸ntac B = r1upd(A, x, y) na epistrèfetai B = A + xy>. Na gr�yete algìrijmo pou dojèntwn
A ∈ Rm×n, B ∈ Rn×k, C ∈ Rm×k na upologÐzei to C ← C + AB pou na axiopoieÐ aut  th sun�rthsh gia
thn taqÔterh ektèlesh tou pollaplasiasmoÔ.

EpÐlush. ArkeÐ na ekmetalleutoÔme th gnwst  sqèsh (bl. biblÐo EU kai shmei¸seic paradìsewn)

C = C +
n∑

i=1

A(1 : m, i)B(i, 1 : n).

O algìrijmoc ja eÐnai for i = 1 : n, C = r1upd (C,A(1:m,i) B(i,1:k)’) end
3b) Swstì   L�joc: 'Estw oi idiotimèc enìc summetrikoÔ mhtr¸ou, |λ1| ≥ |λ2| ≥ · · · ≥ |λn|, taxinomhmènec

wc proc to mètro touc. Tìte o deÐkthc kat�stashc tou mhtr¸ou, wc proc thn eukleÐdeia nìrma, eÐnai Ðsoc me
κ2(A) = |λ1|/|λn|.

EpÐlush. SWSTO. Epanalamb�noume th jewrÐa (den qrei�zetai pl rhc an�ptuxh gia th lÔsh). O deÐkthc
kat�stashc eÐnai κ2(A) = ‖A‖2‖A−1‖. Epeid  to mhtr¸o eÐnai summetrikì, diagwniopoieÐtai me orjog¸nio
metasqhmatismì omoiìthtac Q ¸ste Λ = Q>AQ. EpÐshc, Λ−1 = Q>A−1Q. EpÐshc ‖A‖2 = ‖QΛQ>‖2 =
‖Λ‖2 = |λ1|. OmoÐwc, ‖A−1‖2 = ‖QΛ−1Q>‖2 = ‖Λ−1‖2 = 1/|λn| kai to apotèlesma èpetai.

4)'Estw h pr�xh B = B + (xy>)p, ìpou B ∈ Rn×n, x, y ∈ Rn kai p jetikìc arijmìc. SumbolÐzoume me
µmin = Φmin/Ω, ìpou Ω eÐnai o arijmìc pr�xewn a.k.u. kai Φmin o el�qistoc arijmìc metafor¸n metaxÔ thc
kÔriac mn mhc kai thc kruf c mn mhc kai twn kataqwrht¸n. Upojètontac ìti h Ôywsh enìc bajmwtoÔ se



dÔnamh eÐnai isodÔnamh me mia pr�xh kinht c upodiastol c na upologÐsete to µmin wc sun�rthsh mìnon tou
n.

EpÐlush. Epeid  zhtoÔme to µmin èqoume arket  kruf  mn mh kai kataqwrhtèc ¸ste a) na fort¸soume
arqik� ìla ta dedomèna apì thn kÔria mn mh, b) na ektelèsoume tic pr�xeic apojhkeÔontac ta endi�mesa
apotelèsmata stouc kataqwrhtèc kai g) na eggr�youme ta apotelèsmata sthn kÔria mn mh (bl. Kef. 2
biblÐou). Epomènwc, Φmin = 2n2 + 2n + 1 (h mon�da antoistoiqeÐ sto p. Se k�je perÐptwsh, ìroi thc t�xhc
O(1) den poluendiafèroun). Gia na upologÐsoume to Ω, ja axiopoi soume to gegonìc ìti to (xy>)p mporeÐ na

grafteÐ wc x

p−1︷ ︸︸ ︷
(y>x) · · · (y>x) y> epomènwc ekteloÔme tic parak�tw pr�xeic: ψ = y>x dhl. 2n− 1 pr�xeic, to

(ψp−1x), dhl. 1 + n pr�xeic, kai to B = B + (ψp−1x)y>, dhl. 2n2 pr�xeic. Sunolik� dhlad  Ω = 2n2 + 3n
pr�xeic (upologÐzontac thn Ôywsh se dÔnamh wc mia pr�xh). Prosoq  ìti pr¸ta pollaplasi�zoume to ψp−1

me to x kai met� upologÐzoume thn ananèwsh pr¸thc t�xhc, alloi¸c ja eÐqame n2 epiplèon pollaplasiasmoÔc.
Sqetik� me tic metaforèc, µmin = (2n2 +3n)/(2n2 +2n+1). Prosèxte ìti qrei�sthkan O(n2) jèseic kruf c
mn mhc. AxÐzei na shmeiwjeÐ ìti an epiqeir sete na ektelèsete thn pr�xh me aploðkì trìpo, p.q. kìstouc
O(n3), den ja mporèsete na apofÔgete thn ex�rthsh apì to p.

H lÔsh tou (4) sthn ekdoq  B = A + (Bxy>)s gÐnetai an�loga. Prosèxte ìti epeid  h pr�xh eÐnai
B = A + (Bxy>)s, qrei�zontai n2 perissìterec metaforèc (gia to A). EpÐshc, ston upologismì, h di�spash
eÐnai Bx(y>Bx) · · · (y>Bx)y> en¸ gia oikonomÐa prèpei na upologÐsoume pr¸ta to Bx kai na to epanaqrhsi-
mopoi soume kai sta eswterik� ginìmena antÐ na upologÐsoume to y>B.

II. (18 b.) O parak�tw k¸dikac MATLAB mporeÐ na ulopoihjeÐ ètsi ¸ste na par�gei to apotèlesma
(Y ∈ Rn×m) polÔ pio gr gora. Upojètoume ìti 1 < m < n kai ìti h myvec (n) par�gei di�nusma (st lh)
apì n �nisouc arijmoÔc. Na exhg sete tÐ tropopoi seic prèpei na gÐnoun kai na gr�yete ton taqÔtero k¸dika,
qrhsimopoi¸ntac, an qrei�zetai, kai �llec gnwstèc entolèc kai sunart seic thc MATLAB .

function [Y] = vansolve(B);
[n,m]= size(B); x=myvec(n); V=[ ];
for i=1:n
for j=1:n, V(i,j) = x(i)^(j-1); end

end
for k=1:m, Y(:,k) = V\B(:,k); end

EpÐlush. To pr¸to tm ma tou k¸dika kataskeu�zei an�strofo mhtr¸o Vandermonde megèjouc n me
par�gon di�nusma to x. To teleutaÐo tm ma tou k¸dika epilÔei m sust mata me to Ðdio summetrikì kai
jetik� orismèno mhtr¸o (V >V ) me dexi� mèlh tic st lec tou B. Gia to pr¸to mèroc tou k¸dika, mporoÔme na
epitaqÔnoume a) profort¸nontac to mhtr¸o V , b) qrhsimopoi¸ntac anadromikì upologismì antÐ gia Ôywsh
se dÔnamh, g) qrhsimopoi¸ntac pio èntona dianÔsmata sth diatÔpwsh tou progr�mmatoc. Gia to deÔtero
mèroc tou k¸dika, axiopoioÔme a) to gegonìc ìti prìkeitai gia to Ðdio mhtr¸o, �ra mporoÔme na k�noume
thn paragontopoÐhsh mìno mia for�. To mhtr¸o eÐnai antistrèyimo (all� me polÔ kakì deÐkth kat�stashc
ektìc apì orismènec peript¸seic stoiqeÐwn) giatÐ ta stoiqeÐa tou x eÐnai �nisa metaxÔ touc. Shmei¸noume ìti
up�rqoun kai �llec pio sunoptikèc ulopoi seic, p.q.

x*ones(1,n).^(ones(n,1)*[0:n-1])

function [Y] = vansolve(B);
[n,m]= size(B); V=ones(n); x=myvec(n);
for j=2:n

V(:,j) = V(:,j-1).*x;
end
[L,U]=lu(V);
Y = U\(L\B);

III. (26 b.) Na gr�yete algìrijmo pou dojèntoc enìc mhtr¸ou k�tw Hessenberg, A ∈ Rn×n, na ekteleÐ
paragontopoÐhsh LU qwrÐc od ghsh (epomènwc, o algìrijmoc mporeÐ kai na apotÔqei an ta dedomèna den eÐnai
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kat�llhla) axiopoi¸ntac th dom  tou A kai epistrèfontac touc par�gontec L,U stic jèseic tou A. b) Na
tropopoi sete ton algìrijmo me b�sh tic ex c epiplèon prodiagrafèc: O algìrijmoc ja prèpei na upologÐzei
se k�je èna apì ta k = 1, ..., n − 1 b mata to suntelest  max{γ0,...,γk−1}

γ0
, ìpou γk := maxi,j |α(k)

ij | eÐnai ta
stoiqeÐa me mègisth apìluth tim  stic jèseic (k + 1 : n, k + 1 : n) tou mhtreÐou Lk · · ·L1A pou èqei prokÔyei
met� apì k b mata thc LU . An o suntelest c gÐnei megalÔteroc apì k�poio prokajorismèno mègejoc,
èstw M , o algìrijmoc prèpei na stamat� kai na epistrèfei sto qr sth m numa ìti prèpei na qrhsimopoihjeÐ
od ghsh. Eid�llwc, o algìrijmoc prèpei na epistrèfei touc par�gontec LU stic jèseic tou A. MporeÐte
na qrhsimopoi sete tic sunart seic MATLAB error(’MSG’) pou tup¸nei sthn ojình to m numa MSG kai
stamat� thn ektèlesh thc sun�rthshc kai max(X) pou epistrèfei to mègisto stoiqeÐo enìc dianÔsmatoc X  
to di�nusma me stoiqeÐa to mègisto k�je st lhc tou mhtr¸ou X.

EpÐlush. a) O algìrijmoc paragontopoÐhshc - qwrÐc od ghsh - eÐnai o akìloujoc (prokÔptei �mesa apì
thn klasik  LU qwrÐc od ghsh efìson lhfjeÐ upìyh h mhdenik  dom  tou mhtr¸ou):

for j = 1 : n− 1
A(j + 1, j) = A(j + 1, j)/A(j, j)
A(j + 1, j + 1 : n) = A(j + 1, j + 1 : n)−A(j + 1, j)A(j, j + 1 : n)

end
b) TropopoioÔme wc ex c:
r = 1;
for j = 1 : n− 1

if r < M
A(j + 1, j) = A(j + 1, j)/A(j, j)
A(j + 1, j + 1 : n) = A(j + 1, j + 1 : n)−A(j + 1, j)A(j, j + 1 : n)
r = max (max(max(abs(A(j + 1 : n, j + 1 : n))))/s, r)

else
error(’Must use pivoting’)

end
end

IV. (20 b.) 'Estw oi jetikoÐ arijmoÐ kinht c upodiastol c α ≥ ξ1 ≥ ..., ξn > 0 kai o upologismìc



y = 1;
forj = 1 : n

y = y · (α + ξj)
end

a) Na deÐxete ìti o algìrijmoc upologismoÔ eÐnai pÐsw stajerìc. b) Na deÐxete ìti o deÐkthc kat�stashc tou
y(ξ1, ..., ξn, α) wc proc th nìrma megÐstou eÐnai fragmènoc apì P = α

∑n
j=1

1
α+ξj

.
EpÐlush. a) EÔkola faÐnetai ìti

fl(y) =
n∏

j=1

(α + ξj)
n∏

j=1

(1 + δj)
n−1∏

j=1

(1 + δ
′
j)

ìpou δj eÐnai to sf�lma stroggÔleushc pou prokÔptei apì thn prìsjesh α + ξj kai δ
′
j eÐnai to sf�lma

stroggÔleushc pou prokÔptei kat� ton pollaplasiasmì y = fl(y) · fl(α + ξj). MporoÔme na jewr soume ìti
den prokÔptei sf�lma kat� ton pr¸to pollaplasiasmì me to 1. Kai stic duo peript¸seic, ta sf�lmata eÐnai
fragmèna apì th mon�da stroggÔleushc u. Apì th jewrÐa (l mma) èqoume ìti

n∏

j=1

(1 + δj)
n−1∏

j=1

(1 + δ
′
j) = 1 + θ2n−1, |θ2n−1| ≤ γ2n−1 =

(2n− 1)u
1− (2n− 1)u

Epomènwc,

fl(y) = (1 + θ2n−1)
n∏

j=1

(α + ξj)
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= (α + ξ1)(1 + θ2n−1)
n∏

j=2

(α + ξj)

= (α′ + ξ
′
1)

n∏

j=2

(α + ξj),

ìpou α′ = α(1+θ2n−1) kai ξ
′
1 = ξ1(1+θ2n−1). Epomènwc, to upologismèno apotèlesma mporeÐ na jewrhjeÐ wc

to akribèc ginìmeno all� me stoiqeÐa ξ
′
1, ξ2, , ..., ξn, α′. O algìrijmoc eÐnai pÐsw eustaj c giatÐ |ξ′1−ξ1|/|ξ1| ≤

γ2n−1 kai parìmoia gia to α.
b) SÔmfwna me th jewrÐa (Kef. 3.5) o deÐkthc kat�stashc eÐnai

κ(y) =
‖[ξ1, ..., ξn, α]‖

|y| ‖J‖

ìpou J eÐnai h Iakwbian  J ∈ R1×(n+1)

J = [
∂y

∂ξ1
, · · · , ∂y

∂ξn
,
∂y

∂α
].

Ja qrhsimopoi soume th nìrma megÐstou. All�

∂y

∂ξj
=

n∏

i 6=j

(α + ξi) := pj

en¸

∂y

∂α
=

n∑

j=1

pj .

Epomènwc, h nìrma megÐstou ‖J‖ = max{|p1|, ..., |pn|, |
∑n

j=1 pj |} kai kaj¸c ìla ta stoiqeÐa eÐnai jetik�,
‖J‖ =

∑n
j=1 pj . EpÐshc h nìrma megÐstou ‖[ξ1, ..., ξn, α]‖ = α apì aut� pou gnwrÐzoume gia ta stoiqeÐa.

Epomènwc o deÐkthc kat�stashc eÐnai

κ(y) =
α∏n

j=1(α + ξj)

n∑

j=1

pj

= α

n∑

j=1

1
α + ξj
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