
APANTHSEIS EPISTHMONIKOU UPOLOGISMOU I Septèmbrioc 2004

Na diab�sete prosektik� tic ekfwn seic. Gia pl rh axiolìghsh tou graptoÔ sac prèpei na parousi�-

sete ìlo sac ton sullogismì kai ìla ta endi�mesa apotelèsmata. àqete 3 ¸rec. Oi algìrijmoi prèpei na

perigr�fontai me saf neia, p.q. ìpwc stic shmei¸seic   me MATLAB.

I. (50 b.) Na apant sete sta parak�tw erwt mata (stic erwt seic Swstì/L�joc prèpei na dikaiolog -

sete tic apant seic gia na bajmologhjeÐte).

1) 6b Poi� eÐnai ta kÔria krit ria me b�sh ta opoÐa axiologoÔntai ta ergaleÐa tou EpisthmonikoÔ

UpologismoÔ?

Ap�nthsh. AkrÐbeia, TaqÔthta, Kìstoc.

2) 8b àstw ìti epijumoÔme na upologÐsoume thn paragontopoÐhsh LU tou mhtr¸ou A ìpou me

to sumbolismì thc MATLAB A = [4, 3, 1; 6, 2, 10; 0,−2,−4]. Na deÐxete poioc ja eÐnai o pr¸toc

{odhgìc} (dhl. to stoiqeÐo pou ja eÐnai sth jèsh (1,1) tou U ) stic parak�tw peript¸seic: a) An den

qrhsimopoi soume od ghsh? b) An qrhsimopoi soume merik  od ghsh? g) An qrhsimopoi soume pl rh

od ghsh?

Ap�nthsh. Kai stic treic peript¸seic to U(1, 1) ja eÐnai o odhgìc tou pr¸tou b matoc. Epomènwc:

a) to stoiqeÐo sth jèsh (1, 1) tou A, dhl. 4. b) to mègisto se apìluth tim  stoiqeÐo thc pr¸thc st lhc

tou A, dhl. 6. g) To mègisto se apìluth tim  stoiqeÐo tou A, dhl. 10. (DieukrinÐseic: Up rqe kai �llh

parallag  thc �skhshc me diaforetikoÔc arijmoÔc pou lunìtan me ton Ðdio trìpo).

3) 8b Swstì   L�joc: An to summetrikì mhtr¸o A ∈ Rn×n eÐnai jetik� orismèno to Ðdio isqÔei kai

gia to antÐstrofì tou B = A−1.

Ap�nthsh. Parousi�zoume 3 enallaktikèc lÔseic. I) (A−1)> = (A>)−1 = A−1 epomènwc to antÐ-

strofo eÐnai kai autì summetrikì. EÐnai kai jetik� orismèno afoÔ x>Ax > 0 ⇒ ∀y : (A−1y)>A(A−1y) >

0 ⇒ y>A−1y > 0 epomènwc kai to A−1 eÐnai jetik� orismèno. II) Enallaktik�, mporeÐte na epikalesteÐ-

te a) to ìti èna mhtr¸o eÐnai sjo an kai mìnon an èqei apokleistik� jetikèc idiotimèc. b) An oi idiotimèc

tou A eÐnai: Λ(A) := {λ|Ax = λx} tìte oi idiotimèc tou A−1 eÐnai Λ(A−1) := {µ|µ−1 ∈ Λ(A)}.

Epomènwc Λ(A−1) ∈ R+. III) Enallaktik�: Epeid  to A sjo tìte up�rqei paragontopoÐhsh Chole-



sky A = LL>. Tìte A−1 = L−>L−1. Tìte gia k�je di�nusma x 6= 0 x>A−1x = x>L−>L−1x =

(L−1x)>(L−1x) = ‖L−1x‖2 > 0 (jetikìthta norm¸n).

4) 7b Swstì   L�joc: To {èyilon thc mhqan c} gia thn a.k.u. IEEE eÐnai arijmìc kinht c upodia-

stol c.

Ap�nthsh. To èyilon thc mhqan c eÐnai h apìstash tou 1 apì to amèswc diadoqikì megalÔtero

arijmì k.u. Sthn arijmhtik  kinht c upodiastol c IEEE èqoume ìti 1.0 · · · 01 ìpou h our� èqei t = 23

  52 duadik� yhfÐa (kai èna krummèno), kai ε = 21−t. O arijmìc autìc mporeÐ na anaparastajeÐ wc

1.0× 2−t kaj¸c oi parap�nw timèc tou t eÐnai mèsa sto di�sthma [emin, emax] twn �krwn tou ekjèth.

(DieukrinÐseic: Se palaiìterec ekdìseic tou biblÐou, dinìtan megalÔtero b�roc ston orismì pou èle-

ge ìti èyilon thc mhqan c eÐnai o el�qistoc jetikìc a.k.u. gia ton opoÐo isqÔei ìti fl(1 + ε) > 1. An

qrhsimopoioÔsate autìn ton orismì, den qreiazìtan peraitèrw apìdeixh.)

5) 7b Sthn arijmhtik  epÐlush susthm�twn sun jwn diaforik¸n exis¸sewn arqik¸n tim¸n du
dt (t) =

F (u, t), na perigr�yete èna meionèkthma kai èna pleonèkthma a) gia tic �mesec mejìdouc; b) gia tic

èmmesec mejìdouc.

Ap�nthsh. a) Oi �mesec mèjodoi ulopoioÔntai eÔkola (se k�je b ma o upologismìc thc nèac prosèg-

gishc tou U prokÔptei eÔkola apì to F se gnwstèc timèc tou U(t)) all� sun jwc epib�loun shmantikì

periorismì sto mègejoc tou b matoc ∆t gia na up�rqei eust�jeia. b) Oi èmmesec mèjodoi den epib�loun

periorismì sto b ma gia eust�jeia all� h ulopoÐhs  touc eÐnai pio polÔplokh kaj¸c se k�je b ma h

tim  tou U dÐdetai mìnon èmmesa (p.q. apì th lÔsh enìc grammikoÔ sust matoc).

DieukrinÐseic: Prosoq , h ast�jeia pou mporeÐ na emfanisteÐ an to ∆t eÐnai meg�lo stic �mesec mejì-

douc den sunep�getai ìti oi �mesec mèjodoi eÐnai ligìtero akribeÐc! M�lista an to ∆t eÐnai arket� mikrì,

oi �mesec mèjodoi mporeÐ na eÐnai pio akribeÐc. EpÐshc, to ∆t mporeÐ na all�xei se k�je b ma kai stic

èmmesec mejìdouc, mìnon pou autì èqei megalÔtero kìstoc giatÐ mporeÐ na mac anagk�sei na xanaparago-

ntopoi soume to mhtr¸o. EpÐshc, to mikrìtero kìstoc twn �meswn mejìdwn èqei na k�nei me to kìstoc an�

b ma tou upologismoÔ - kaj¸c {bhmatÐzoume sto qrìno} - kai ìqi me to sunolikì kìstoc thc mejìdou se
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sqèsh me tic èmmesec. H apìfash pia mèjodoc eÐnai protimìterh eÐnai jèma pou apasqoleÐ touc ereunhtèc

an�loga me to prìblhma k.lp.

6a) 7b Na apodeÐxete ìti oi dianusmatikèc nìrmec ‖ · ‖2 kai ‖ · ‖∞ eÐnai isodÔnamec sto q¸ro Rn.

6b) To Ðdio all� gia tic nìrmec ‖ · ‖1 kai ‖ · ‖∞.

Ap�nthsh. Kai stic duo ekdoqèc arkeÐ na apodeÐxete ìti up�rqoun stajerèc, èstw κ1, κ2 gia tic opoÐec

κ1‖x‖α ≤ ‖x‖β ≤ κ2‖x‖α ìpou oi deÐktec α, β eÐnai 2,∞ sthn pr¸th ekdoq  kai 1,∞ sth deÔterh. a)

àstw ìti x ∈ Rn. Tìte

‖x‖2 =

 n∑
j=1

ξ2
j

1/2

≥ max
j
|ξj | = ‖x‖∞.

EpÐshc

‖x‖2 =

 n∑
j=1

ξ2
j

1/2

≤

 n∑
j=1

max
j
|ξj |

1/2

=
√

n‖x‖∞.

DeÐxame epomènwc ìti ∀x ∈ Rn isqÔei ìti

‖x‖∞ ≤ ‖x‖2 ≤
√

n‖x‖∞

epomènwc oi nìrmec eÐnai isodÔnamec me suntelestèc 1 kai
√

n. b) Sth deÔterh ekdoq , ìpwc prin eÐna

profanèc ìti ‖x‖∞ ≤ ‖x‖1. EpÐshc,

‖x‖1 =
n∑

j=1

|ξj | ≤
n∑

j=1

n
max
j=1

|ξj‖ = n‖x‖∞,

epomènwc oi nìrmec eÐnai isodÔnamec me suntelestèc 1 kai n.

7) 7b Swstì   L�joc: To ginìmeno tridiag¸niou mhtr¸ou me k�tw didiag¸nio mhtr¸o eÐnai tridia-

g¸nio.
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Ap�nthsh. L�joc: ApodeiknÔetai me aplì (anti)par�deigma tuqaÐwn mhtr¸wn tou tÔpou pou proa-

naferjhkan deÐqnontac ìti to stoiqeÐo sth jèsh (3, 1) den ja eÐnai mhdenikì mia kai ja perièqei ton ìro

α32β21 pou genik� den eÐnai 0.

II. (25 b.) (Shm.: JewroÔme ìti ìla ta stoiqeÐa eisìdou eÐnai arijmoÐ kinht c upodiastol c.)

1. 12b Na deÐxete ìti h mèjodoc Horner (s = αn; for j = n − 1 : −1 : 0, s = sx + αj ; end) gia ton

upologismì thc tim c enìc poluwnÔmou p(x) =
∑n

j=0 αjx
j pou dÐnetai mèsw dunamomorf c eÐnai

pÐsw eustaj c.

Ap�nthsh. PÐsw eust�jeia shmaÐnei ìti to apotèlesma pou upologÐsthke me ton kanìna Horner

apì ta dedomèna Q = [α0, ..., αn, x], èstw dhl. to upologismèno apotèlesma S = Hprog(X) ìpou

Hprog h ulopoÐhsh tou algìrijmou, mporeÐ na upologisteÐ me ton Ðdio algìrijmo se arijmhtik 

�peirhc akrÐbeiac all� me dedomèna Xprog pou mporeÐ na eÐnai diaforetik�. To pìso diaforetik�

kajorÐzei kai to bajmì thc pÐsw eust�jeiac. Ed¸ arkeÐ na deÐxoume ìti up�rqoun dedomèna gia ta

opoÐa isqÔei autì pou èqoun mikr  sqetik  apìstash apì ta akrib  dedomèna. Qrhsimopoi¸ntac

touc kanìnec pou m�jame sqetik� me th di�dosh tou sf�lmatoc, mporoÔme na gr�youme ìti:

sn = αn

sn−1 = (αnx < 1 > +αn−1) < 1 >= αnx < 2 > +αn−1 < 1 >

ìpou to sÔmbolo < k >:=
∏k

j=1(1 + δj) gia k�poia δj . SuneqÐzontac anadromik�

sn−2 = sn−1x < 2 > +αn−2 < 1 >= αnx2 < 4 > +αn−1)x < 3 > +αn−2 < 1 >

sn−3 = αnx3 < 6 > +αn−1x
2 < 5 > +αn−2x < 3 > +αn−3 < 1 >

...
...

...

s0 = αn < 2n > xn + αn−1 < 2n− 1 > xn−1 +
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αn−2 < 2n− 3 > xn−2 + · · ·+ α1 < 3 > +α0 < 1 >

Epomènwc an qrhsimopoioÔsame ton algìrijmo Hornerme arijmhtik  �peirhc akrÐbeiac sto po-

lu¸numo me suntelestèc α̃0 = α0(1 + δ
(0)
1 ), α̃1 = α1(1 + δ

(1)
1 )(1 + δ

(1)
2 )(1 + δ

(1)
3 ), ..., α̃n−1 =

αn−1(1+δ
(n−1)
1 )(1+δ

(n−1)
2 ) · · · (1+δ

(n−1)
2n−1 ), α̃n = αn(1+δ

(n)
1 )(1+δ

(n)
2 ) · · · (1+δ

(n)
2n ), ja eÐqame to

epijumhtì apotèlesma. Sth sunèqeia, qrhsimopoioÔme wc di�nusma Xprog ekeÐno pou apoteleÐtai

apì ta stoiqeÐa Xprog = [α̃0, ..., α̃n, x]. Na prosèxete ìti to x paramènei wc èqei (h pÐsw eust�-

jeia den apodeiknÔetai �mesa mèsw allag¸n sto x.) Epomènwc, h mèjodoc eÐnai pÐsw eustaj c an

mporoÔme na apodeÐxoume ìti ta stoiqeÐa α̃j eÐnai arket� kont� sta akrib  stoiqeÐa αj . àqoume

ìti gia j = 0, ..., n− 1 isqÔei

|α̃j − αj |
|αj |

≤
|αj(1 + θ

(j)
2j−1)− αj |
|αj |

= |θ(j)
2j−1| ≤ γ2j−1 =

(2j − 1)u
1− (2j − 1)u

ìpou u eÐnai h mon�da stroggÔleushc, kaj¸c epÐshc ìti

|α̃n − αn|
|αn|

≤ |αn(1 + θ
(n)
2n )− αn|

|αn|
= |θ(n)

2n | ≤ γ2n =
(2n)u

1− (2n)u

kai ta arister� mèlh eÐnai mikroÐ arijmoÐ (efìson to n den eÐnai p�ra polÔ meg�lo).

2. 13b DÐdetai o aplìc k¸dikac gia ton upologismì thc nìrmac-1 dianÔsmatoc

s = abs(x(1)); for j = 2:length(x), s = s+ abs(x(j)); end; M = s;

a) Na deÐxete èna di�nusma me stoiqeÐa pou eÐnai arijmoÐ kinht c upodiastol c gia to opoÐo to

sqetikì sf�lma thc upologismènhc nìrmac, èstw M̃ , me ton parap�nw k¸dika se arijmhtik  IEEE

dipl c akrÐbeiac na eÐnai
|M−M̃ |
|M | ≈ 10−8. (Upìdeixh: H di�stash tou dianÔsmatoc mporeÐ na eÐnai

polÔ meg�lh). b) Na perigr�yete p¸c ja mporoÔse na tropopoihjeÐ o k¸dikac ¸ste na beltiwjeÐ

to sf�lma. g) Na sqoli�sete tic epipt¸seic thc tropopoÐhshc wc proc ta krit ria axiolìghshc

ergaleÐwn episthmonikoÔ upologismoÔ.

Ap�nthsh. MporoÔme eÔkola na kataskeu�soume di�nusma pou epifèrei tètoio sf�lma me b�sh th
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sqèsh fl(M +m) = M gia pollèc peript¸seic jetik¸n stoiqeÐwn M � m. To pio profanèc par�deigma

mporeÐ na kataskeuasteÐ me b�sh th sqèsh fl(1 + ε/2) = 1 (ìpou ε eÐnai to èyilon thc mhqan c) pou

epifèrei sqetikì sf�lma
ε/2

1+ε/2 . Epomènwc arkeÐ na l�boume èna di�nusma megèjouc n + 1 me stoiqeÐa

[1, ε/2, . . . , ε/2]

opìte h upologismènh nìrma ja eÐnai M̃ = 1 en¸ h akrib c tim  M = 1 + nε/2. Epomènwc, to sqetikì

sf�lma ja eÐnai

|M − M̃ |
|M |

=
nε/2

1 + nε/2

opìte mporoÔme na epilèxoume to n ¸ste na isqÔei ìti to sf�lma eÐnai ìso jèloume. P.q. an

nε/2
1 + nε/2

= 10−8 ⇒ 10−8(1 + nε/2) = nε/2

kai lÔnontac wc proc n ja èqoume

n = d 2× 10−8

ε− 10−8ε
e

¸ste na eÐnai kai akèraioc. Gia arijmhtik  IEEE dipl c akrÐbeiac, ε ≈ 10−16 opìte

n = d 2× 10−8

10−16 − 10−810−16
e ≈ 2× 108

Gia na belti¸soume to sf�lma ston upologismì thc nìrmac, sunÐstatai, prin apì ton upologismì

thc na epanarijm soume ta stoiqeÐa tou dianÔsmatoc ¸ste oi apìlutec timèc tou na eÐnai aÔxousec. To

apotèlesma ja eÐnai pio akribèc all� to kìstoc megalÔtero kaj¸c prèpei na efarmìsoume algìrijmo
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di�taxhc n stoiqeÐwn to kìstoc twn opoÐwn eÐnai toul�qiston O(n log n). Se sÔgkrish, to kìstoc thc

�jroishc eÐnai mìnon O(n). Mia ulopoÐhsh eÐnai h akìloujh:

function [nmx] = Smynorm(x);

y = mysort(abs(x));

s = y(1); for j = 2:length(y), s = s+ y(j); end; nmx = s;

ìpou mysort eÐnai k�poioc algìrijmoc di�taxhc. Ja mporoÔse na eÐnai o algìrijmoc sort thc MA-

TLAB   k�poioc �lloc algìrijmoc. Se k�je perÐptwsh, se sqèsh me ta krit ria tou EpisthmonikoÔ

UpologismoÔ, belti¸same thn akrÐbeia all� mei¸same thn taqÔthta tou upologismoÔ.

DieukrÐnish: An epiqeir sete na qrhsimopoi sete th sun�rthsh MATLAB norm(x,1) sto di�nusma

prin th di�taxh, to apotèlesma ja eÐnai p�li 1. Endeqomènwc upologismèno pio gr gora, kaj¸c prìkeitai

gia eswterik  sun�rthsh thc MATLAB, ìmwc p�nta me to sf�lma pou perigr�yame. Epomènwc den eÐnai

apodekt  wc ap�nthsh kaj¸c h beltÐwsh pou zhtoÔsame aforoÔse to sf�lma pou ja proèkupte apì èna

di�nusma san autì pou parousi�sthke sto mèroc (a).

II. (25 b.)

1. 12b àstw èna summetrikì jetik� orismèno tridiag¸nio mhtr¸o A pou orÐzetai apì ta dianÔsmata

(m kouc n) d, e ètsi ¸ste to d na eÐnai h diag¸nioc tou A kai ta stoiqeia 2 èwc n tou e na eÐnai

sthn uper- kai upodiag¸nio tou A. Na gr�yete (p.q. se MATLAB ) ton algìrijmo pou antistoiqeÐ

sthn paragontopoÐhsh Choleskytou A. To prìgramm� sac prèpei na dèqetai wc stoiqeÐa eisìdou

ta d, e kai na epistrèfei ta dianÔsmata g, h ìpou to g perièqei th diag¸nio kai to h stic

jèseic 2 èwc n thn upodiag¸nio tou par�gonta CholeskyL. Na onom�sete to prìgramm� sac

CholTridFact , opìte an qrhsimopoieÐte MATLAB h kl sh sth sun�rthsh ja eÐnai [g,h] =
CholTridFact(d,e) .

Ap�nthsh. Prìkeitai gia ton algìrijmo Choleskyexeidikeumèno gia tridiag¸nia mhtr¸a:
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function [g,h] = Cholesky(d,e)

n = length(d); g = zeros(n,1); h = zeros(n,1);

g(1) = sqrt(d(1));

for i = 2:n

h(i) = e(i)/g(i-1);

g(i) = sqrt(d(i)-h(i)*h(i));

end

2. 13b àstw ìti èqete sth di�jes  mac kai èna prìgramma (p.q. wc sun�rthsh MATLAB ) pou

onom�zoume CholTridSol(g,h,b) , to opoÐo, me eÐsodo ta dianÔsmata g, h pou orÐzoun ton

par�gonta CholeskyL kai èna di�nusma b, epistrèfei th lÔsh x tou sust matoc LL>x = b.
Na sqedi�sete algìrijmo gia thn arijmhtik  epÐlush thc diaforik c exÐswshc −d2u

dx2 (x)+u(x) =
2x sinx − 2 cos x sto di�sthma [0, π] ìpou u(0) = u(π) = 0. Gia th lÔsh, na qrhsimopoi sete

plègma n isokatanemhmènwn shmeÐwn 0 < x1 < · · · < xn−2 < π. Sugkekrimèna, na perigr�yete

(exhg¸ntac ta b mat� sac) ton algìrijmo pou a) dhmiourgeÐ to plègma kai to diakritì sÔsthma

pou antistoiqeÐ sth diaforik  exÐswsh me kentrismènec peperasmènec diaforèc 2hc t�xhc kai b)

epistrèfei to di�nusma U pou perièqei stic jèseic 2 èwc n − 1 thn prosèggish gia th lÔsh u(x)
stouc kìmbouc tou plègmatoc. Na qrhsimopoi sete, tic CholTridFact kai CholTridSol .

Na exhg sete epÐshc giatÐ mporeÐte na tic qrhsimopoi sete kai na aitiolog sete th qr sh touc

sugkritik� me thn epÐlush mèsw LU (na upojèsete ìti ta kìsth twn pr�xewn ±,×, /,
√

eÐnai

Ðdia).

Ap�nthsh. DiakritopoioÔme to plègma me kìmbouc stic jèseic xj = j ∗ h, j = 0, ..., n − 1 ìpou

h = π/(n− 1). Me kentrismènec peperasmènec diaforèc 2hc t�xhc, h exÐswsh gia thn prosèggish

Uj thc lÔshc u se k�je kìmbo xj èqei th morf :

−Uj−1 − 2Uj + Uj+1

h2
+ Uj = 2xj sin(xj)− 2 cos(xj) ⇒

− 1
h2

Uj+1 + (
2
h2

+ 1)Uj −
1
h2

Uj−1 = 2j
π

n− 1
sin(j

π

n− 1
)− 2 cos(j

π

n− 1
)
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Epomènwc to sÔsthma pou prokÔptei eÐnai tridiag¸nio thc morf c

AU = b

ìpou toA qarakthrÐzetai pl rwc apì ta dianÔsmata d = (1+2/h2)[1, ..., 1] kai e = −[1, ..., 1]/h2.

To sÔsthma autì eÐnai summetrikì kai jetik� orismèno. Autì epalhjeÔetai �mesa apì to je¸rhma

Gerschgorin: Oi idiotimèc eÐnai pragmatikèc (lìgw summetrÐac) kai brÐskontai sthn ènwsh twn

diasthm�twn pou orÐzontai apì:

|z − (
2
h2

+ 1)| ≤ 2
h2

(
2
h2

+ 1)− 2
h2

≤ z ≤ (
2
h2

+ 1) +
2
h2

kai

|z − (
2
h2

+ 1)| ≤ 1
h2

(
2
h2

+ 1)− 1
h2

≤ z ≤ (
2
h2

+ 1) +
1
h2

Epomènwc se k�je perÐptwsh oi idiotimèc eÐnai jetikèc kai epomènwc to mhtr¸o sjo. Tèloc, to

dexiì mèloc èqei gia stoiqeÐa:

bj = 2j
π

n− 1
sin(j

π

n− 1
)− 2 cos(j

π

n− 1
)

Epomènwc mporoÔme na qrhsmopoi soume paragontopoÐhsh Choleskykai mporoÔme na proqwr -

soume wc ex c:
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n1 = n-1; nn = 1:n-1;
h = pi/n1; onv = ones(n1,1);
d = (1+2/hˆ2)*ones(n1,1); e = -ones(n1,1)/hˆ2;
[g,h] = CholTridFact(d,e);
b = 2*nn*h*sin(nn*h)-2cos(nn*h);
Ut = CholTridSol(g,h,b);
U(2:n-1) = Ut(1:n-2); U(1) = 0; U(n) = 0;

K�tw apì tic sunj kec pou anafèrame, to kìstoc twn upologism¸n pou aforoÔn sthn parago-

ntopoihsh kai epÐlush mèsw Cholesky(perÐpou 4n gia thn paragontopoÐhsh kai perÐpou 6n gia

tic antikatast�seic) eÐnai polÔ mikrìtero apì ekeÐno thc klasik c LU (O(n3)). To kìstoc eÐ-

nai elafr¸c megalÔtero se sÔgkrish me thn LU gia tridiag¸nia mhtr¸a pou apaiteÐ sunolik�

perÐpou 8n pr�xeic. (Shm.: mporoÔme na mei¸soume to kìstoc kat� n an qrhsimopoi soume thn

parapl sia paragontopoÐhsh A = LDL> me to L k�tw didiag¸nio me mon�dec sth diag¸nio.)
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