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EPISTHMONIKOS UPOLOGISMOS I (Febrou�rioc 2002)

Diab�ste prosektik� tic ekfwn seic. Gia thn pl rh axiolìghsh tou graptoÔ sac prèpei na parou-
si�sete ìlo sac ton sullogismì kai ìla ta endi�mesa apotelèsmata. 'Eqete 3 ¸rec. Oi algìrijmoi
prèpei na perigr�fontai me saf neia, p.q. ìpwc stic shmei¸seic   me MATLAB. Epitrèpontai entolèc
pou antistoiqoÔn se pr�xeic tÔpou BLAS-1, 2all� ìqi entolèc pou antistoiqoÔn se pr�xeic uyhloÔ
epipèdou, p.q. A\b

APANTHSEIS

I. (30 b.) Na apant sete sÔntoma kai periektik� sta parak�tw erwt mata (stic erwt seic Sw-
stì/L�joc prèpei na dikaiolog sete tic apant seic gia na bajmologhjeÐte).

1) Swstì   L�joc: O deÐkthc kat�stashc enìc genikoÔ mhtreÐou wc proc thn eukleÐdia nìrma
eÐnai �mesa upologÐsimoc apì tic idiotimèc tou mhtreÐou.

EpÐlush. L�joc. O deÐkthc kat�stashc κ2(A) := σmax(A)
σmin(A) , ìpou σmin(A), σmax(A) eÐnai antÐstoi-

qa h el�qisth kai mègisth idiotim  tou A. Epomènwc h prìtash eÐnai swst  mìnon ìtan to mhtreÐo
eÐnai summetrikì.

2) Swstì   L�joc: H epÐlush trigwnik¸n susthm�twn me poll� dexi� mèlh parousi�zei kal 
topikìthta kai an kei sthn kathgorÐa BLAS-3.

EpÐlush. Swstì (biblÐo, tèloc enìthtac 5.4.2).
3) Me to pèrac thc paragontopoÐhshc LU enìc mhtreÐou me merik  od ghsh, opìte epistrèfontai

sthn èxodo ta mhtr¸a L kai U kai to di�nusma metajèsewn P , eÐnai oi odhgoÐ �mesa diajèsimoi sthn
èxodo?

EpÐlush. Nai. Oi odhgoÐ brÐskontai sth diag¸nio tou U .
4) 'Estw k�tw trigwnik� A,B ∈ Rn×n. Na gr�yete algìrijmo gia ton pollaplasiasmì AB pou

na ekmetalleÔetai th mhdenik  dom  twn mhtreÐwn kai na upologÐsete akrib¸c (dhl. ìqi apl¸c san
t�xh megèjouc) ton pio shmantikì ìro tou kìstouc se pr�xeic a.k.u.

EpÐlush.

5) Kat� th dekaetÐa tou 60, polÔ prin thn eisagwg  tou protÔpou a.k.u. IEEE, merik� sust mata
a.k.u., ìtan sunantoÔsan daÐresh enìc mh mhdenikoÔ arijmoÔ me to 0, èjetan wc apotèlesma to
mègisto arijmì pou mporoÔse na anaparast sei to sÔsthma. Diab�zoume se èna prìsfato biblÐo ìti
�H mèjodoc aut  eÐqe èna sobarì prìblhma, p.q. ston upologismì ekfr�sewn ìpwc p = 1/x− 1/y�.
Perigr�yte me megalÔterh leptomèreia ti prìblhma  tan autì kai p¸c lÔjhke me to prìtupo IEEE.

EpÐlush. To prìblhma  tan ìti gia x = y = 0 h parap�nw èkfrash èdine p = 0, pou den èqei
nìhma. Sthn arijmhtik  IEEE, to parap�nw dÐnei NaN pou eÐnai to Inf− Inf

II. (30 b.)

1. Na upologÐsete ton el�qisto arijmì metafor¸n an� pr�xh a.k.u. gia to sAXPY.

2. Na upologÐsete èna ìso dunatìn kalÔtero �nw fr�gma gia to deÐkth kat�stashc thc pr�xhc.

3. Na deÐxete ìti h pr�xh eÐnai pÐsw eustaj c.



EpÐlush. ApoteleÐtai apì 2 b mata. 1) thn eÔresh tou deÐkth kat�stashc, 2) thn eÔresh tou
pÐsw sf�lmatoc. To �nw fr�gma gia to emprìc sf�lma ja eÐnai to ginìmeno twn 1 kai 2.

fl(ζi) = fl(ηi + fl(α · ξi))
= (ηi + αξi(1 + δ1,i))(1 + δ2,i)
= ηi(1 + δ2,i) + αξi(1 + δ1,i)(1 + δ2,i)
= ηi(1 + δ2,i) + αξi(1 + θ2,i),

ìpou |δi,j | ≤ 1 kai |θ2,i| ≤ γ2 = 2u
1−2u . epomènwc, to fr�gma pou èqoume gia to apìluto sf�lma mèsw

emprìc an�lushc eÐnai

|ζi − ζ̃i| = |δ1,iηi + θi2, iξi|
≤ u|ηi|+ γ2|ξi|
≤ u|ηi|+ 2u|ξi|+ O(u2)

|z − z̃| ≤ u(|y|+ 2|x|) + O(u2)

Fr�xame to {apìluto emprìc sf�lma}. An gr�youme

ỹ =




η1

η2
...
ηn


 +




δ2,1 0 · · · 0

0 δ2,2 · · · ...
. . . · · · . . . ...
0 · · · 0 δ2,n







η1

η2
...
ηn




x̃ =




ξ1

ξ2
...
ξn


 +




θ2,1 0 · · · 0

0 θ2,2 · · · ...
. . . · · · . . . ...
0 · · · 0 θ2,n







ξ1

ξ2
...
ξn




tìte

z̃ = z + ∆y + αΘx

‖z̃ − z‖ ≤ ‖∆‖‖y‖+ ‖Θ‖‖αx‖

Parat rhsh: Oi ∆, Θ eÐnai diag¸nioi me ta diag¸nia stoiqeÐa touc fragmèno apì u kai γ2 antÐstoiqa.
Tìte

‖∆‖ ≤ u, ‖Θ‖ ≤ γ2

gia opoiad pote apì tic gnwstèc nìrmec. Epomènwc

‖z̃ − z‖ ≤ u‖y‖+ 2u‖x‖+ O(u2)

cond(f ; X) =
‖f ′(X)‖
‖z‖ ‖X‖
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ìpou
X = [x; y; α] ∈ R2n+1, f

′
(X) = [αI, I, x] ∈ Rn×(2n+1)

all�
‖f ′(X)‖∞ = max

j
{1 + |α|+ |ξj |} = 1 + |α|+ ‖x‖∞

‖X‖∞ = max{‖x‖∞, ‖y‖∞, |α|}
fl(z) = ỹ + αx̃

To apotèlesma eÐnai to akribèc sAXPY epÐ twn

[ỹ; x̃] = [η̃1, · · · , η̃n; ξ̃1, · · · , ξ̃n]

ìpou

|ηi − η̃i|
|ηi| = |δ1,i| ≤ u,

|ξi − ξ̃i|
|ξi| = |γ2| ≤ 2u + O(u2)

⇓
PÐsw eust�jeia ⇒ to emprìc sf�lma exart�tai apì to deÐkth kat�stashc

III. (40 b. +bonus 10) 'Estw h sun�rthsh u : R → R kai èstw ìti, sto di�sthma [1, 2], ìlec
oipar�gwgoi mèqri kai thn 4h, u(4)(x), up�rqoun kai eÐnai suneqeÐc. 'Estw epÐshc, ìti, h u ikanopoieÐ
th diaforik  exÐswsh

(1 + x2)u(2) − 6xu = x, x ∈ (1, 2)

kai tic sunoriakèc sunj kec u(1) = 1, u(2) = 2. Jèloume na proseggÐsoume th lÔsh arijmhtik�,
qrhsimopoi¸ntac kentrismènec peperasmènec diaforèc deÔterhc t�xhc.

1. Na diakritopoi sete thn exÐswsh kai na gr�yete to grammikì sÔsthma pou prokÔptei gia plèg-
ma apoteloÔmeno apì n = 5 isapèqontec kìmbouc sto di�sthma (1, 2) (oi kìmboi eÐnai ìloi
eswterikoÐ).

2. 'Estw t¸ra ìti prèpei na lÔsoume to Ðdio prìblhma gia k�poio meg�lo n kai ìti èqete ka-
taskeu�sei sÔsthma, antÐstoiqo me to parap�nw. Na anafèrete ton pio fjhnì kai mprost�
eustaj  algìrijmo epÐlushc pou gnwrÐzete ìti mporeÐ (kai prèpei) na qrhsimopoihjeÐ gia na
upologisteÐ h lÔsh kai na dikaiolog sete pl rwc thn epilog  sac.

3. (Er¸thsh BONUS:) Na ektim sete èna �nw fr�gma gia to deÐkth kat�stashc tou mhtreÐou twn
suntelest¸n sthn perÐptwsh pou n = 5.

EpÐlush. To prìblhma autì apoteleÐ mÐa apl  perÐptwsh thc jewrÐac pou anaptÔxame sto kef�-
laio 8.2.1. 1) QrhsimopoioÔme kentrismènec peperasmènec diaforèc opìte h prosèggish thc deutèrac
parag¸gou se k�je shmeÐo tou plègmatoc xi ∈ (−1, 1) èqei th morf 

u(2)(xi) ≈ Ui+1 − 2Ui + Ui−1

h2
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ìpou Ui eÐnai h sun�rthsh plègmatoc pou ja qrhsimopoi soume gia na proseggÐsoume thn �gnwsth
sun�rthsh u. H diakritopoÐhsh thc exÐswshc (1 + x2)u(2) − 6xu = x, se k�je shmeÐo odhgeÐ stic
diakritèc exis¸seic

(1 + x2
i )

Ui+1 − 2Ui + Ui−1

h2
− 6xiUi = xi ⇒

−Ui+1 + (2(1 + x2
i ) + 6xih

2)Ui − Ui−1

h2
= −xi

Me to plègma pou anafèretai sthn ekf¸nhsh, oi kìmboi eÐnai oi

xi = 1 +
i

6
, i = 1 : 5

kai h apìstash twn diadoqik¸n kìmbwn h = 1/6. (Blèpete ìti stic timèc tou deÐkth i = 0, 6
antistoiqoÔn ta akraÐa shmèia tou diast matoc [1, 2].) Qrhsimopoi¸ntac ta parap�nw kaj¸c kai tic
sunoriakèc timèc h diakritopoÐhsh thc DE odhgeÐ stic exis¸seic TU = Y ìpou T eÐnai to tridiag¸nio,
summetrikì mhtreÐo megèjouc T ∈ R5×5. Sthn uperdiag¸nio kai sthn upodiag¸nio ta stoiqeÐa eÐnai
−1/h2 = −1. H diag¸nioc apoteleÐtai apì ta stoiqeÐa:

1
36

[164, 180, 198, 218, 240]

To dexiì mèloc eÐnai:

Y = − 1
36

[7/6, 8/6, 9/6, 10/6, 11/6]>

2) To sÔsthma TU = Y eÐnai tridiag¸nio. 'Etsi, efìson eÐnai antistrèyimo, ja mporoÔse na lujeÐ
qrhsimopoi¸ntac ton algìrijmo LU gia tridiag¸nia mhtreÐa. To mhtreÐo eÐnai antistrèyimo giatÐ apì
to je¸rhma Gershgorin(par�rthma, A.2.1) oi idiotimèc tou λi, i = 1 : 8 perièqontai sto qwrÐo pou
brÐsketai sthn ènwsh twn dÐskwn

|λ− 166
81
| ≤ 2, |λ− 166

81
| ≤ 1.

Oi idiotimèc eÐnai ìlec pragmatikèc giatÐ T = T>. Oi parap�nw anisìthtec sunep�gontai ìti

−2 ≤ λ− 166
81

≤ 2,−1 ≤ λ− 166
81

≤ 1,

apì tic opoÐec akoloujeÐ ìti λ > 0. Epomènwc oi idiotimèc eÐnai jetikèc kai kaj¸c to mhtreÐo eÐnai
summetrikì ja eÐnai kai SJO. Epomènwc mporoÔme na qrhsimopoi soume paragontopoÐhsh Cholesky
gia thn epÐlush, to kìstoc thc opoÐac eÐnai mikrìtero apì thc LU.
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