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EPISTHMONIKOS UPOLOGISMOS I Febrou�rioc 2004

Diab�ste prosektik� tic ekfwn seic. Gia thn pl rh axiolìghsh tou graptoÔ sac prèpei na parousi�sete ìlo
sac ton sullogismì kai ìla ta endi�mesa apotelèsmata. 'Eqete 3 ¸rec. Oi algìrijmoi prèpei na perigr�fontai
me saf neia, p.q. ìpwc stic shmei¸seic   me MATLAB .
I. (40 b.) Na apant sete sta parak�tw erwt mata (stic erwt seic Swstì/L�joc prèpei na dikaiolog sete
tic apant seic gia na bajmologhjeÐte).

PROSOQH: NA DIORJWJOUN TA LAJH! ***
1) Na exhg sete se ti akrib¸c eÐnai qr simo, gia thn an�lush tou sf�lmatoc enìc algorÐjmou, an gnwrÐ-

zoume ìti eÐnai proc ta pÐsw eustaj c.
EpÐlush. JewrÐa: EÐnai qr simo giatÐ an ènac algìrijmoc eÐnai pÐsw eustaj c mporoÔme na anag�goume

ton upologismì tou emprìc sf�lmatoc se melèth thc eust�jeiac tou probl matoc (p.q. mèsw thc eÔreshc
tou deÐkth kat�stashc tou probl matoc).

2) 'Estw U ∈ Rn×n �nw trigwnikì kai antistrèyimo me mh mhdenik� stoiqeÐa sth diag¸nio kai to sÔsthma
Ux = ej ìpou ej ∈ Rn eÐnai to di�nusma me mon�da sth j jèsh kai mhdèn alloÔ. a) Na deÐxete ìti to
arijmhtikì kìstoc thc epÐlushc tou Ux = ej eÐnai O(j2). b) Poiì eÐnai to akribèc kìstoc epÐlushc se arijm.
pr�xeic.

EpÐlush. Prosèxte ìti apì ton orismì tou, to x ja eÐnai h st lh j tou U−1. Kaj¸c ìmwc gnwrÐzoume
ìti to U−1 ja eÐnai kai autì �nw trigwnikì, ta mìna mh mhdenik� stoiqeÐa tou x ja eÐnai stic jèseic 1 wc
j. Epomènwc, arkeÐ na asqolhjoÔme me ton upologismì aut¸n twn j stoiqeÐwn. Dhlad , an temaqÐsoume to
prìblhma wc
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ìpou U11 ∈ Rj×j , U12 ∈ Rj×(n−j), U22 ∈ R(n−j)×(n−j), x1 = [ξ1, ..., ξj ]> ∈ Rj , x2 ∈ Rn−j , 0n−j eÐnai to
mhdenikì di�nusma me n−j stoiqeÐa kai êj eÐnai o di�nusma megèjouc j me 1 sthn teleutaÐa jèsh kai mhdèn stic
upìloipec jèseic. Epomènwc, mporoÔme na l�boume x2 = 0 kai na upologÐsoume mìnon th lÔsh tou U11x1 = êj .
To kìstoc autì eÔkola upologÐzetai ìti eÐnai j2 − j + 1, kaj¸c o algìrijmoc èqei thn akìloujh morf :

ξj = 1/ηj,j

b̂ = −[η1,n, ..., ηj−1,n]>ξj

LÔsh tou U(1 : j − 1, 1 : j − 1)[ξ1, ..., ξj−1]> = b̂
Ta pr¸ta duo b mata kostÐzoun j pr�xeic en¸ to teleutaÐo, pou eÐnai h lÔsh enìc �nw trigwnikoÔ sust -

matoc megèjouc j − 1 me genikì dexiì mèloc eÐnai (j − 1)2. Epomènwc to sunolikì arijmhtikì kìstoc ja eÐnai
(j − 1)2 + j.

3) Swstì   L�joc: 'Ena shmantikì meionèkthma thc epÐlushc tetragwnik¸n grammik¸n susthm�twn mèsw
paragontopoÐhshc QR se sqèsh me thn paragontopoÐhsh LU me merik  od ghsh eÐnai to megalÔtero kìstoc
thc QR.

EpÐlush. Swstì giatÐ to kìstoc epÐlushc me LU eÐnai 2n3/3+O(n2) en¸ to kìstoc me QR eÐnai 4n3/3+
O(n2).

4) Swstì   L�joc: An sto di�sthma (0, 1) isqÔei h diaforik  exÐswsh −d2u
dx + bdu

dx + cu = x, ìpou oi
stajerèc b, c > 0, kai oi sunoriakèc sunj kec eÐnai u(0) = 0, u(1) = 1, kai diakritopoi soume to di�sthma me to
plègma x0 = 0, x1 = 1/(n+1), · · · , xn = n/(n+1), xn+1 = 1 kai tic parag¸gouc me kentrismènec peperasmènec
diaforèc, tìte, to grammikì sÔsthma pou ja prokÔyei ja èqei th morf  AU = F , ìpou A ∈ R(n+1)×(n+1) kai
A = A>.

EpÐlush. L�joc: To mhtr¸o ja eÐnai n× n.

II. (20 b.) O parak�tw k¸dikac MATLAB mporeÐ na ulopoihjeÐ ètsi ¸ste na par�gei ta epijumht� apo-
telèsmata polÔ pio gr gora. Na exhg sete ti tropopoi seic prèpei na gÐnoun kai na gr�yete ton taqÔtero
k¸dika, qrhsimopoi¸ntac, an qrei�zetai, kai �llec entolèc kai sunart seic thc MATLAB . UpotÐjetai ìti o
bajmwtìc p kai oi jetikoÐ akèraioi m,n èqoun  dh arqikopoihjeÐ.



A=rand(m,n); B=rand(m,n), C=rand(m,n); X=rand(m+n,s); D=eye(m+n,m+n);
for i=1:m, for j=1:n, D(i,j)=A(i,j)*B(i,j)+C(i,j); end;end;
for i=1:m, for j=1:n, if (i==j), D(i,j)=p+D(j,i); end;end;end;
for k=1:s, Y(:,k)=D(1:m+n,1:m+n)\ X(:,k); end;

EpÐlush. To b ma

for i=1:m, for j=1:n, D(i,j)=A(i,j)*B(i,j)+C(i,j); end;end;

mporeÐ na gÐnei qwrÐc to brìqo

D(1:m,1:n)=A(1:m,1:n).*B(1:m,1:n)+C(1:m,1:n);

en¸ to

for i=1:m, for j=1:n, if (i==j), D(i,j)=p+D(j,i); end;end;end;

gÐnetai

k=min(m,n); D(1:k,1:k)=p*eye(k)+D(1:k,1:k);

kai tèloc to

k=min(m,n); D(1:k,1:k)=p*eye(k)+D(1:k,1:k);

gÐnetai

[L,U] = lu(D(1:m+n,1:m+n)); Y=U\(L\ X);

III. (20 b.)

1. 'Estw ìti to mhtr¸o A ∈ Rn×n diasp�tai wc A = UΣV > ìpou Σ eÐnai diag¸nio me ta stoiqeÐa tic
diagwnÐou σj,j = j ektìc apì to teleutaÐo pou eÐnai σn,n = 0, U>U = I kai V >V = I. a) Na
exhg sete an to A eÐnai antistrèyimo   ìqi. b) 'Estw ìti gnwrÐzoume ìti b = Uz ìpou z = [1, · · · , 1, 0]>.
Na upologÐsete, an eÐnai efiktì, to x pou ikanopoieÐ to sÔsthma Ax = b (Upìdeixh: MporeÐte na
upologÐsete to x wc grammikì sunduasmì twn sthl¸n tou V .)

2. 'Estw ìti met� thn paragontopoÐhsh QR enìc mhtr¸ou A, to apotèlesma pou epistrèfetai sto A eÐnai
[1, 4, 5; 1, 2, 6; 1, 2, 3]. Apì aut� ta stoiqeÐa na upologÐsete touc par�gontec Q,R kai to arqikì A.

EpÐlush. 1) To mhtr¸o den eÐnai antistrèyimo giatÐ σn = 0. EpÐshc A =
∑n−1

j=1 σjujv
>
j , epomènwc lìgw

orjogwniìthtac tou U , UΣV >x = Uz epomènwc ΣV >x = z. Kaj¸c to x ∈ Rn kai to V apoteleÐ orjog¸nia
b�sh, mporoÔme na gr�youme x = V y gia k�poio y, epomènwc Σy = z. Parathr¸ntac thn k�je sunist¸sa,
faÐnetai ìti σjψj = 1 gia j = 1 : n− 1 en¸ to ψn mporeÐ na eÐnai aujaÐreto. Epomènwc, x =

∑n−1
j=1

1
j vj .

2) To R eÐnai to �nw trigwnikì tm ma twn stoiqeÐwn pou epistrèfontai sto A. To austhr� k�tw trigwnikì
tm ma twn stoiqeÐwn pou epistrèfontai sto A me epiplèon mon�dec sth diag¸nio perièqei ta stoiqeÐa twn
dianusm�twn Householder. Eidikìtera:

u1 = [1; 1; 1], u2 = [0; 1; 2]

opìte

H1 = I − 2u1u
>
1 /u>1 u1

H2 = I − 2u2u
>
2 /u>2 u2
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epomènwc

H2 = I − 2
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0 2 4


 , H1 = I − 2
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1 1 1
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1 1 1


 ,

epomènwc
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0 4 −3
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1 −2 −2
−2 1 −2
−2 −2 1


 .

EpÐshc, H2H1A = R epomènwc A = H1H2R lìgw orjogwniìthtac kai summetrÐac twn Hj . Epomènwc

IV. (20 b.)

1. 'Estw ìti o deÐkthc kat�stashc upologismoÔ thc lÔshc enìc sust matoc Ax = b wc proc thn eukleÐdeia
nìrma eÐnai 101 × 106 ìpou en¸ gnwrÐzete ìti h upologismènh lÔsh x̂ ikanopoieÐ ‖b − Ax̂‖2 = 10−12

kaj¸c epÐshc ìti ‖x̂‖2 = 10, ‖A‖2 = 10 kai ‖b‖2 = 1. Na upologÐsete èna �nw fr�gma gia th nìrma
tou sqetikoÔ emprìc sf�lmatoc, dhl. ‖x− x̂‖2/‖x‖2.

2. Na perigr�yete ti plhroforÐa sqetik� me thn qrhsimopoioÔmenh arijmhtik  kinht c upodiastol c epi-
strèfei to parak�tw prìgramma sto s kai na exhg sete giatÐ:
s = 0; b = 1.0;
while (((b*2 + 1.0) -b*2)-1.0 == 0.0), s= s+1; b = b*2; end

1)
EpÐlush. SÔmfwna me th jewrÐa mporoÔme, me b�sh ta parap�nw, na upologÐsoume to (ek twn ustèrwn)

pÐsw sf�lma

inf
ε>0
{ε|‖∆A‖ ≤ ε‖A‖, ‖∆b‖ ≤ ε‖b‖}

(qrhsimopoioÔme pantoÔ thn eukleÐdeia nìrma) wc

η =
‖b−Ax̂‖

‖A‖‖x̂‖+ ‖b‖ =
10−12

10× 10 + 1
=

10−12

101

GnwrÐzoume epÐshc ìti to emprìc sf�lma fr�ssetai wc ex c:

‖x− x̂‖2
‖x‖2 ≤ 2ηκ2(A)

1− κ2(A)η
= 2

10−12

101
101× 106 1

1− 10−12

101 101× 106
=

2× 10−6

1− 10−6
.

2) H metablht  s metr� ta b mata, apì to mhdenikì. Sto b ma s, h metablht  b perièqei ton arijmì
b = 2t. Prosèxte p¸c ekteleÐtai h prìsjesh me to 1.0. To 1.0 prèpei pr¸ta na diairejeÐ me to 2s+1 ¸ste
ta dÔo orÐsmata na apokt soun ton Ðdio ekjèth: 2s+1 + 2−(s+1) ∗ 2s+1). All� o ìroc 2−(s+1) gÐnetai 0
an s eÐnai o arijmìc twn duadik¸n yhfÐwn thc our�c opìte isqÔei ìti (b ∗ 2 + 1.0) = b ∗ 2, epomènwc tìte
(b ∗ 2 + 1.0)− b ∗ 2)− 1 6= 0 ìtan s eÐnai o arijmìc twn yhfÐwn thc our�c.
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