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Mapaxateo mapovoialovtar  COVOATIKA  TA Tapadeiypara Ta  0n0ia
TapovTIAOTHKAY KATa TH Stapreia TV GrakéSewv 10O uabyparog kar dev
ooprepirappavovrar oro Piprio Tov pabipatog.

KEDAAAIO 20

Yo Zovlrkn ITBavornteg

P(A | B) = Yoohvolo tov detypatikod xopov oto omoto 1o B givat aknbég xat
oto omoio ertong kat to A givat aknbég

ITapadesypa
H = “Have a headache”
F = “Coming down with Flu”

P(H) =1/10
P(F) =1/40
P(H|F)=1/2

“Headaches are rare and flu is rarer, but if you're coming down with "flu
there’s a 50-50 chance you'll have a headache.”

P(H | F) = Fraction of flu-inflicted worlds in which you have a headache
#worlds with flu and headache

#worlds with flu

Area of “H and F” region

Area of "F” region

P(H " F)



o

ITi8avotko Inference

One day you wake up with a headache. You think: “Drat! 50% of flus are
associated with headaches so I must have a 50-50 chance of coming down

with flu”

Is this reasoning good?

Another way to understand the intuition

Let's say we have P{F), P{H), and P{HIF), like inthe
axample in class.

Areawise PIF1=A+B, PHI=B~+C,

Also, PHIFYy= _B
A+B

Thus, to get the opposite conditional probability, e
PIFIHY, we nesd to figure out __ B
B+C

Since we know B/ {A+3), wsﬁ ua get B/ {B+C) by
muitap!y ng by (ﬁwB“ and div ng by {B«»C)A But

since we already calcul atpd m—B =iy, and
Bﬂg P(H), so we are actually multiplying by FiF)
and dividing by FP{H). vWhich is Bayes Rule:

P(FIH) = P(HIF) * P(F)
PH)




EAayiotonoinon mg mbavotrag Adaboug (Bayes Decision Rule)

Iapadswypa

Classify cars on UNR campus whether they are more or less than $50K:

® C1:price > $50K
® C2: price < $50K
®  Feature x: height of car
From Bayes' rule, we know how to compute the posterior probabilities:

p(x’/CJ)P(Cé)
p(x)
Need to compute p(x/C1), p(x/Cz), P(C1), P(C2)

P(C ,6 /x) =

Determine prior probabilities
» Collect data: ask drivers how much their car was and measure
height.
> e.g., 1209 samples: #C4=221 #C,=988




Determine class conditional probabilities (/ikelihood).

¥

» Discretize car height into bins and use normalized histogram.

Calculate the posterior probability for each bin:

P(C,/x=1.0)= p(x=1.0/C)P(C)
p(x=1.0/C)HP(CH)+ p(x=1.0/C,)P(C))
0.2081%0.183

= = 0.438
0.2081*%0.183 +0.0597*%0.817




. Consider a classification problem with two classes defined
by the following likelihood functions

- What is the decision rule that
minimizes Plerror]?
« Assume P[c,]=P[0,]=0.5, C,,=C,,=0, C,,=1 and C,, =32
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Emhoyr) g KAAONG HOL €XeL TV PEYAADTEPT] €K T®V votépwv mbavotnta
(Bayes Decision Rule)

Iapadsypa

Tafwopnoe avtoxtvora oto UNR campus odpgova pe 1o av agioov
neplocotepa 1) Atyotepa and $50K:

» Cl: try > $50K

» C2 upn < $50K

> Xapaxmpiotko x: DYPog TOL AUTOKIVITTOD
Ano tov vopo tov Bayes, §époope va vuoloylfovpe Tg K T@V VOTEPWV
mbavotnteg. P(C, /x)= p(x/CHP(C )

f p(x)

[Tpénet va vmoAoyiooope 1§ p(x/C1 ), p(x/C2), P(C1), P(C2)

Kabopioe 1§ ex twv mpotépev mbavotnteg
> ZoNoyr dedopévav: Potoe odnyodg OO aydopacay to auTtokivito
TOLG KAt PETPIIOE TO DYOS.
> 1wy., 1209 Setypara: #C1=221 #C2=988

3

sl 221

3 - - . P(C)=-—=0.183
P s 1209

o 161 4 i =

g 1 mﬂ- P(Cz) = 088 =0.817
: : o B 1209

(=]
o
]

1 , 15
Car Height [m)]

Kabopioe tig vio covOnkn oovaptoeg .. (mbavogpaveia)

» Alakptrornoinoe 10 VYOG TOV ALTOKWAT@Y o¢ bins Kat ypnowponouoe
KAVOVIKOHOUHEVO 10TOYPARHRd

p(x[Ci)




Yro\oyioe v ek tov votépav mbavomta yia kabe bin:

x=1.0/C)PAC
P(C,/x=1.0)= _plx: ) AG) _
p(x=1.0/CYAC)+ p(x=1.0/ C)AC,)
2 *
_ 0.2081%0.183 0438
0.2081%0.183 +0.0597*0.817
s T e } —
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Kavoveg Anmogaong
ITapadsiypa

[a éva apoPAnpa  tawvopnong OSivoviatr ot HNAPAKAT® OeOHEDPEVES
oLVAPTHOELG I1.1I

ST
P{x{u, )= - /i ‘%%

v Pixtog / | Poxies)
P(X|w; )= = P f,f’ “x%%

NG B T

OewpoVTag oovapmon KOOTovg HNOEV-iva KAl 10gg €K TOV HIPOTEPWV
mbavomteg Ppeite Evav kavova aro@aocg

Avon:
AVTIKATAOTOVTAG g TIHES TV mBavo@paveldv Kal TV €K ToV IPoTEPRY
mbavottev oto tno (3):

t
v
uf&%{;_zz}

Veom® < 1

Aronowwvtag, aAalovtag npoonpo kat Aoyapibuifovtag :

(x -4 —(x=10) 0



Onote:

To amotéheopa 1o avapévape kat Saobnukd pua mov ot mbavogaveteg
Sragépovv HOVO ®G IIPOG TOV PECO OPO TOG

Bysay @ . Ry say o,
€ " f\s »
I A !
Pixlmy} : };f P *5523;?
V
foeeprrpy N DO, ——
4 10 X

Mapadeypa

INa éva npopAnpa
OLVAPTOELG 1.1

Peopavtag P(wl)= P(w2), A11=A22=0, A\12=1 ka1 A\21=31/2 nowog sivat o
Kavovag, o onoiog petwvet v mbavomrta Aabovg?
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Tawopnon EAlayxwotov PobBpod Adabovg xar ovvaptnoelg
KATavopng

ApiBpniko IHapadeypa

Eotw ot

¥

x?»«z,““,t \.mmA
=) g i ovfen
o 2 2} )
£ (ﬂw” éﬁw
I o

iz =17 e tog S

i
o 2 » L
‘ 3 !
: W b 3
* o 5 + )
z ] | =8 N
[ ] g : I l = m
S £ 5 -~ ) .
n i MWW ] ’ = , b R X ix Qw %
e e v ] )
] [#] wp w, A Ao i Ko ﬁu ﬁm mfw o] o
" iw.. EA 4 ~ Ve ch ol Rie YA VS
t <o) Ao s AV
i [ . VM i e o o
B S g v d oy ! !
bl FaovEl L I - M o |9 . -
e T oy D) W -~ oA Ve L
= o R RN
o £ + - i wo % 5 Q
- 3 N & N » Lo
% S © - 0 AT B B
ol o RS » s
. » - i 5 ) ™ e
e N o
[~ vsuuu e w“ V :u
i P
[ o ...vm {m
o ¥ =
remk & v w in vi
- i _ %
= i 1 5
X




Magimum Likelihood Estimation

Likelihood
[ fond
fim] o
s, £h
e,

Mneb ravy) Expabnon -Kavoviki) katavour)

ApBpnmiko nmapadsypa

Eoww o011 0 npaypatkog pécog opog mg p(x) etvar p=0.8, pe Tomxr amnokAor)
0=0.3

> Zmyv npaypauxotnta dev 8a yvwpi{ape Tov HPpaypatiko peco 0po...
ITapayovpe évav aplipd ano Selypatd g KATAVOHL| avTrg
Exgpdafoope ™y yvworn pag yia tov péoo 0po, Bempaviag Ot 1 €K TV
npotépwv mbavotta akodovbel kavoviky katavopry pe p0=0.0 xat 00=0.3
Oco avaver o appodg tov deypatev exmatdevong, 1 extipnon pN,
oAnowadet my npaypatky tpn p=0.8 xat 1 tomkrn anoxAwon (OnA. 1)
afeParoTTa mg EKTIPNONG) EAATIOVETAL.
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KEDAAAIO 4°

M TTapapeTpikeg Teyvikeg

IHapadeypa

Classify cars on UNR campus whether they are more or less than $50K:
» C1: price > $50K
» C2: price < $50K
> Feature x: height of car

From Bayes’ rule, we know how to compute the posterior probabilities:

p(x/CHP(C)
p(x)
Need to compute p(x/C1), p(/C2), P(Ci), P(C2)

P(C,/x)=

Determine prior probabilities
» Collect data: ask drivers how much their car was and measure
height.
> e.g., 1209 samples: #C,=221 #C,=988

221
1209
P(C)) _ 988 o817

1209

= 0.183 1«

P(C) =




KEDAAAIO 3°

Bias Variance Trade-off

IMapadeypa

Yrotbépevo povteho: P(x[6) =0 x(1-0x x=01
Sevaplo: ENATeg 08 COLITEP PHAPKET €lTe ayopagoov eite dev ayopdfovy yaad.
0 etvar n mBavomta Ot évag Toxatog neAams ayopaget yaka

PO %, Xy0nx,) = |07 (1=0) " =07 (1=6)"

i=l
orov ¥ etvatl o appdg TV HEAATOY, Tov Selypatog v HEAQT@V, TOL
ayopaocav yaka

1(0)=rIn 6+ @n-r)In(l-0)

é . r n-—r y ¥
LAY = — =0 0., =—
o# ©) n 1-0 My
IHapadeypa

n=100 Pupeig xépparog
h=56 Puypeig xopwvag
t=44  Pupeig ypappata
Eival 1o KEppa «Ielpapypevo»?

‘Eotw ot p=0.5.
Tote :

) - . 1o 6 a4
Lip=10.5|data)= 0.570.57 =0.0389
56!44!

"
L{p=0.52|data) = 100 56 48+ - 0.0581
56!44!
P L
48 0222
0.50 10.0389
52 0581
0.54 ]0.0739
0.56  }0.0801
.58 0738
60 0.0576
0.62 ]0.0378




Determine class conditional probabilities (/kelihood)
» Discretize car height into bins and use normalized histogram

Calculate the posterior probability for each bin:
p(x=1.0/C)PC) _
p(x=1.0/CHP(C)+ p(x=1.0/C)P(C,)
_ 0.2081*%0.183 B
T 0.2081%0.183+0.0597*%0.817

P(C,/x=1.0)=

0.438




ITapaBopa Parzen

Mapadewypa 1-D

f%,()()m ”"Z X Y

YrobBétoope ot éxovpe 7 Setypata

D-={2.,3,4,8,10,11,12}

Oghovpe va Ppovpe v mokvotta oto onpeio x=1 yia h=3

1171 1- X, (1-2 1-3 1-4 112
Po(1)=725 ‘f’( ) [{”i 3 )W{?)W{?J*M{““f ﬂ

i

rg”g é@;}w F>1/2 | 11,

i
i

BLAS }—g{j X, wi[?+0+{}+ A+ 0]=
?”3 21

21



Iapadeypa

IMTapabvpo mhdarovg 4

p(x)  y=3,10,15 h=4
o X={x x2 . xM=(45586 12 14,15 15,16, 17}

ApBpntiko Hapadeypa

5 8etypara: D={2,25,3,1, 6}
Yroloyiote TV O.ILIL yid X=3 XPNOWPOHOOVIAG »§ ovbvaptnon napabvpoo
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Ke@alaio 5°

Ipappikeg Alakpivovoeg LovapTroetg

ITapadewypa
features grade

name good taff? sleeps in chews

attendance? class? gum?
Jane yves (1) ves (1) o (-1) o (-1} A
Steve ves (1) ves (1) yves (1) yves (1) -
Mary no {-1) no (-1} no (-1) ves (1) F
Peter yves (1) rno (-1) no {(-1) yves (1) A

= class 71: students who get grade A
= class 2: students who get grade F~

features grade
name | extra good tall? sleeps in | chews
attendance? class? gum?
Jane 7 ves (1) yes (1) | no(-1) | no (-1) A
Steve 7 yes (1) ves (1) | yes (1) | yes (1) F
Mary 7 no {(-1) no(-1) | no(-1)  yes (1) F
Peter 1 ves (1) no(-1) | no(-1)  yes (1) A

AVUKATAOTAoT OAN@V ToV Setypatov g KAaong ¢2 amnd Td apvnukd g
Yi—>—Y¥; Vy,e &,

Avaliymor drtavvopartog Papay 4, ®ote

ay, >0 vy,



features grade
naime | extra good tali? sleeps in | chews
attendance? class? gum?
Jane 1 ves (1) yes (1) no (-1} | no (-1) A
Steve -1 ves (-1) yes (-1) | yes (-1) |yes (-1) F
Mary -7 no (1) ne {1) no (1) |yves (-1) F
Peter 7 ves (1) no (-1) no (-1) | ves (1) A
4 N
= Sample is misclassified if a'y, =X ay" <0
k=4
= gradient descent single sample rule: a*" =a% 4+ 7%y,

= Set fixed learning rate to 7(®¥= 1:

®¢tovpe toa apyka Papn

= set equal initial weights a7=[0.25, 0.25, 0.25, 0.25]

= visit all samples sequentially, modifying the weights
for after finding a misclassified example

name at y misclassified?
Jane 0.25%14+0.25%1+0.25"1+0.25%(-1)+0.25%(-1) =0 no
Steve | 0.25%(-1)+0.25%(-1)+0.25"(-1)+0.25"(-1)+0.25"(-1)<0 yes

= new weights

a% =a" 4y, =[0.25 0.25 0.25 0.25 0.25]+
+1 =1 =1 -1 —1]=
=[-0.75 -0.75 —-0.75 -0.75 —0.75]




a?® =[-0.75 —0.75 —0.75 —0.75 —0.75]

name 3ty misclassified?

L0.75%(-1)-0.75"1 -0.75 "1 -0.75 "1 -0. 75 -1) <O yes

Mary

= new weights
a®=a® 4y, =[-075 -0.75 -0.75 -0.75 -0.75]+

1 1 11 -1]=
=[-1.75 0.25 0.25 0.25 —1.75]

a® =[-1.75 0.25 0.25 0.25 —1.75]

name afy misclassified?

Poter | -1.75*1 +0.25% 1+0.25* (-1) +0.25 *(-1)-1.75"1 <0 yes

= new weights
a=a® 4y, =[-1.75 0.25 0.25 0.25 —1.75]+

1 -1 -1 1=
=|-0.75 1.25 -0.75 —0.75 -0.75]




a® =[-0.75 1.25 -0.75 -0.75 —0.75]

name 31}’ misclassified?
Jane 0.75 *1 +1.25%1 -0.751 -0.75 *(-1) -0.75 *(-1)+0 no
Steve | -0.75%(-1)+1.25%(-1) -0.75"(-1) -0.75"(-1)-0.75"(-1)>0 no

Mary -0.75 *(-1)+1.25"1-0.75"1 -0.75 *1 =0.75"(-1) >0 no
Peter | -0.75*1+ 1.25°1-0.76" (-1)-0.75" (-1) -0.75 *1 >0 no

= Thus the discriminant function is

= Converting back to the original features x:

Converting back to the original features x:

gly)=-075"y9 11,25y _075*y@ _0.75*y® - 0.75* y¥

g(x)=125*x"-0.75*x¥ -0.75* x®-0.75* x'¥ -0.75

1.25*x"_-0.75* x®¥ - 0.75* x*'-0.75* x> 0.75 = grade A
125 xW-0.75* x¥ -0.75* x*¥ - 0.75* x'*) < 0.75 = grade F

good tall sleeps in class
attendance

N

chews gum

This is just one possible solution vector

If we started with weights a(”=[0,0.5, 0.5, 0, 0],
solution would be [-1,1.5, -0.5, -1, -1]
1.5 x'-0.5* x¥ - x¥ _ x¥ 5 1= grade A

1.5 x" 0.6 xD - x¥_ x¥ <« 1= grade F

= In this solution, being tall is the least important feature




[Mapadetypa - Mn ypappKd draywpiopa Sedopeva

= Suppose we have 2 features
and samples are:
« Class 1: [2.1].[4,3], [3.5]
= Class 2:[1,3] and [5.6]
« These samples are not
separable by a line 5 ;
= Still would like to get approximate separation by a
line, good choice is shown in green
« some samples may be “noisy”, and it's ok if they are on
the wrong side of the line

= Get ¥, Vo, Y3, Y4 Dy adding extra feature and

“normalizing” 1y 1 1 r_1 "1
=|2 =4 =3 S = -5
Y, L} Y. {3} Ys {5} Vs {_3} Ys L‘&}

= Let's apply Perceptron single
sample algorithm

= initial equal weights a”’=1[1 1 1]
= thisis line xM+x@+1=0

= fixed learning rate 7= 1

vo=[3] vo[3] vae[8] e [2H] -]

= yta®=[1117[121}'>0 v
= yta®=[111][143}>0
= ytah=[111]"[135]*>0 v




=[111]  a*V=a"4y,
h SRS EIERE
= yt,al=[111][-1-1-3]'=-5<0 i Lgé‘ﬁ
a¥=a"+y, =[111]+]-1-1- 3] {ae 2] |

o ylea2=[0 0 -2]'[-1 -5 -6)t= 1250 ¥

=yl a2=[00-2]"[121]t <0
a¥=a% 4y, =l00-2]+[121]=[12-1]

= yLad=[143]'[12-1)!=6>0 " -
o yt,ad=[13 51 2-1])t>0 ¥
« yt,ad=] a -3 [12-1]t=0

aV=a®yy, =[12-1+[-1-1-3]=[01-4]




=y, ad=[-1 ?»-3]*[1 2-11'=0
a=a% vy, =[12-1+[-1-1-3]=[01-4]

Miopoovpe va ovvexiooope yia navra !!
Aev vriapyet Stavdopa Avong  a © omoto va wavomnotet yia kabe i 1 oxéon:

ay, = Za yi*' >0

ITpénet va otapatjoovpe al\a oe «KCI;\O» onpeto.
O Avoetg yua enavainyetg 900 wg 915.

Kanoteg etvat Kahég, KAmoelg oxt

[wg Ba otapatoovpe og kKakn Avon?




MéBo8og Ho-Kashyap

Class 1: (6 9), (57)
Class 1: (5 9), (0 10)

{ - ?}
Y=| _7 _5 _9
-1 0O —-10
APYIKESG TIHES:
1 ’
: (1) _
1 1
O¢tovpe :
n=09
Onore:
13
(7
Ya 15
— 711
o
Hpot eavainyny:
EIRE
(1) _ vall) in_ 1 1 1
e =Ya' - b = 1517111 =|-16
{ 11| 1] [-12



Ent\von yia  b(2) xpnoponowvrag al!) xaw bth)

4 151 13511 | 22
b? = b 4+ 0.9e" +/e" e ; +0.9)| _ §6 HElE
1 | —12 12

Ert\von yua al?) yprowonowviag  bi2) xat

28|

- [-2.6 47 1.6-0.5 |

o =) v 03 -] b ) 224 1
.26 -0.5 - 0.2 - 0. 1

Soveyt{ovpe 1§ eNavVaNyelg womov
Ya> O
S npdln, ovveXifOLPE GHOTIOD TO HIKPOTEPO OTO(El0 TOL Ya ya etvat
ppotepo tov 0.01
Metd arro 104 enavayelg cvyrAivet oe Avon
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