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'Y(:�?M�;!.+<�WK;�(+�dIR�v9!;8*87z@+ST*87?D!.�D!5F4VIe7?M=.0STfvIT(C*?ST48IT(�5K,&fvU�5F48U�5K,848IJWF4V*8<�WF�=*87?D!.�48MC�
(�W IT(C*&5 ST4�(=�V£AË?©=�+ J¡Æ¢&£2¢VÉ³æç£&è¬©n¡CÇFÉAé¬©�Â

mX(t) = E[X(t)] =

∫ +∞

−∞
a · fX(t)(a)da

®¹¾!¯
9!;8*87`D�.

fX(t)(·)
@+ST*87?D�.QIR7?D�H8*�3!W Ie.+5w(=�?M[IR7?M=18<:(=�?IR�E;87�,&M=9?(:��(C48G�;&5 >A48M=9�(=��(C48G

(=�?G�(=7?ST4&WF48GtD�.0(+4?H83���(:f�Gb�¬(�5FD!f?G�(:�?GtU�5F48U�5K,&48IJWF48G
X(t)

IR(+*QST<=9�M=*
t
X

·t4!(=1z;!48<=98D!*&5 *z(=<=9!;!*�D?;8*8<=*8P?D!.ªM=4v*8<�W Ie*87?D!.b,&4&5�(:��Mn¤&Ö!§åÌe§ÆË?Ù?ÍÊ¤�Ò:ÇÊ¤8£A¥=§Î Té¬©
D85F48GtIT(C*?ST48IT(�5K,&f?G{U�5K48U�5K,&48IJWF48GtU�5F4!,&<�5 (+*8PvST<=9�M=*87n�dG

σ2
X [n] = E[|X[n]−mX [n]|2] =

∑

k

(ak − E[X[n]])2 · Pr{X[n] = ak}
®pê?¯

,&4&5&(:��M�£AË?©=�+ J¡Æ¢&£2¢�Ò:ÇÊ¤8£2¥=§Î Réd©bD85K48GªIT(C*?ST48IT(�5K,&f?GªU�5F48U�5K,&48IeWF48GªIe7?M=.0ST*8P�GbST<=9�M=*87

σ2
X(t) = E[|X(t)−mX(t)|2] =

∫ +∞

−∞
(a− E[X(t)])2 · fX(t)(a)da

®~��¯
�{5eIe7?M=48<:(=f?IR.C5 Gv®~fv4�,&*�3�*87�>AWF.+GC¯|D�@+IT�dM�(�5FD�cdM�,&4&5eU�5K48IR;!*8<:cdMnD!5F48G{IR(+*?ST48IR(=5K,&f�G
U�5F48U�5K,&48IJWF48G{4!;!*?(=.B3�*8P?M�(C4QIR(+4!(�5 IT(�5K,&1Q;!<:c\(=�?Gt(:18»=�?Gt,&4&5J9!;��dG{/J18M=�?,&.y;!48<=4!;81?�
M:��aeIT(=�n]R.+M�5�,&fz;!.+<�WK;�(+�dIR��ae.0»=48<:(:cdM:(+4&5e4!;89�(=�zST<=*�M�5�,&fvIT(�5 ]RD�f

t
®~f
n
¯BX

')(=�tIR7�M=@0ST.C5F4ea�>A4�48M=48/J.+<C>2*8P?D!.YIT(=�?Mª487�(C*8IR7?IeST@B(�5 IR�{D85F48G�IT(C*?ST48IT(�5K,&f?G|U�5F4?�
U�5K,&48IJWF48G�X|±ÏIe7?M=18<:(=�?IR��487?(+*8Ie7?IRST@0(=5 Ie�?G�D85F48G�IT(C*?ST48IT(�5K,&f?G�U�5F48U�5K,&48IJWF48G�48M=f?,&.+5
IR(=5 GZIT(C4!(=5 IR(=5K,&@+GE5FU�5F9�(=��(=.0G[U=.+P�(=.0<=�?G[(:18»=�?G�X
±�IR7?M=18<:(=�?Ie��487�(=f�D!48G�;848<=@0ST.C5
;!3��?<=*8/J*8<�WF.+Gb]e5F4n(=��IT(C4!(=5 IR(=5K,&f�IeST@0Ie��;8*87�@+ST*87?MtU=P?*n(=7?ST4&WF.0GªD!.B(C4?H!3���(=@0GªD!@0Ie4
IR(:��MVWFU�5F4`U�5F48U�5K,&48IeWF4eXV«�5F4E;848<=18U=.+5 ]RD!4eak48G�>A.B�d<=f�IR*87?D!.�(=�?MVIT(C*?ST48IT(�5K,&f[U�5F48U�5 �
,&48IJWF4VIe7?M=.+ST*8P?G{ST<=9�M=*87

X(t)
,&4&5e,&1!;8*&5F.0G�IR7�]T,&.0,&<�5FD�@+M=.0G�ST<=*�M�5�,&@+G{IR(=5 ]RD!@0G�a

t1,&4&5
t2
X�')(=9?ST*8G�D!48G�.CW M=4&5dM=4�U=*8P�D�.Q;8*&5F4�.+W M=4&5¬�LIeST@0Ie�L48M=18D�.+IR4�IR(=5 G�(=7?ST4&W �

.+G�D!.B(C4?H!3���(=@0G
X(t1)

,&4&5
X(t2)

X � 7�(=9�.0,&/J<=18�=.B(C4&5¬D!@0Ie4�4!;89�(=��£�Ë�©=�+ J¡:¢&£J¢
¤&Ë!¡ë§�£AË?£=¨|æC¡+Ç�£2¢�Ô

(autocorrelation function):

Rxx(t1, t2) = E[X(t1) ·X(t2)]

=

∫ +∞

−∞

∫ +∞

−∞
a1 · a2 · fX(t1),X(t2)(a1, a2)da1da2

®pì?¯
9!;8*87

fX(t1),X(t2)(a1, a2)
�t4!;89�,&*85 M=*8PtIe7?M=18<:(=�?IR��;!7?,&M=9�(=��(C48G);&5 >A48M=9�(=��(+48GY(+�dM

(=7?ST4&WK�dM�D!.B(C4?H!3���(:cdM
X(t1)

,&4&5
X(t2)

X
'Y.b;8.0<�5K;!(ÆcdIe.+5 Gy;!*87n.+D�/248M�WF�=*?M:(C4&5�;8.0<�5 IeIR9?(=.0<=.+G�4!;!9�D8WK4�IR(+*?ST48IT(�5K,&@0GtU�5F48U�5 �

,&48IJWF.0G�a³IR7?SRM=1[.CW M=4&5�ST<=f?IJ5KD!*ZM=4�]RM:�d<�WF�=*87?D!.�(:�VIR(+4!(�5 IT(�5K,&f�IRST@+IR��48M=18D�.+IR4ZIR.
D85F4Q(=7?ST4&WF4VD!.B(C4?H!3���(=fz(=�?G{D85F48G{U�5F48U�5K,&48IeWF48G�aJ@+IT(+�

X(t1)
ae,&4&5e(=�?M�(=7?ST4&WF4VD!.B(C4?�

H!3!��(:fQD85F48G�1!3?3��?G�U�5F48U�5K,&48IeWF48G�aA@+IT(+�
Y (t2)

Xy±�IRST@+IR�V487�(:fQD!48G�U�W M=.B(C485�4!;!9�(=�
£�Ë�©=�+ J¡:¢&£J¢��+¡0�¹ 2§=£�Ë?£=¨|æ+¡CÇ�£J¢TÔ

(cross-correlation function)
(+�dM|U=P?*{U�5F48U�5�,&48IJ5KcdM!a

�z*!;8*&WF4Q*8<�WF�=.0(+4&5e�dG�Â

Rxy(t1, t2) = E[X(t1) · Y (t2)]
®~í�¯

¾



º <:]R48IT(=f?<�5 * º ;!.+»=.0<:]R48IJWF48G{'Y��D�1!(+�dM�,&4&5T�b��3�.B;&5K,&*&5 M:�dM�5KcdM!ae°�µ�µ?¼=�½µ�¾

î Û6q\o�u�m�ï�Ýbq¬ryqwo
(Stationarity)

'Y.w;8*�3�3�@0G¬.0/J48<=D!*�]R@0G¬.B;8.0»=.+<:]R48IeWF48G¬IR�?D!1!(0�dM!a�*&5=IR(+4!(�5 IT(�5K,&@0GÅ5FU�5F9?(:��(=.0Gd;!*87|;!.+<�5 �
]R<=18^J48D!.Å;848<=4!;818M:��.+W M=4&5848M=.0»=18<:(=��(=.0GY(C*87tST<=9�M=*87

t
®¹]e5F4�(=�?Mb;8.0<�WK;!(0�dIe��(C*87tIe7=�

M=.+ST*8P?GdST<=9�M=*87�¯Af
n
®¹]e5F4ª(:��M¬;8.0<�WK;!(0�dIe��(+*87|U�5F4!,&<�5 (+*8P|SR<=9?M=*87�¯0Xk«�5F4ª;84!<�1!U�.+5 ]RD�4ea

*V>298<=7=H&*8G�,�H848M:(�5 IeD�*8PQ;8*87V.+5 IR1!]e.B(+4&5�Ie.�@0M=4
DSP (Digital Signal Processor)D!.�48<�5 >2D!��(=5K,&f�IT(C4?>2.+<=f?GZ7�;8*8U�5F48IT(C*�3�f?G�a�3�9�]T�ð(:��G[;!.0;!.+<=48IRD!@0M=�?GE48<�5 >AD���(�5K,&f?G

4!,&<�W H8.C5F48G�aÄIR7?M=f=>2�dGz@0ST.C5³IT(C4?>2.+<=f�D�@+IR��(=5FD!fV,&4&5�U�5F48IT;8*8<=1eXn«�.0M�5K,&1eaA>A.B�d<=*8P?D!.
9?(=5!*�>A98<=7=H8*8G),�H848M:(�5 IRD!*8P�@+ST.+5!IT(C4!(=5 IR(=5K,&1�;8<:c\(:�?GY,&4&5�U=.+P�(:.+<=�?G)(=18»=�?G);8*87�.CW M=4&5
ST<=*�M�5K,&1Q48D!.B(=1?H!3���(C4eX

� 7�(:@+G�*&5wIR7?MC>Af�,&.+G�4!;!*?(=.B3�*8P�MV;848<=48U=.+W ]RD!4!(+4
“
IR(+4!(�5 IT(�5K,&f?GQST<=*�M�5�,&f�GQ')(C4?�

>A.0<=9?(:�?(+48G
”
f

“
IR(+48IJ5FD�9?(=��(+48G

” (stationarity).
'Y(:�_IR7�M=@0ST.C5F4ea�>A4-*8<�W IR*87?D!.

U�5F18/J*8<=4V.+WFU=�zIR(+48IJ5FD�9?(:�?(+48G�X
ñVò2óÄô!õAö!÷�óÄô!ø�ó\ùûú�üRô!õJô!øký � Gt>2.0�d<=f?IR*87?D!.tD85F4�IR(+*?ST48IR(=5K,&fQU�5F48U�5K,&48IeWF4�IR7?M=.ë�
ST*8P?G�ST<=9�M=*87

X(t)
,&4&52(�5 G�(=5FD!@0G�(=�?G�IT(�5 G�ST<=*�M�5K,&@0G�IR(=5 ]RD!@0G

t1 < t2 < . . . < tn
X(ti) = Xti , i = 1, 2, . . . , n

XV�t5³(=7?ST4&WF.0Gv487�(=@0GvD�.0(+4?H!3!��(:@+Gz9!;!�dGv@0ST*87�D�.nf?U=�
48M=48/J@+<=.+5JST48<=4!,8(:�?<�WF�=*�M:(C485e;�3�f�<:�dG�4!;89�(=�?M�4!;89�,&*&5 M=*8PzIe7?M=18<:(:��IR�n;87�,&M=9?(:��(C48G
;&5 >248M=9?(=��(:18G�(C*87?G

f(Xt1 , Xt2 , . . . , Xtn)
X � Gz>A.B�d<=f�IR*87?D!.z(:cd<=4N@+M=4L1!3?3�*LIeP=�

M=*�3�*_4!;89
n
(:7�ST4&WF.0G[D!.0(+4?H!3���(=@+G

Xti+t = X(ti + t), i = 1, 2, . . . , n
a�9!;8*87

tD85F4E487=>24&WF<=.0(:�[ST<=*?M�5K,&f�D!.B(C4!(=9!;85 IR�TXz�|*EM=@+*E4!7?(:9EIeP?M=*�3�*E4!;89Z(=5 Gn(=7?ST4&WF.+GzD�.ë�
(C4?H!3���(=@0GzST48<=4!,8(=�?<�WF�=.0(+4&5³;!3�f?<:�dGz4!;89Z(=�?MQ4!;!9E,&*&5 M=*8P�IR7�M=18<:(:�?Ie��;87�,&M=9?(:��(C48G
;&5 >248M=9?(=��(+48G

f(Xt1+t, Xt2+t, . . . , Xtn+t)
Xk� ��(+48M�5 IRSRP?.+5e�vIRST@+IR��Â

fXt1 ,Xt2 ,...,Xtn (a1, . . . , an) = fXt1+t,Xt2+t,...,Xtn+t(a1, . . . , an)
®~þ�¯

]e5F4�,&1?>2.
t
,&4&5d]e5F4�9�3�4�(+4

n
aY�LIT(C*?ST48IT(�5K,&f�U�5F48U�5K,&48IeWF4

X(t)
>A4�*�M=*8D�18�=.0(+4&5

¤&Ë?£J¡:¢C Té¬Ôv£J¡C�8£RÇFÉÄ¢Tÿ�±¸5FU�5F9?(:��(C4N4!7?(:fZ.B,&/J<=18�=.C5�;!�dG�9�3!4E(C4`IR(+4!(�5 IR(�5K,&1`SR48<=4?�
,8(=�?<�5 IT(�5K,&1�(=�?GtU�5F.0<:]R48IJWF48G

X(t)
.+W M=4&5JST<=*?M�5K,&1Q48D!.B(=1?H!3���(C4eX

M �
ô����!õ��¶óÄô!ø�ó\ùûú�üRô!õJô!øký Ã`5F4�IT(C*?ST48IT(�5K,&f�U�5F48U�5K,&48IeWF4

X(t)
.+W M=4&5

M
��(:18»=�?G

IR(:18IJ5FD���a�48M��{;848<=4!;!18M:��.0»�W IR�dIR��5 IRSTP?.C5&D!9�M=*�]e5F4
n ≤M Xd«�5F4�;848<=18U=.+5 ]RD!4ea&D85F4

U�5F48U�5K,&48IeWF4V.+W M=4&5e;!<:c\(=�?G�(:18»=��GtIT(=18Ie5FD!��aR48M�5 IRSTP�.+5�Â

fX(t1)(a) = fX(t1+t)(a) ∀t ®Î�Æµ!¯
'Y.YD85F4�(:@0(+*&5F4�U�5F48U�5K,&48IJWK4ea&*&58IT(C4!(=5 IR(=5K,&@0Gª5FU�5K9?(=��(=.0G�;!<:c\(=�?G�(:18»=�?G{®~D!@0Ie�t(=5FD!ft,&4&5
U�5F48IR;!*8<=1&¯Å>24Q.CW M=4&5e48M=.0»=18<:(=��(=.0G�(C*87zST<=9�M=*87�aT]e5F4�;!48<=18U=.C5 ]RD�4eÂ

mX(t) = mX

·t4!(:1�48M=4!3�*�]eWF4eaYD!5F4�(=7?ST4&WF4�U�5F48U�5�,&48IJWF4�.CW M=4&5¬U=.0P?(:.+<=�?G�(:18»=�?G�IR(:18IJ5FD���aY48M
5 IRSRP?.+5�Â

fX(t1),X(t2)(a1, a2) = fX(t1+t),X(t2+t)(a1, a2) ∀t ®Î���:¯

ê



º <:]R48IR(:f?<�5 * º ;8.0»=.+<:]R48IeWF48G{'��?D�1!(+�dM�,&4&5R�|��3!.B;&5K,8*&5 M:�dM�5KcdM!ae°?µ?µ?¼=�½µ�¾

Ã`5F4�U=.+P�(=.0<=�?GY(:18»=�?G�IR(:18IJ5FD��tU�5F48U�5K,&48IeWF4�.CW M=4&5?(C487�(=9�ST<�*?M=4�,&4&5?;8<:c\(=�?G)(=18»=�?G
IR(:18IJ5FD��TX º ;&5K;�3�@+*�M!ak(+4LIT(C4�(�5 IT(�5K,&1LU=.0P�(=.0<=��Gv(:18»=�?GE®~IR7?M=18<:(=�?IR�E487�(+*8Ie7?IeST@B(�5 �
Ie�?GÆ¯Y.CW M=4&5e4!M�.0»=18<:(=��(+4Q(+*87zSR<=9?M=*87�aRU=��3�48U=fTÂ

Rxx(t1, t2) = Rxx(t1 − t2, 0)
®Î�:°?¯

�|*!;8*&WF4y.0»=48<:(=1!(+4&5=D!9�M=*ª4!;89ª(:�|ST<=*�M�5K,&f|D�.0(+4!(=9!;85 Ie�
t1−t2

(=�?M)*!;!*&WF4y*�M=*8D!18�=*87?D�.
,&4&5

lag.
ÃZ;!*8<=*8P?D!.�@0(:IJ5�M=4[4!;!3�*!;8*&5Kf�IR*87?D!.�(+*ZIR7?D�H8*�3!5 IeD�9[(:�?G�;!<=*8��]e*8P?D�.+M=�?G

IeST@0Ie�?G�,&4&5eM=4�]e<=18^e*87�D�.�Â

Rxx(t1, t2) = Rxx(t1 − t2)
®Î�Æ¼�¯

º ;!.C5FU=f���5 IRST7�<=f�IR(+48IJ5FD�9?(=��(+4z.CW M=4&58;8*�3�P�487?IR(:�?<=f�Ie7?MC>2f�,&��,&4&5�IT;818M�5F4z4!,&*?�
3�*87�>2.CW (C4&5?4!;!9{/J7?Ie5K,&@+GÅU�5F48U�5K,&48IJWF.0G�a�IR7?M=f�>J�dGÅSR<=�?Ie5FD!*!;!*&5F.CW (C4&5?@0M=48G)ST4!3�48<=9?(:.+<=*8G
*8<�5 IeD�98Gt(:�?GtIR(+48IJ5FD�9?(=��(+48G�Â
� ô!ø�ó\ùûú�üRô!õJô!ø#ú	��ô8õ�
���òJö���
ûø���
�
���ùûøký D85F4N(:7�ST4&WF4LU�5F48U�5K,&48IeWF4�.CW M=4&5wIR(:18IJ5 �
D!�[D!.n(=�?MV.+7?<=.+WF4N@0M=M=*&5F4

(wide sense stationary ,WSS),
48MV(=�?<=*8P?M:(+4&5k*&5ÄU=P?*

;848<=4!,&1!(0�-IR7�MC>2f�,&.+G�Â
��X|±�D!@0Ie�n(�5FD�fz.CW M=4&5e48M=.0»=18<:(=��(=�n(+*87zST<=9�M=*87�aRU=��3!48U=f

mX(t) = mX

°�X|±�Ie7?M=18<:(:��IR�y487�(C*8IR7�IRST@0(=5 Ie�?G
Rxx(t1, t2)

.0»=48<:(=1!(+4&5�D�9�M=*{4!;!9t(=�yST<=*�M�5K,&f
U�5F48/J*8<=1

lag = t1 − t2
aJ,&4&529?SR524!;89V(=5 G�Ie7�]T,&.0,&<�5FD�@+M=.0G�ST<=*�M�5K,&@+G�IT(�5 ]RD�@+G�a

t1
,&4&5

t2
aRU=��3�48U=f

Rxx(t1, t2) = Rxx(t1 − t2)

º ;!.C5FU=f{�
WSS

IT(C48Ie5FD!9�(=��(C4�.+D�/J48M�WF�=.0(+4&5&IR.Y;8*�3?3�@0Gb.0/J48<=D!*�]R@0G�a&48M=48/J@+<=*87?D�.
IR(:�vIR7?M=@+ST.+5F4Q,81!;8*&5F.0GyH848Ie5K,&@+G�(:��G{5FU�5F9�(=��(=.0G�Â
��Xb'Y7?D!D!.B(=<�WF4eÂ�± Ie7?M=18<:(=�?IR�L487�(+*8Ie7?IRSR@B(�5 Ie�?G�D!5F48G

WSS
U�5F48U�5K,&48IJWF48G�.CW M=4&5

Ie7?�=7�]TcdGtIe7?D�D!.B(=<�5K,&f�aRU=��3�48U=f�Â

Rxx(t) = Rxx(−t)
9!;8*87�(C*QIRP�D�H8*�3�*

R
U=��3?cdM=.C5R(+*QIR7?�=7?]RfnD85 ]R48U�5K,&9E®~IT(=�n]R.0M�5K,&fn;!.+<�WK;�(+�dIR�

9!;8*87y*&5?(:7?ST4&WF.+G)D!.B(C4?H!3���(=@0G);!*87�IR7?D!D�.0(:@+ST*87?MbIT(=�yIR(+*?ST48IR(=5K,&f�U�5F48U�5K,&48IJWK4
3�48D�H818M=*87?M�D85 ]R48U�5K,&@+G�(�5FD�@+GÆ¯0X

°�X|ÃE@+IR�ª�|.0(:<�4�]R�dM�5K,&fb�ª5FD�f�ÂÄ±O(=5FD!fª(:�?G)487�(C*8IR7?IeST@B(�5 IR�?G)D85F48G
WSS

U�5F48U�5K,&4?�
IJWK48GyIT(C*

lag t = 0
5 Ie*8P�(+4&5�D!.�(=��D�@+IR��(=.B(=<=4!]T�dM�5K,&f�(�5FD�f�(=�?GªU�5F48U�5K,&48IeWF48G�a

U=��3�48U=f�Â
Rxx(0) = E[|X(t)|2] ≥ 0

�



º <:]R48IT(=f?<�5 * º ;!.+»=.0<:]R48IJWF48G{'Y��D�1!(+�dM�,&4&5T�b��3�.B;&5K,&*&5 M:�dM�5KcdM!ae°�µ�µ?¼=�½µ�¾

¼�XbÃE@0]e5 IR(=���b5FD!f�ÂN�|*_D!@B(=<=*�(=�?GZIe7?M=18<:(:��IR�?GE487�(+*8Ie7?IRST@0(�5 Ie�?GZD85F48G
WSSU�5F48U�5K,&48IeWF48G�IT(C*

lag t
@0ST.C5J�dG�1!M=�¶98<�5 *V(=�?M�(�5FD�fv(=�?G�Ie7?M=18<:(=�?IR�?G�]e5F4V(+*

lag t = 0
aeU=��3�48U=f�Â

|Rxx(t)| ≤ Rxx(0)

¾TXb­ª.0<�5 *8U�5K,&9?(:�?(+4eÂ � M)]e5F4y,&1!;!*&5 *
t0
�bIR7�M=18<:(:�?Ie�b487�(+*8Ie7?IeST@B(�5 IR�?GÅD!5F48G

WSSU�5F48U�5K,&48IeWF48G�.+W M=4&5
Rxx(t0) = Rxx(0)

ae(:9?(:.t�vIe7?M=18<:(=�?IR��487�(:f�.+W M=4&5e;8.0<�5 *?�
U�5K,&fzD!.ª;8.0<�W *8U=*

t0
Â

Rxx(k · t0) = Rxx(0)

9!;!*87
k
*!;!*&5 *8IeU=f�;!*?(=.�4!,&@0<=4&5 *8Gt48<�5 >2D!98G�X

�|@03�*8G�aJ]e5F4�(:��M�;8.0<�WK;!(0�dIe��;!*87Q@0SR*87?D�.�U=P?*�f�;!.+<�5 IRIe9?(:.+<=.0G�IT(C*?ST48IT(�5K,&@0G�U�5F48U�5 �
,&48IJWF.0G�a�7�;818<=ST*87?M�48M:(�W IT(C*&5 ST*&5�*8<�5 IRD!*&W�]e5F4Z(=�?M�4!;!9Z,&*&5 M=*8P�IR(+48IJ5FD�9?(=��(+4

(joint
stationarity).

«�5F4�;!48<=18U=.C5 ]RD�4ea&U=P?*nU�5F48U�5K,&48IeWF.+G�a
X(t)

,&4&5
Y (t)

a&.+W M=4&5&4!;!9�,&*&5 M=*8P
WSS (jointly WSS)

48MQ,&4?>A.0D85K1N4!;89N487�(:@+Gv.CW M=4&5
WSS

,&4&5k�[.0(:.+<=*8IR7?IeST@0(=5 Ief
(C*87?Gz®~IRST@+IR�ví�¯Y.0»�4!<=(:1!(C4&5eD�9�M=*Q4!;89�(:�vU�5F4!/2*8<=1

lag = t1 − t2
Â

Rxy(t1, t2) = Rxy(t1 − t2)

� �Oà���l��|m~}�Ýbqdryq\o
(Ergodicity)

±6D�@+IR�t(�5FD�ft,&4&5!�{487�(+*8Ie7?IRST@0(�5 Ie�{D85K48G|IT(C*?ST48IT(�5K,&f?G|U�5F48U�5K,&48IeWF48G|U�5F4!,&<�5 (+*8P{SR<=9?�
M=*87�4!;!*?(=.B3�*8P?M�IT(C4!(=5 IR(=5K,&@+Gz5FU�5K9?(=��(=.0G�a�*&5³*!;!*&WF.+G�;!<=*!,&P�;!(+*87�MvST<=�?IJ5FD�*!;8*&5KcdM:(+48G
9�3�4N(+4LIef?D�4!(C4LU�5F4!,8<�5 (C*8PEST<=9�M=*87[;8*87E4!;!*?(:.03�*8P?M�(=�ZU�5F48U�5K,&48IJWF4eX���IR(:98Ie*ea\IR.
;8*�3?3�1�;!<=*?H83�f?D�4!(C4ea848My,&4&5&ST<=.+5F48�=98D!48IT(=.Y(C4�;848<=4!;818M:��IT(C4!(=5 IT(�5K,&1ea&U=.+Mª(C4�]RM=�k�
<�WF�=*87?D!.�.0»=48<=STf?G�aR4!3?3!1n>A4�;8<=@B;8.+5eM=4�(C4Q.0,8(=5FD!f?IR*87?D!.y4!;89�(C4QU=.0U=*8D!@0M=4eX

� Gv7�;!*?>A@0Ie*87?D!.�3�*&5K;!9�M!ak9?(=5Ä@+ST*87?D�.zD!5F4`IR(+*?ST48IR(=5K,&fZU�5F48U�5K,848IJWF4ea
X[n]

a�,&4&5
@+ST*87?D�.|D!5F4�(:.+<=18IT(�5F4nIR7�3?3!*�]ef{4!;89�7?3�*!;!*&5Ff?Ie.+5 G|(:��G�a&U=��3�48U=f�4!;89�Ief?D�4!(C4nU�5F4!,&<�5 �
(C*8P�ST<=9�M=*87�a

xi[n], i = 1, 2, . . . , L
XQ')(=�?M�;!.+<�WK;�(+�dIR�[487�(=f�a�>24`D?;8*8<=*8P?IR48D!.nM=4

,&18M=*87?D!.�D!5F4Q.B,8(�WFD!�?IR�n(=�?GtD!@0Ie�?G�(�5KD!f?G�aT�dG�(C*QST<=*�M�5K,&9QD�@+IR*V98<=*eÂ

m̂X [n] =
1

L

L∑

i=1

xi[n]
®Î�C¾!¯

� ��D?�dG�a�IT(�5 G|;8.0<�5 IeIR9?(=.0<=.+Gb.+/J48<=D!*�]R@0G�a�U=.0Mt@0ST*87?D!.|U�5F4?>2@+Ie5FD!.0Gª9�3�.+Gb487?(:@+G|(�5 G
7�3�*!;8*&5Ff?IR.C5 Gv(:�?G

X[n]
aw4!3?3�1`D!9�M=*`D85F4`7?3�*!;!*&WK�?IRf[(=�?G�akU=��3�48U=fZ@+M=4`D!9�M=*`Ief?D!4

U�5F4!,&<�5 (+*8P�ST<=9�M=*87
x[n]

X�')(:��M`;!.+<�WK;�(+�dIR��487�(:f�.0;8*!D!@+M:�dG�a|��IRST@+IR�¶®Î�C¾!¯vD!4!G
.CW M=4&5218ST<=��IT(=��X � Mn;!.+<�5 *8<�W Ie*87?D!.t(C*�.0M=U�5F48/J@+<=*�MnD!48G�IR.

WSS
U�5F48U�5�,&48IJWF.0G�a2(=9?(:.

@+ST*87?D�.Å(C*{;�3�.+*�M=@B,8(=�?D�4�9?(�5���4!,&*�3�*87=>AWF4�(:��G)D!@0Ie�?G)(�5FD�f?GY.CW M=4&5�IR(+4?>A.0<=f�a!.0/298IR*�M
��D!@+IR��(�5FD!f�.+W M=4&5Ä48M=.0»=18<:(=��(:��(+*87[ST<=9?M=*87Ta�U=��3!48U=f

mX [n] = mX
Xn� º (:IJ5�aÄIT(�5 G

;8.0<�5K;!(ÆcdIe.+5 Gb487�(=@0G|]R.0M=M=1!(C4&5!(C*�.+<:c\(:��D�4ea848M�D?;8*8<:c�M=4�.0,8(=5FD!f?IT��(=�{IR(+*?ST48IR(=5K,&f
D!@0Ie�Q(�5FD�fV(C*87VIef?D�4!(C*8G�®¹;!*87�>24Z.CW M=4&5�IR(+4?>A.0<=fV]e5F4[9�3�.+G�(�5 GnST<=*?M�5K,&@+G�IR(=5 ]RD!@0GÆ¯

ì



º <:]R48IR(:f?<�5 * º ;8.0»=.+<:]R48IeWF48G{'��?D�1!(+�dM�,&4&5R�|��3!.B;&5K,8*&5 M:�dM�5KcdM!ae°?µ?µ?¼=�½µ�¾

�dG�(=�QD�@+IR��(�5FD!fQD!5F48G�7�3�*!;8*&W��?Ie�?G�(+*87QIef?D!4�(C*8G�X��n��3�48U=f�aA48MzD�;!*8<=.CW2M=4�]eW M=.+5A�
;848<=4!,&1!(0�-.B,8(�WFD���IR�n(=�?GtD�@+IR��G�(=5FD!f?G�Â

m̂X [N ] =
1

N

N∑

n=1

x[n]
®Î�:ê?¯

� º (=IJ5Y,&4!(C4!3�f�]R*87?D!.`IT(C*?M�*8<�5 IeD�9-(:��GN.0<:]R*8U�5K,&9?(:��(C48G`;8<:c\(=�?G`(:18»=�?G�ÂOÃ`5F4
WSS

IR(+*?ST48IR(=5K,&fNU�5F48U�5K,&48IeWF4�3�@0]R.B(C4&5\.0<:]e*8U�5�,&f`;8<:c\(:�?GV(:18»=�?G�a¬48M[*�ST<=*�M�5K,&98G
D!@0Ie*8GE98<=*8G�a

m̂X [N ]
abIR7?]T,83!W M=.+5Y7�;89_(=�?ML@+M=M=*&5K4O(+*87�D�@+IR*87�(=.B(=<=4!]TcdM=*87�IT(=�

IR(+*?ST48IR(=5K,&fvD!@0Ie�n(=5FD!f�Â
lim
N←∞

m̂X [N ] = mX

·t4!(=1{48M=1!3�*�]R*t(=<=9!;!*�D?;8*8<=*8P?D!.¬M=4�*!<�W Ie*87?D!.d,&4&5?(:�?M|.+<:]R*8U�5K,&9?(:��(C4{U=.+P�(:.+<=�?G
(=18»=�?G�Xw'Y7�]T,&.0,&<�5FD�@+M=4ea�D85F4

WSS
IT(C*?ST48IT(�5K,&fbU�5F48U�5K,&48IeWF4y3�@0]R.B(C4&5�.0<:]R*8U�5K,&fbU=.+P�(:.ë�

<=�?Gª(:18»=�?G�a�48MtD�;8*8<:c�M=4z.0,8(=5FD!f?IT��(+4vIT(C4!(=5 IR(=5K,&1vU=.0P?(:.+<=�?Gb(:18»=��GªD�.bST<=*�M�5K,&*8P?G�a
48<�5 >2D!��(=5K,&*8P?GyD!@0Ie*87?Gª98<=*87?G�X\«Ä5F4z;!48<=18U=.C5 ]eD�4ea�48Mt]RM:�d<�WF�=*87?D!.b9?(=5TD!5F4zIR(+*?ST48IR(=5 �
,&fEU�5F48U�5K,&4!IJWF4L.+W M=4&5w.0<:]R*8U�5K,&fEU=.0P�(=.+<=�?Gv(:18»=��G�aw(=9�(=.vD?;8*8<=*8P?D�.vM=4L.B,8(�5FD�f?Ie*87?D!.
(=�?M�487�(C*8IR7?IeST@B(�5 IRfz(:��Gy�dG�Â

R̂xx[k,N ] =
1

N

N∑

n=1

x[n] · x[n− k]
®Î�:��¯

� ��m��ªq)àYã�à|mÜuQï�o Û6q\lªxzo{uvq|m~}�á_j�� m�o{�bm¹}�o�u�m�á_j
�b4t]R<=48D!D!5K,&1ea�ST<=*�M�5K,&1�IT(C4?>2.+<=1{/AW�3�(:<=4�ST<=�?Ie5FD!*!;!*&5 *8P?M:(C4&5�IR.ÅD85F4t;!3��=>2cd<=4{.+/J48<C�
D!*�]TcdMY]e5F4{M=4t.B,8(=.B3�@+IR*87�MY,&1!;8*&5F4t.B;8.+»=.0<:]R48IJWF4�;818M:�`Ie.dD85F4tIR(+*?ST48IT(�5K,&fyU�5F48U�5K,&4?�
IJWF4eX\«Ä5F4n(+*z3�9�]R*z487�(=9ea&D!48Gª.0M=U�5F48/2@0<=.C5�M=4zU=*8P?D!.�(�5&]eW M=.B(C4&5�IT(=�?M�;8.0<�WK;!(0�dIe��;8*87
D85F4�IT(C*?ST48IT(�5K,&f�U�5F48U�5K,&48IeWF4{;8.0<�1!Ie.+5!D�@+IR4�4!;89{@+M=4�/2WK3?(=<=*eX³� º IR(0�N3�*&5K;89�M!a��

WSSIR(+*?ST48IR(=5K,&f�U�5F48U�5�,&48IJWF4
X[n]

a!D!.YD!@0Ie�t(=5FD!f
mX

,&4&5!Ie7?M=18<:(=�?IR�{487�(C*8IR7?IeST@B(�5 IR��G
Rxx[k]

X � M��zU�5F48U�5K,&48IeWF4V487�(=fz/25K3�(:<=48<�5 IT(=.CWe4!;!9V@0M=4Q]R<=48D�D85K,&9eaRST<=*�M�5K,&1VIT(C4?>2.ë�
<=9v/AW�3�(:<=*vD!.|,&<=*87?IR(=5K,&f�4!;89!,&<�5 Ie�

h[n]
a�(:9?(=.b��@0»=*8U=*8G

Y [n]
>24v.CW M=4&5T.B;&W Ie�?GyD85F4

IR(+*?ST48IR(=5K,&fvU�5F48U�5K,&48IeWF4VD�.y(+4Q.+»=f?GtST48<=4!,8(=�?<�5 IT(�5K,&1eÂ
• ÃE@+IR�z(=5FD!f�Â

E[Y [n]] = mX ·H(ej0)
®Î�:ì?¯

� ;89Z(=��IeST@0Ie��487�(=f�U�5F4!;85 IR(ÆcdM=*87?D!.n9?(�5��
Y [n]

@0ST.C5�IR(+4?>A.0<=f[D�@+IR��(=5FD!f�a
mY

a�,&4&5&W IR�{D!.)(:�{D�@+IR�t(�5FD�ft(:�?G
X[n]

;8*�3?3�4!;!3�48Ie5F48IeD�@+M=�{D�.)(=�?Mb(�5FD�ft(=�?G
4!;89!,&<�5 Ie�?GtIe7?STM=9?(=��(+48G�(C*87z/2WK3?(=<=*87zIT(=�zIR7�STM=9�(=��(C4

ω = 0
X

• � 7�(C*8IR7?IeST@B(�5 IR��Â

Ryy(k) = Rxx(k) ∗ h[k] ∗ h[−k]
®Î�Æí�¯

� �y;8*87n(C*QIRP?D�H8*�3�* ∗ U=��3?cdM=.C5eIR7?M=@03!5F»=��X

í



º <:]R48IT(=f?<�5 * º ;!.+»=.0<:]R48IJWF48G{'Y��D�1!(+�dM�,&4&5T�b��3�.B;&5K,&*&5 M:�dM�5KcdM!ae°�µ�µ?¼=�½µ�¾

� ;!9_(�5 G�®Î�:ì?¯v,&4&5y®Î�Æí!¯0a�;8<=*!,&P�;�(=.+5Y9?(�5)48ML�
X[n]

.+W M=4&5
WSS,

(:9?(:.�,&4&5
�
Y [n]

.CW M=4&5
WSS

U=*?>A@0M:(C*8GE9?(=5
σ2
Y < ∞ U=��3�48U=f�9?(=5)(+*O/AW�3�(:<=*O.+W M=4&5

.07?IR(+4?>A@0G�X º ;&W IR�?G�aT;!<=*!,&P�;!(=.+5R9?(=5R*&5eU=P?*�U�5F48U�5K,&48IeWF.+G�.CW M=4&5T,&4&5R4!;!9v,&*&5 M=*8P
WSS (jointly WSS).

�  "!b}�j)Ýbqdr�qwo � ã�u�ï�o�q\l�s #RuQxnâyl�s
(Power Spectral

Density)
«�M:�d<�WF�=*87?D�.N9?(=5b*¶D!.B(C48IRST�?D!4!(�5 IeD�98G

Fourier
;84&WF�=.+5b@+M=4¶IR�?D!48M:(=5K,&9¶<=9�3�*¶]e5F4

(=�?M�;8.0<�5 ]R<=48/2f�,&4&5�(=�?MQ48M=1!3�7?Ie��M:(=.B(=.+<=D!5 M�5 IT(�5K,8cdMVIR�?D!1!(+�dMVU�5F4!,&<�5 (C*8P[ST<=9�M=*87�X
� M:(�W IT(C*&5 SR4Ra&.CW M=4&58.+»�W IR*87�IR��D�48M:(�5K,&98G�,&4&5&IT(=�?Mª;8.0<�WK;!(0�dIe�{(0�dM�IR(+*?ST48IR(=5K,8cdM�Ie�=�
D!1!(0�dM!X$��IR(:98Ie*eae.B;8.+5FU=fvD85F4�(=7?ST4&WF4QU�5F48U�5K,&48IJWF4V.+W M=4&5JD!5F4VIR7�3�3�*�]RfzIe�?D�1!(+�dM�U�5F4?�
,&<�5 (+*8P�ST<=9?M�*!7TaeU=.�D?;8*8<=*8P?D!.�M=4V7�;8*�3�*�]eW IR*87?D!.y(C*VD!.B(C48IRST�?D!4!(=5 IeD�9

Fourier
(:��G

WFU�5F48GY(:�?G�U�5F48U�5K,&48IeWF48G�X�� º (=Ie5�a�>24�;!<=@0;!.C5�M=4�*8<�W IR*87?D!.Å(+*�D!.B(C48IRST�?D!4!(�5 IeD�9
FourierH848IJ5F�=98D�.+M=*&5�Ie.nIT(C4!(=5 IR(=5K,&1`ST48<=4!,8(=�?<�5 IT(�5K,&1eX&%y;8.0MC>A7?D!WF�=*87�D�.n9?(=5��[IR7?M=18<:(=�?Ie�

487�(C*8IR7?IeST@B(�5 IR��GYD85F48G
WSS

U�5F48U�5K,&48IeWF48GY;848<=@0ST.C5�D85F4�;!.+<�5 ]e<=48/Jfy(+�dMªIT(C4!(=5 IR(=5K,8cdM
U=.+P�(:.+<=�?Gt(:18»=��G�(=�?G{U�5K48U�5K,&48IJWF48G{IT(C*Q;!.+U�W *Q(+*87vST<=9�M=*87�X º /J98IR*�M��

Rxx[k]
.CW M�485

D85F4nM:(=.B(=.0<=D85 M�5 IT(�5K,&f�4!,&*�3�*87=>�WF4ea&D�;!*8<=*8P?D!.|M=4n7�;8*�3�*�]eW IR*87?D!.�(C*nD!.B(+48IeST�?D!4!(=5 IeD�9
Fourier

(:�?G�Â
Px(ejω) =

∞∑

k=−∞
Rxx[k] · e−jkω ®Î�Æþ�¯

*-*!;8*&W *8GN,&4!3�.+W (+4&5|/218IRD!4¶5 IeSTP?*8G
(power spectrum)

f�;!7?,&M=9�(=��(+4-/J18IeD�4!(C*8G
5 IRSRP?*8G

(power spectral density)
(:�?GtU�5F48U�5K,&48IJWF48G�X

±�IeST@0Ie��®Î�Æþ�¯�4!;!3�1�*8<�WF�=.+5=(C*y/218IRD!4�5 IRSTP�*8G¬D!5F48Gd(:7�ST4&WF4!G¬U�5F48U�5K,&48IeWF48G�X'�|IT(=9?�
Ie*eaYU=.�D!48G[U�W M=.+5¬;8*�3�3�1�IT(C*&5 ST.+WF4�]e5F4�(C*�;�cdG[D�;8*!<�.+WÅ487�(=9�M=4�7�;8*�3�*�]e5 IT(=.+W)IR.
;8<=4!]RD�4!(�5K,&@0G�.+/J48<=D!*�]R@0G�X�� º (:IJ5�a)48ME@0ST*87?D!.VD85F4�.0<:]R*8U�5K,&fLU�5F48U�5K,&48IeWF4ea)(=9�(=.Q(C*
/J18IeD�4�5 IeSTP?*8G�(=�?GtD�;!*8<=.CWeM=4zH8<=. >A.+WR�dG�Â

P̂x(ω,N) =
1

N
|X(ω)|2 ®p°�µ�¯

�|@B3�*8G�a\M=4NIR�?D!.+5KcdIe*87?D�.v9?(�5kIT(=�?MV;8.0<�WK;!(0�dIe�[(+*87E/25K3?(=<=48<�W IRD!4!(+*8G�D85F48Gv(=7=�
ST4&WF48G{U�5F48U�5K,&48IeWF48G

X[n]
D!.�@+M=4V/2WK3?(=<=*

h[n]
aR(:9?(=.y(+*V/J18IeD�4�5 IeSTP?*8Gt(=�?G{.0»=98U=*87

(C*87z/2WK3?(=<=*87�a
Y [n]

a&>A4QU�W M=.B(C4&5e4!;89�(=�nIeST@+IR��Â

Py(ω) = Px(ω) · |H(ω)|2 ®p°&�:¯
9!;8*87

H(ω)
�z4!;89!,&<�5 Ie�zIe7?STM=9?(=��(+48G�(C*!7v/2WK3?(=<=*87�X
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